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Introduction  
The scheduled maintenance allows us to prevent breakdowns and unplanned downtime of equip-

ment but limits the flexibility of manufacturing systems. On the other hand, condition monitoring con-
cept enhances the manufacturing systems flexibility but requires a reliable diagnostic information in  
real-time. Traditionally, accelerometers mounted on a housing of a mechanism are used to receive diag-
nostic information. Nevertheless, the received data need special techniques of signal processing to diag-
nosis, for example, low-energy defects [1–3] or machines with variable workloads [4–5]. Unfortunately, 
these methods have a limitation of machine fluctuation speed or require a high level of computational 
resources. 

Modern technologies associated with concept Industrial Internet of Things (IIoT) such as wireless 
technologies (transfer of power and data) and MEMS-technologies allow a substantial increase in the 
opportunities of implementing sensors in various fields, such as structural health monitoring [6, 7] and 
condition monitoring [8, 9]. An example of the wireless technologies for condition monitoring is Wire-
less Acceleration Sensor (WAS) [10]. The WAS is mounted on a machinery rotating shaft and the WAS 
measures angular, linear accelerations and angle of the shaft simultaneously. However, the accuracy of 
angle measurement significantly affects the accuracy of linear accelerations measurement. 

This paper investigates a problem of calculating the rotation angle of the shaft from the measured 
angular acceleration of the shaft. The significant feature of the problem is an instability resolve. For that 
reason, various methods are applied for stabilization of the solution. 

At present, development of numerical methods for solving inverse problems is of great interest to 
many researches. Chinchalkar [11] proposed a numerical method for determining the location of a crack 
in a beam of different depths based on the finite-element method. Also, Zhang [12] used the finite-
element method for detecting delamination in composites. On the other hand, reducing original problem 
to integral or integro-differential equation is a generally used method for resolving first-order differen-
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The scheduled maintenance allows us to prevent breakdowns and unplanned downtime of 
equipment but limits the flexibility of manufacturing systems. On the other hand, condition monitor-
ing concept enhances the manufacturing systems flexibility but requires reliable diagnostic infor-
mation in real-time. Modern technologies, e.g., wireless power and Industrial Internet of Things 
(IIoT), allow implementing high-sensitivity sensors such as the Wireless Acceleration Sensor (WAS) 
for condition monitoring. The WAS is mounted on a machinery rotating shaft and the WAS 
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contains a high-performance microcontroller, which allows processing measured data and estimating 
machinery condition in real-time. However, the accuracy of the angle measurement by the WAS sig-
nificantly affects the accuracy of linear accelerations measurement by the WAS. In this paper, 
the authors propose the novel numerical method which allows us to measure accurately of a rotation 
angle and linear accelerations of the shaft. The method is based on a regularization technique and 
application of finite-difference equations. Besides, the study shows the results of simulation at apply-
ing the numerical method to calculate the rotation angle of the shaft using measurement data, which 
contain noise, obtained from the wireless accelerations sensor. The simulation results show that 
the numerical method effectively determines the rotating angle and the method is robust to noise. 
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tial equation. Jang [13] reduced the differential equation of motion to the nonlinear integral equation and 
found the regularization method for the integral equation. Also, Parand [14] used Volterra's Population 
Model which was presented as integro-differential equations. The authors considered two common col-
location approaches based on radial basis functions for resolving the equations. 

The present study offers a numerical method to resolve differential equations for calculating the ro-
tation angle of the shaft from indirect measurement. The method applies explicit finite-differential 
scheme. Also, the authors used a regularization technique for stabilization of solution. Additionally,  
the method is robust to noise. 

 
1. Statement of the problem 
The mathematical model of the wireless sensor, which is reported in [15], is described by the equa-

tion system  
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where      1 2 3, ,a t a t a t  – acceleration measured by accelerometers of the wireless sensor,   – angular 
acceleration of the shaft, x  and z  – linear accelerations of the shaft,   – rotation angle of the shaft,  
g – gravitational acceleration, r – the distance between the rotational axis of the shaft and the sensitive 
axis of the accelerometer. Furthermore, the important feature of applying the sensor is incompleteness of 
initial data which are needed for calculating the instantaneous rotation angle of the shaft. 

The initial angle of the shaft can be certainly defined from the signals of the wireless sensor. Ac-
cordingly, the initial angle is   00   . However, the initial angular speed of the shaft is an arbitrary 
value. As a result, the existing methods for calculating the shaft rotation angle are unstable. 

Furthermore, the noise of the measurement is a significant feature of the problem described above. 
Therefore, in this study, the authors presumed that instead of the exact    1 2,a t a t  and  3a t  we know 
the values with noise      1 2 3, ,a t a t a t    and the allowable error estimate  . Thus, the problem to 
calculate rotation angle  t  from (1) under condition that measured values    1 2,a t a t  and  3a t  
which contain noise. 

 
2. Numerical method 
The section contains the main idea of the numerical method to resolve of the system (1). Direct rela-

tionship equation between the unknown function  t  and measured results is shown as [15] 
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The equations system (2) contains important features. At first, the right hand side of the equation is 
implicitly depends on the required function  t . Secondly,  0  is arbitrary value. The first feature 
leads to essential increase in error of the classical numerical resolve due to small increase in uncertainty 
of the measured signals. The second feature is the key distinction from the classical numerical methods. 
As, due to the fact that classical statement of the problem requires extra condition  0  for a stable so-
lution, the general rule is  0 0  . As a result, the features have a significant effect on numerical solu-
tion stability. 

The authors changed the equation system (1) and rearranged x  and z  to the left side of the equa-
tion system. Thus, the changed system is 
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Based on the physical properties of the mechanical systems the authors assumed the functions  t , 

 x t ,  z t  are twice continuously-differentiable in  0,t T  for all 0T  . Moreover, there are constants 

, , 0C K    such that conditions   tt Ce   and             3 3 3max , ,t x t z t K   are fulfilled. 

Taking into account the properties of      , ,t x t z t  the authors proposed the computational 
scheme based on discrete regularization method (DRM) to calculate the rotation angle. The multidimen-
sional form of DRM was proposed in [16]. The basic principles of the DRM are regularization technique 
and application of finite-difference equations. The idea of the method is described hereafter. 

The finite-difference grid is introduced 
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Using the finite difference analog of the derivatives, the differential equation in (2) was replaced by  
a finite-difference equation 

1 1 1 2 32 .
3

k k k
k k k a a a

r
       




                  (4) 

The differential equations from system (3) for  x t  and  z t  are replaced in the same way. 
Additional stabilization functionals with parameters 1 2 3, ,    for a stable solution are introduced 

into each finite-difference equation. Further, basing on continuity and differentiability of the function 
 t  the initial conditions of      , ,t x t z t    are approximated by linearized analogs. 

Further, the authors chose the discretization step   and regularization parameters according to  
the special conditions and calculated the rotation angle 1.k  

 
3. Computational results 
The method described above has been implemented in simulation and applied to the signals of  

the wireless sensor with random white noise. The parameters and the initial conditions of the sensor are 
the same as in [15]. We assumed that the shaft moved with the accelerations (5). Also, we added  
the random white noise to the signals of the accelerometers of the sensor. 
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The results of the signals processed by the numerical method were compared with the reference an-
gle of the shaft. The reference angle of the shaft was calculated from the angular acceleration by means 
of numerical integration (Fig. 1). The Fig. 2 shows calculation error of the angle of the shaft by numeri-
cal method which did not exceed 0.027 rad. 
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Fig. 1. The calculated and reference rotation angles

 
Conclusion 
The calculation of the rotation angle of the shaft from the angular acceleration of the shaft is a co

plicated problem. The problem becomes more difficult if the angular acceleration contains noise. 
The computational results show that the proposed numerical method allows an increase in the accuracy 
of calculating the shaft rotation angle during the mechan
contains high noise. The future studies will analyze work of the numerical method at actual data from 
the wireless sensor of acceleration.
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Хотя плановое регламентное техническое обслуживание позволяет предотвратить выход 
из строя и незапланированные простои оборудования, такой подход ограничивает гибкость 
производственных систем. С другой стороны, концепция технического обслуживания по со-
стоянию повышает гибкость производственных систем, однако требует надежной диагности-
ческой информации в режиме реального времени. Современные технологии, например, бес-
проводная передача энергии и концепция индустриального интернета вещей расширяют воз-
можности существующих решений, а также позволяют реализовать новые высокочувстви-
тельные датчики для технического контроля, такие как беспроводной датчик ускорений, ко-
торый закрепляют непосредственно на вращающемся валу механизма. Такой беспроводной 
датчик одновременно измеряет угловое и линейные ускорения вала, а также мгновенный угол 
его поворота. Кроме того, беспроводной датчик содержит высокопроизводительный микро-
контроллер, который позволяет обрабатывать измеренные данные в режиме реального време-
ни и, таким образом, оценивать состояние узла механизма. Однако точность измерения угла 
поворота вала беспроводным датчиком ограничивает точность его измерений линейных уско-
рений вала. В этой статье авторы предлагают новый численный метод, который позволяет по-
высить точность измерения угла поворота и линейных ускорений вала. Метод основан на ме-
тоде регуляризации и применении конечно-разностных уравнений. Кроме того, в исследова-
нии показаны результаты применения численного метода для расчета угла поворота вала из 
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моделированных сигналов беспроводного датчика ускорений, содержащих шум. Результаты 
моделирования показывают, что численный метод эффективно определяет угол поворота и, 
более того, метод устойчив к шуму. 

Ключевые слова: угловое ускорение, вращающийся вал, беспроводной сенсор, численный 
метод, метод регуляризации, обратная задача. 
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