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j-

 t1, t2

ab, cd, ef

j-  

 [38].  

t  [t1, t2], 

  

t1   

 M C 

K t0 ab 

 M1, C1, K1 t1 

cd

 

t  [t0, t1] 

M, C, K). 
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 j-

 

     

 M ( )Y t( )Y (  + CYY (t) + KY(t) = f(t), (1.1) 

  0Y0Y0 = YY   

M = diag (m1, ... , mn), C = CT, K = K   n(R); Y(t), f(t)  

 

1. (t) = eSt S  n( ) 

 [37]: 

 MS2 + CS + K = 0. (1.3) 

  (1.3) 

 

 S1 =    

 S2 = S = M 1( C + V  U) / 2, (1.4) 

  V = VT,  U = UT. 

 

 Y(t) = 2Re { X (t) }, 

 YY (t) = 2Re {SX (t)},  (1.5) 

 YY (t) = 2Re {S2X (t)} + M 1P(t), 

 X (t) = X 0(t t0) +ZP(t t0),  

 X 0(t t0) = (t t0)U 1 [ S Y0(t0)+ 0Y0Y0 (t0)],  (1.6) 
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 ZP(t t0) = U 1

0

t

t

(t )T P( ) d ]}. 

1S

 

 Y(t) = 2Re { X (t) },     YY (t) = 2Re {S1X (t)}, 

 YY (t) = 2Re {S1
2X (t)} + M 1P(t),  

 X (t) = 0
1 (X t t1) + 1 (PZ t t1), (1.7) 

 0
1 (X t t1) = 1(t t1) 1

1U M [ 1S Y0(t1) + 0Y0Y0 (t1)], 

 1 (PZ t t1) = 1
1U

1

1

t

t

(t )T P( ) d ]. (1.8) 

0Y0Y0

0Y0Y0

 

1 (PZ
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 ZP(t t0) = { s sin( (t t0)) + (t t0)  E cos( (t t0))}[U(s2 + E 2)] 1P0, (1.9) 

 1 (PZ  

1
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II.    
 

 -

-

 

 

L  

 

x x = 1. 

 (b, a  

l 

l 
l 

 

h2 

h1 

4 

2 
6 2 

y2 

x2 

x1 

y1 
3 

1 
5 
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Qx = 12EIy/hi
3

: 

 Mo = 3Qx (l/2  a)  3Qx (l/2 + a) = 0. 

a = 0. 

b y 

y Qy = 12EIx/hi
3. C

  

 Mo = 2Qy (l + b)  2Qy (l  b) + 2Qi b = 0. 

O a 

b l  b  a

+ a 

 

21

5 

l 

l 

 

 

Qx Qy 

4 

3 

6 

3 

1 

3 21

4 56

l 

l 
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b = 0. 

a = b k (k = 1, 2) 

k (k 

 

 

10 10 

-  

 

 1 - . 
0
1x

0
1y  Px Py = 1 

 

 

0
13

1

12 y

x x

EI
Q

h
. 

 

Qx 
0
1x

0
1y   

 
3

0 1
1 6 12x

y

h

EI
;         

3
0 1
1 6 12y

x

h

EI
.  (2.1) 
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kpM l

GI
, 

M   l  GI   

 

M  Tx, Ty Tx, Ty 

 

 

3 3
1 1

12 12
2x

y y

x

EI EI l
T

h h
,      3 3

1 1

12 12
y

x x
y

EI EI
T l

h h
. 

 

 1, 

1  

 

2

1 3 3
1 1 1

12 6121 6 4
2
) l2y

x
EI GIEIl

M
h h h

 

0
21
1

1

6 3 8 ]y xEI EI GI
h
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1 = l / h1. 

 

M1  

 

 0 1
1 2

16 3 8 ]y x

h

EI EI GI
. (2.2) 

 

 1-

  

-  

 
3

0 1
1 ;

27x
y

h

EI
         

3
0 1
1 27y

x

h

EI
;  (2.3) 

 0 1
1 2

16 3 8 ]y x

h

EI EI GI
. 

  

  

x 

x 

C1 

x x 

x x 

  

l

 = 1 

y1 

 

x
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2.1.3. -  

-

-  

 2 -

.  

 

 
3

0 0 2
2 2 6 12x x

y

h

EI
;         

3
0 0 2
2 2 6 12y y

x

h

EI
.  (2.4) 

 

 -

.  

 0 2
2 2

26 3 8 ]y x

h

EI EI GI
, (2.5) 

2 = l / h2. 

 

 

ij  

 

1-

 

 

 
3

0 1
11 1 ;

27x
y

h

EI
         

3
0 1

33 1 27y
x

h

EI
;  (2.6)

0 1
55 1 2

16 3 8 ]y x

h

EI EI GI
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12 = 21 = 11;  13 = 31 = 0;  14 = 41 = 0;   

15 = 51 = 0;   16 = 61 = 0; 

 32 = 23 = 0;  34 = 43 = 33;  35 = 53 = 0;   36 = 63 = 0; (2.7) 

52 = 25 = 0;  35 = 53 = 0;  45 = 54 = 0;   56 = 65 = 55. 

 -

- -  
3 3

0 1 2
22 11 2 + ;

2 27 7x
y y

h h

EI EI
 

 
3 3

0 1 2
44 33 2 + ;

2 27 7y
x

h h

EIx EI
 (2.8) 

                                     0 0 1
66 1 2 2

16 3 8 ]y x

h

EI EI GI
 

 2
2
26 3 8 ]y x

h

EI EI GI
.  

 

 

  12 = 21 = 11;  32 = 23 = 0;  24 = 42 = 0;   

 25 = 52 = 0;   26 = 62 = 0; 

 41 = 14 = 0;  45 = 54 = 0;   46 = 64 = 0. (2.9) 

 

L 
-  
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 L = 
0 0

0 0

0 0

x

y

L

L

L

, (2.10) 

 

Lx, Ly, L   -  

 

 Lx = ;    Ly = ;    L  = 
65

. (2.11) 

 

Lx, Ly  L   1. 

ij (2.6) 

 (2.9). 

 

L1 
-1) 

-

-

-
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-  

1 

1 

x x 

Qx = 12EIy/h1
3

1 - ): 

 Mo = 3Qx (l/2  a1)  2Qx (l/2 + a1) = 0. 

a1 = 0,1l. 

b b y1   

- a2 = b2 
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10 10 

- -1. 
 

 1 -

Px = Py = 1.  
0
1x  0

1y  

5Qx = 1: 

 
3 3

0 1 1
1 5 12 60x

y y

h h

EI EI
;         

3
0 1
1 60y

x

h

EI
.  (2.12) 
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Tx, Ty 

M
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O1 
a 

a

+ a
1 

2 1

5 
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l 

 

 

Qx 
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0
10 0

1 1 13 3
1 1 1

2 2 212 5121 + + 3  
2 2

() ) ]1 1
y

x
EI GIEIl l

M a a l
h h h

 

  
0

21
1

1

1,2 4 ]y xEI EI GI
h

. 

 

M1  

 

 0 1
1 2

148 3 y x

h

EI EI GI
. (2.13) 

 

 1
0 1

0 

- -1 ( Px = Py 

 1 x 

 1 x 
0
1   

 

  

x 

C1 

x x 

x x 

  

1 1 

l 

 = 1 

y1 

 
 

 

x1 
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3
0 0 0 1 12
1 1 1 1 2

1

(0,1 )
60 48 3

2
x x

y y x

h h
a l

EI EI EI GI
. 

 

y: 

3
0 0 1
1 1 60y y

x

h

EI
. 

 

-

  

 

 

 

 
1

O1 

C1 

1   =   

= 1

 = 1 1 

 8 
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3
0 1 1

11 1 2
1

(0,1 ) ;
60 48 3

2

x
y y x

h l h

EI EI EI GI
 

 
3

0 1
33 1 60y

x

h

EI
; (2.14) 

 0 1
55 1 2

148 3 y x

h

EI EI GI
. 

 

20 20 

- -1. 

2 2  

 1 2) 

- .  

 

 
3

0 2
2 27x

y

h

EI
;         

3
0 2
2 27y

x

h

EI
.  (2.15) 

 

 -

.  

 0 2
2 2

26 3 8 ]y x

h

EI EI GI
. (2.16) 

 

 -1). 
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1-

 

 

 
3
1 1

11 2
1

(0,1 ) ;
60 48 3

2

y y x

h l h

EI EI EI GI
          

 
3
1

33 60 x

h

EI
;  (2.17) 

 1
55 2

148 3 y x

h

EI EI GI
. 

 

  

12 = 21 = 11;  13 = 31 = 0;  14 = 41 = 0;   

 15 = 51 = 16 = 61 = a1
0
1  = 1

2
1

0,1
48 3 y x

lh

EI EI GI
; 

 32 = 23 = 0;  34 = 43 = 33;  35 = 53 = 0;   36 = 63 = 0; (2.18) 

 52 = 25 = 15;  35 = 53 = 0;  45 = 54 = 0;   56 = 65 = 55. 

 

 -

- -  
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3 3
0 1 2 1

22 11 2 2
1

(0,1 )+ + ;
60 2 48 3

2

7x
y y y x

h h l h

EI EI EI EI GI
 

  
3 3

0 1 2
44 33 2 + ;

60 27y
x x

h h

EI EI
 (2.19) 

0 1 2
66 55 2 2 2

1 148 3 12 1,5 4y x y x

h h

EI EI GI EI EI GI
.  

 

 

 

12 = 21 = 11;  32 = 23 = 0;  24 = 42 = 0;   

 25 = 52 = 26 = 62 = a1
0
1  = 1

2
1

0,1
48 3 y x

lh

EI EI GI
; 

 41 = 14 = 0;  45 = 54 = 0;   46 = 64 = 0. (2.20) 

 

L1 -1). 
L 

L1 -

- 1 

1 L1 Lx   0: 

 

 L1 = 
0

0 0

0

xx

y

x

L L

L

L L

 (2.21) 
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 L1 = 

11 12 15 16

21 22 25 26

33 34

43 44

51 52 55 56

61 62 65 66

, (2.21 ) 

 

Lx, Ly, L , Lx    -  

 

 Lx = ;    Ly = ;    L  = 
65

;  

 

    Lx  = L x = 
25

 = 
61

. (2.22) 

 

Lx, Ly  L   1; 

Lx , L x  1
ij

 (2.20). 

 

L2 
-2) 



 

     

 

 39 -278. 08.04.01.2018 

-

 

 

 

-  

-

1 1 

x x 

- Qx = 12EIy/h1
3

  

 Mo = 3Qx (l/2  a1)  2Qx (l/2 + a1) = 0. 

a1 = 0,1l. 

y y b1 

 

l 
l 

l 

 

 

h

h

4 

2 
6 2 

y2 

x2 

x1 

y1 
3 

1 
5 1 

1 
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 Mo = 2Qy b1 + Qy (l + b1)  2Qy (l  b1) = 0. 

b1 = 0,2l  

- a2 = b2 

 

 

10 10 

- -2. 
 

 1 -

Px = Py = 1.  
0
1x  0

1y   

 

 
3

0 1
1 60x

y

h

EI
;         

3
0 1
1 60y

x

h

EI
.  (2.23) 

 

 -

O1 
1 

b1 l  b1 

a1

+ a1

1 

2 1

5 

l 

l 

 

 

Qx Qy 

4 

3 

6 
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Tx, Ty 

M , 

 

 

0
1 13

1

2 212
1 + + 3  

2 2
() ) ]1 1

yEI l l
M a a

h
 

0
10

11 1 13
1 1

2 2 512 + + 2  2
2

( +) ) ] .x
GIEI l

l b b b
h h

 

  

x 

C1 

x x 

x x 

 

1 1 

b1 

l 

 = 1 

y1 

 
 

 

x1 

11 
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a1 = 0,1l b1 = 0,2l  

M1 = 1: 

 

 0 1
1 2

1 4 y x

h

EI EI GI
. (2.24) 

 

 1
0 1

0 

- -2 ( Px = Py 

1 Px x):  

 

0 0 1
1x 1 1 2

1

0,1

y x

lh
a

EI EI GI
. 

3
0 0 0 0 2 0 1 1
1 1 1 1x 1 1 1 2

1

(0,1 )
60 4

2

x x x
y y x

h l h
a a

EI EI EI GI
 

 

 

=a1  

1

b1

1b1   O1 

C1 

  

= 1

 = 1 1 

 12 

l 
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y  

0 0 1
1 1 1 2

1

0,2
y

y x

lh
b

EI EI GI
 

3
0 0 0 0 2 0 1 1
1 1 1 1 1 1 1 2

1

(0,2 )
60 4

2

y y y y
x y x

h l h
b b

EI EI EI GI
.

 

-

  

 

 

=b1  

1

b1
1b1   

O1 

C1 

  

= 1

 = 1 b1 

 13 

l 
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3
0 1 1

11 1 2
1

(0,1 ) ;
60 4

2

x
y y x

h l h

EI EI EI GI
 

 
3

0 1 1
33 1 2

1

(0,2 ) ;
60 4

2

y
y y x

h l h

EI EI EI GI
 (2.25)   

0 1
55 1 2

1 4 y x

h

EI EI GI
. 

20 20 

- -2. 

2 2 

 

 2 2) 

- .  

 

 
3

0 2
2 27x

y

h

EI
;         

3
0 2
2 27y

x

h

EI
.  (2.26) 

 

 -

.  

 0 2
2 2

26 3 8 ]y x

h

EI EI GI
. (2.27) 

 

 -2). 

 

-
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3
1 1

11 2
1

(0,1 ) ;
60

2

y y x

h l h

EI EI EI GI
          

 
3
1 1

33 2
1

(0,2 ) ;
60 4

2

y y x

h l h

EI EI EI GI
  (2.28) 

 1
55 2

1 4 y x

h

EI EI GI
. 

 

 

12 = 21 = 11;   

 13 = 31 =  a1b1
0
1  =  0,02l2 0

1  = 

 = 1
2
1

02 ;
4

2

y x

l h

EI EI GI
   

 15 = 51 = 16 = 61 = a1
0
1  =  

 1
2
1

1 ;
4 y x

lh

EI EI GI
 (2.29) 

 14 = 41 = 13;  32 = 23 = 13;  34 = 43 = 33;   

 35 = 53 = b1
0
1  = 1

2
1

2 ;
4 y x

lh

EI EI GI
    

 36 = 63 = b1
0
1  = 0,2l 0

1 ; 

 52 = 25 = 15;  45 = 54 = 35;   56 = 65 = 55. 
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-

- -

 

  

 
3 3

0 1 2 1
22 11 2 2

1

(0,1 )+ + ;
60 2

2

7x
y y y x

h h l h

EI EI EI EI GI
 

 
3 3

0 1 2 1
44 33 2 2

1

(0,2 )+ ;
60 2 4

2

7y
x x y x

h h l h

EI EI EI EI GI
 (2.30) 

0 1 2
66 55 2 2 2

1 24 18 48y x y x

h h

EI EI GI EI EI GI
. 

 

 

 

12 = 21 = 11;  32 = 23 = 13;  24 = 42 = 13;   

 25 = 52 = 26 = 62 = a1
0
1  = 1

2
1

0,1
4 y x

lh

EI EI GI
; 

 41 = 14 =  0,02l2 0
1  = 1

2
1

02 ;
4

2

y x

l h

EI EI GI
 (2.31) 

   45 = 54 = b1
0
1  = 1

2
1

2 ;
4 y x

lh

EI EI GI
    

 46 = 64 = 45. 
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L2 -
2). L, L1 

L2  

 

 L2 = 

11 12 13 14 15 16

21 22 23 24 25 26

31 32 33 34 35 36

41 42 43 44 45 46

51 52 53 54 55 56

61 62 63 64 65 66

, (2.32) 

ij  (2.31). 

ij (i, j = 1, 2, 3, 4)  

ij (i, j = 5, 6)  1
ij (i = 1, 

2, 3, 4; j = 5, 6 ij (i = 5, 6; j = 1, 2, 3, 4)  1.  

K, K1, K2 
- -2) 

 

K = L 1, 

 

MatLab Matlab 

  

inv 
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K = inv (L),   K1 = inv (L1),   K2 = inv (L2).  

 

 

K =  

1,261 0,774 0 0 0 0
0,774 0,774 0 0 0 0

0 0 1,261 0,774 0 0
0 0 0,774 0,774 0 0
0 0 0 0 4246511,19 260921,94
0 0 0 0 260921,94 260921,94

103  

 

-1: 

K1 =  

1 , 1 8 0 , 7 7 4 0 0
0 , 7 7 4 0 , 7 7 4 0 0

0 0 1 , 1 8 0 , 7 7 4
0 0 0 , 7 7 4 0 , 7 7 4

2 4 , 4 4 0 4 8 , 7 2 0
0 0 0 0 2 6 0 9

103 

 

-2: 

K2 =  

1,18 0,774 0 0 24,37 0
0,774 0,774 0 0 0 0

0 0 1,18 0,774 0 0
0 0 0,774 0,774 0 0

24,37 0 0 0 418401,82 260921,94
0 0 0 0 260921,94 260921,94

103  

 

M, M1, M2 
- -2) 
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  6 2  

  72 3.  

 6 3 + 12  0,3 0,6 = 0,18  0,2 
2  42 3. 

 h1 2/3 + h2/2 = 4,2  0,4 0,4 
2 -  4,6 0,16 = 3  6 0,74 = 

3  5 3. 

  (6 + 12)  

 4,6 36 3.  

 3

 3.  

-  

(19,44 + 8,4 + 4,42) 2  

-  

(19,44 + 8,4 + 3,7) 2,5 + 82,8 2  

  6 2  

 72 3.  

 3. 
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 h2  0,4 2

 6 1,8 3.  

  (6 + 12)  

 1,8 36 3.  

-  

(18 + 8,4 + 1,73) 2,5 + 32,4 2  

 

 

M = diag (m1, m2, m3, m4, J5, J6), 

m1 = m3, m2 = m4, J5 = m1, J6 = m2; J5, J6   
2. 

  

c = (l2 + (2l)2)/12 = (6002 + (2 600)2)/12 = 15 104 2. 

l, 2l   

 

m1 = m3 = 1,63 
2 m2 = m4 2 J5 = m1 = 

1,63 15 104 = 24,45 104 2; J6 = m2 = 1,03 15 104 = 15,45 104 2. 

 

M = diag (1,63   1,03   1,63   1,03   24,45 104   15,45 104). 
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 M = 

4

4

1,63 0 0 0 0 0
0 1,03 0 0 0 0
0 0 1,63 0 0 0
0 0 0 1,03 0 0
0 0 0 0 24,45 10 0
0 0 0 0 0 15,45 10

. (2.32) 

 

- - m1 = m3 = 
2 m2 = m4 2 J5 = 

m1 = 1,616 15 104 = 24,24 104 2; J6 = m2 = 1,03 15 104 = 15,45 104 

2. 

- -  

M1 = M2 = diag (1,616   1,03   1,616   1,03   24,24 104   15,45 104). 

 

 M1 = M2 =  

4

4

1,616 0 0 0 0 0
0 1,03 0 0 0 0
0 0 1,616 0 0 0
0 0 0 1,03 0 0
0 0 0 0 24,24 10 0
0 0 0 0 0 15,45 10

.

 

, 1, 2 
- -2) 
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C = (K T + T K)/2, 

K  T = diag (t1, t2 tn)  

tk  

tk = k

kk

m
r  ; 

 = 0,2  mk, 

rkk  k- M K. 

, 1, 2 

- -2: 

  

T =  

2,277 0 0 0 0 0
0 2,296 0 0 0 0
0 0 2,277 0 0 0
0 0 0 2,296 0 0
0 0 0 0 1,516 0
0 0 0 0 0 1,531

10 3  

 

 T1 =  

2,34 0 0 0 0 0
0 2,296 0 0 0 0
0 0 2,34 0 0 0
0 0 0 2,296 0 0
0 0 0 0 1,578 0
0 0 0 0 0 1,531

10 3  
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 T2  =  

2,34 0 0 0 0 0
0 2,296 0 0 0 0
0 0 2,34 0 0 0
0 0 0 2,296 0 0
0 0 0 0 1,522 0
0 0 0 0 0 1,531

10 3  

, 1, 2 

- -  

 

 

 =  

5,743 3,538 0 0 0 0
3,538 3,552 0 0 0 0

0 0 5,743 3,538 0 0
0 0 3,538 3,552 0 0
0 0 0 0 1293576,11 795184,16
0 0 0 0 795184,16 799011,83

  

 

 

1 =  

5,526 3,586 0 0 95,7560 0
3,586 3,552 0 0 0 0

0 0 5,523 3,587 190,956 0
0 0 3,587 3,552 0 0

95,7560 0 190,956 0 1228592,48 811361,48
0 0 0 0 811361,48 799011,83

  

 

2 =  

5,523 3,587 0 0 94,154 0
3,587 3,552 0 0 0 0

0 0 5,523 3,587 0 0
0 0 3,587 3,552 0 0

94,154 0 0 0 1273892,77 796715,68
0 0 0 0 796715,68 799011,83
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P(t) = P0 sin ( t), 

P0   = /ta; ta = 1,5 c  
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1 2 3 

4 5 6 y 

x

2
P0y = P0  

P0x = P0  

a 

0 

1 
1 

 

1 3 

4 
5

6 y 

x

 

P0y = P0  

P0x = P0  

-1 

0 

1 
1 

1 = 0,1l 

2 3 

4 5 6 y 

x

 

2
P0y = P0  

P0x = P0  

-2 

 14 

0 

1 
1 1 = 0,1l 

b1 = 0,2l 
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 =  y 

  

- - - 1  1 

-  

5 = Px a1 = -1); 

5 = Py b1 Px a1 -2), 

Px = P0 sin  Py = P0 cos   

- -

 

 

P0

500
500

866,025
866,025

0
0

P01

500
500

866,025
866,025

30000
0

 P02

500
500

866,025
866,025

73923,05
0
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III.    
 

-  

-
 -

 

t = t0 , , , 

0 Y0 = Y(t0), 0Y0Y0  = YY (t0

 

i 

 

t 

 

t1 
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, , 0 1, 1, 01

 (1.10) 

Y(t) = 2Re{X(t)};     (t)=2Re{S X(t)} 

 
t = t t

 

 
i i 

Yi, i, i, Ri, Fi, Ii 

 

,  

P(t) 

 

(t) + C (t) + Y(t) = (t) 

Y0=Y(t0); 0= (t0) 

 

C = C1(C2); K = K1(K2); P0 

 

t tend 

t = t1   

  

  

t < t1 



 

     

 

 59 -278. 08.04.01.2018 

 

Y0 = Y(t1), 0Y0Y0  = YY (t1), 

t1. 

 

 

 

 

MatLab

stima

msqe

-

-

 

stima

-

-2).  
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msqe

 

stima

 

 

 

i 1

 -

 -2.  

  

 

 
-1 
-2 
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i 1

 

- -2). 

 

 

 y 

 0,85 

 

 

-

- -

-1  -2   

 

 

-1 
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x. 

- - x . 
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-1 
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y. 

 

1- - y. 

 
21 
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- x y

x y t1 = 0,85 c) 

t > 1,5 c 

-  
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: 

(t) =  f (t)    f (t)   , 

f (t)  = I(t) + F(t) + R(t)  

f (t) = P(t)  

(t)  

 

x

y.  

-

-    3,5.10 11 

  3.10 12 

 

- -
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 = x i

x

MF

A W
, 

F  

   = 0,4 2);  Mx  

Wx = b3/6 (b  

i  

i - i   

-  

F = mg = (161,6 + 103)  

 

519,15
0,16

F

A
=  2 =   

-  

F = mg = 103  

 

168,4
0,16

F

A
=  2 =   
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Mx = 6EJx / hi
2

i 

xi, yi: i = 2 2
yxi i . 

-

-

 

max1 =   3,24  13,6 =   

max3 =   3,24   16,0 =   

max4 =   3,24   15,6 =   

max6 =   3,24   12,8 =    

-  

max1 =  1,05  5,9 =   

max3 =  1,05  5,24 =   

max4 =  1,05  5,16 =   

max6 =  1,05  4,8 =    

B Rb = 

-

max(i) < Rb = 18,5 

- . 

max(3) =  
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max(4) =  

max 100%b

b

R

R
 = 100%  = 1,8%.

 

  

-

-1. 

-

max, 

i 

-

-

-

-  

max =  -
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t1 ta 

-  

(t) =  f (t)    f (t)  

 - -

  3,5.10 11    3.10 12 

 

- -

-
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