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The existence theorem for systems of nonlinear Volterra integral equations kernels of

the �rst kind with piecewise continuous is proved. Such equations model evolving dynamical

systems. A numerical method for solving nonlinear Volterra integral equations of the �rst

kind with piecewise continuous kernels is proposed using midpoint quadrature rule. Also

numerical method for solution of systems of linear Volterra equations of the �rst kind is

described. The examples demonstrate e�ciency of proposed algorithms. The accuracy of

proposed numerical methods is O(N−1).
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dynamical systems; quadrature; Dekker � Brent method.

1. Problem Statement and Existence Theorem. In this paper we study systems of
nonlinear Volterra integral equations of the �rst kind with piecewise continuous kernels
using our previous results [1, 2, 3, 5], where theory of linear scalar Volterra integral
equations of the �rst kind with piecewise continuous kernels have been addressed.

Consider the following system of nonlinear Volterra equations of the �rst kind∫ t

0

K(t, s, x(s)) ds = f(t), 0 6 s 6 t 6 T, f(0) = 0. (1)

We make the following assumptions:
A) vector-function K(t, s, x(s)) is de�ned for −∞ < x < ∞, 0 6 s 6 t 6 T and has a
discontinuities of the �rst kind at the curves s = αi(t), i = 1, . . . , n− 1, i. e.

K(t, s, x(s)) =


K1(t, s)G1(s, x(s)), t, s ∈ D1,
. . . . . . . . . . . .

Kn(t, s)Gn(s, x(s)), t, s ∈ Dn,

where Di = {t, s
∣∣ αi−1(t) < s < αi(t)}, i = 1, . . . , n, a0(t) = 0, an(t) ≡ t, f(t) =

(f1(t), . . . , fm(t))
′, x(t) = (x1(t), . . . , xm(t))

′, m×m matrices Ki are de�ned, continuous
and have continuous derivatives with respect to t in the corresponding domains Di,
fj(t), j = 1, . . . ,m, and αi(t), i = 1, . . . , n − 1 have continuous derivatives, 0 < α′

1(0) 6
. . . 6 α′

n−1(0) < 1, fj(0) = 0, αi(0) = 0, 0 < α1(t) < α2(t) < . . . < αn−1(t) < t for
t ∈ (0, T ];
B) matrices Ki, i = 1, . . . , n have continuously di�erentiable with respect to t continuation
into compact {0 6 s 6 t 6 T}.
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For the theory of systems of linear integral equations with piecewise continuous kernels
readers may refer to monograph [5]. The objective of this paper is to generalize this theory
on nonlinear case and suggest algorithm for numerical solution for such systems.

It is to be noted that Volterra equations with piecewise continuous kernels are employed
in energetics and in other �elds for evolving dynamical systems modeling. Here readers
may refer to bibliography in [2, 4].

Let us �rst formulate the su�cient conditions for existence and uniqueness of the
solution of system (1).

Theorem 1. Let conditions A) and B) be ful�lled for 0 6 s 6 t 6 T. Let Lipchitz
condition ∥Gi(s, x1(s))−Gi(s, x2(s))− (x1(s)− x2(s))∥ 6 qi ∥x1 − x2∥ , ∀x1, x2 ∈ Rn,

be also ful�lled and qn +
n−1∑
i=1

α′
i(0)

∥∥Kn(0, 0)
−1(Ki(0, 0)−Ki+1(0, 0))

∥∥ (1 + qi) < 1. Then

∃τ > 0 such that system (1) has unique local solution in C[0,τ ]. Moreover, if min
τ6t6T

(t −
αn−1(t)) = h > 0 then such local solution can be continuously extended to the whole
domain [τ, T ] using combination of the method of steps and successive approximations.

Proof of this theorem is similar to the proof of Theorem 3.2 in [2] using the Lipchitz
condition.
2. Numerical Solution. In this section we construct an algorithm based on of the
midpoint quadrature for numerical solution of nonlinear Volterra integral equations (1).
We also included the numerical examples to demonstrate the e�ciency of the proposed
scheme.

For sake of clarity we �rst consider the scalar case. To construct a numerical solution
of equation (1) on the interval [0, T ] introduce the mesh (not necessarily uniform)

0 = t0 < t1 < t2 < . . . < tN = T, h = max
i=1,N

(ti − ti−1) = O(N−1). (2)

Following our paper [1] we search an approximate solution of equation (1) as following
piecewise constant function

xN(t) =
N∑
i=1

xiδi(t), t ∈ (0, T ], δi(t) =

{
1, for t ∈ ∆i = (ti−1, ti];
0, for t /∈ ∆i

(3)

with undetermined yet coe�cients xi, i = 1, N .
In order to �nd x0 let us di�erentiate both sides of equation (1) with respect to t

f ′(t) =
n∑

i=1

( ∫ αi(t)

αi−1(t)

∂Ki(t, s)

∂t
Gi(s, x(s)) ds+

+α′
i(t)Ki(t, αi(t))Gi(αi(t), x(αi(t)))− α′

i−1(t)Ki(t, αi−1(t))Gi(αi−1(t), x(αi−1(t)))

)
.

Then f ′(0) =
n∑

i=1

(
α′
i(0)Ki(0, 0)Gi(0, x0)− α′

i−1(0)Ki(0, 0)Gi(0, x0)
)
. The desired

coe�cient x0 is included in nonlinearly in the right hand side. We use the Van Wijngaarden
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� Dekker � Brent method to �nd this coe�cient x0 (see e.g. [6]). Below we shall use the
notationfk = f(tk), k = 1, . . . , N , and vij denotes the index of mesh's segment (2) that
contains the value αi(tj), i.e. αi(tj) ∈ ∆vij . Obviously vij < j for i = 0, n− 1, j = 1, N .
Let us now assume that the coe�cients x0, x1, . . . , xk−1 of approximate solution are

known. Equation (1) in the knot t = tk is
n∑

i=1

∫ αi(tk)

αi−1(tk)

Ki(tk, s)Gi(s, x(s)) ds = fk, and it

can be presented as I1(tk) + I2(tk) + · · ·+ In(tk) = fk, where

I1(tk) =

v1,k−1∑
j=1

∫ tj

tj−1

K1(tk, s)G1(s, x(s)) ds+

∫ α1(tk)

tv1,k−1

K1(tk, s)G1(s, x(s)) ds,

In(tk) =

∫ tvn−1,k

αn−1(tk)

Kn(tk, s)Gn(s, x(s)) ds+
k∑

j=vn−1,k+1

∫ tj

tj−1

Kn(tk, s)Gn(s, x(s)) ds.

1. If vp−1,k ̸= vp,k, p = 2, . . . , n− 1 then

Ip(tk) =

∫ tvp−1,k

αp−1(tk)

Kp(tk, s)Gp(s, x(s)) ds+

vp,k−1∑
j=vp−1,k+1

∫ tj

tj−1

Kp(tk, s)Gp(s, x(s)) ds+

+

∫ αp(tk)

tvp,k−1

Kp(tk, s)Gp(s, x(s)) ds.

2. If vp−1,k = vp,k, p = 2, . . . , n− 1 then Ip(tk) =

∫ αp(tk)

αp−1(tk)

Kp(tk, s)Gp(s, x(s)) ds.

It is to be noted that the number of terms in each row of this formula depends on array
vij, which can be determined based on input data: functions αi(t), i = 1, n− 1 and �xed
(based on concrete N) mesh.

Each integral in the last equation can be approximated using the midpoint quadrature
rule, i.e.∫ αp(tk)

tm

Kp(tk, s)Gp(s, x(s)) ds ≈ (αp(tk)− tm)Kp (tk, sk)Gp (sk, xN (sk)) ,

where m = vp,k − 1, sk = αp(tk)+tm
2

. Moreover, on the intervals where the desired function
is determined, we select xN(t) (i.e. t 6 tk−1). On the rest of the intervals the unknown
value xk appears in the last few terms. We determine the number of such terms using
the analysis of array vij. In order to �nd xk we use the Van Wijngaarden � Dekker �
Brent method and proceed with computation of xk+1. The accuracy of proposed method
is ε = max

06i6N
|x̄(ti)− xN(ti)| , where x̄(ti) and xN(ti) are exact and approximate solution in

the point ti correspondingly. The method has order of O
(

1
N

)
.

Let us now consider the numerical solution of the following system of linear integral
equations ∫ t

0

K(t, s)x(s) ds = f(t), 0 6 s 6 t 6 T, f(0) = 0, (4)
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where m × m matrix kernel K(t, s) on the compact 0 6 s 6 t 6 T has 1st kind
discontinuities on the curves s = αi(t), i = 1, . . . , n− 1.

An approximate solution of system (4) is searched again as a piecewise constant

function xN(t) = (x
(N)
1 (t), . . . , x

(N)
m (t))′, where

x
(N)
i (t) =

N∑
j=1

x
(N)
i,j δj(t), t ∈ (0, T ], δj(t) =

{
1, for t ∈ ∆j = (tj−1, tj];
0, for t /∈ ∆j.

(5)

with coe�cients x
(N)
i,j , i = 1,m, j = 1, N .

Let us introduce the following mesh of knots

0 = t0 < t1 < t2 < . . . < tN = T, h = max
i=1,N

(ti − ti−1) = O(N−1) (6)

for numerical solution of system (4) on the interval [0, T ]. Make the following notation
fi,k = fi(tk), k = 1, . . . , N , K(i,p)(tk, s) is (i, p)-th entry of matrix K(tk, s), i = 1,m, p =
1,m. This is the function with 1st kind discontinuities on curves α1(tk) < α2(tk) < . . .
< αn−1(tk), i.e. ∫ tk

0

K(i,p)(tk, s)xp(s) ds =
n∑

q=1

∫ αq(tk)

αq−1(tk)

K(i,p)
q (tk, s)xp(s) ds. (7)

Let us di�erentiate both sides of equation (4) with respect to t in order to �nd xN(0)

f ′
i(t) =

m∑
p=1

n∑
q=1

( ∫ αq(t)

αq−1(t)

∂K
(i,p)
q (t, s)

∂t
xp(s) ds+

+α′
i(t)K

(i,p)
q (t, αi(t))xp(αi(t))− α′

i−1(t)K
(i,p)
q (t, αi−1(t))xp(αi−1(t))

)
.

Since all the components xp(0) of the desired vector x(0) can be assumed constant, we
gain the following system

f ′
i(0) =

n∑
q=1

(
K(i,p)

q (0, 0)(α′
q(0)− α′

q−1(0))

)
m∑
p=1

x
(N)
p,0 (0). (8)

Solve the system of linear algebraic equations (8) and determine x
(N)
p,0 (0) for p = 1,m.

Let coe�cients x
(N)
p,0 , x

(N)
p,1 , . . . , x

(N)
p,k−1 be known. Rewrite system (4) in the point t = tk.

For ith row we have

m∑
p=1

∫ tk

tk−1

K(i,p)(tk, s)xp(s) ds = fi(tk)−
m∑
p=1

∫ tk−1

t0

K(i,p)(tk, s)xp(s) ds.

Taking into account (5) we obtain

m∑
p=1

∫ tk

tk−1

K(i,p)(tk, s) ds x
(N)
p,k = fi,k −

m∑
p=1

k−1∑
j=1

∫ tj

tj−1

K(i,p)(tk, s) ds x
(N)
p,j .
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Finally taking into account (7) we obtain the following system of linear algebraic equations

m∑
p=1

n∑
q=1

∫ αq(tk)

αq−1(tk)

K(i,p)
q (tk, s) ds x

(N)
p,k = fi,k −

m∑
p=1

k−1∑
j=1

n∑
q=1

∫ αq(tk)

αq−1(tk)

K(i,p)
q (tk, s) ds x

(N)
p,j , (9)

which is solved to determine coe�cients x
(N)
p,k for p = 1,m.

3. Numerical Examples

1. ∫ t/8

0

(1 + t− s) sin x(s) ds+

∫ t/4

t/8

(t− 1)2 sinx(s) ds+

∫ t

t/4

(−1)(sin2 x(s) + 1) ds =

= −2
1

8
t+

7t

8
cos

t

8
+ (1 + 2t) sin

t

8
− 2t sin

t

4
− 1

4
sin

t

2
+

1

4
sin 2t, t ∈ [0, 2].

The exact solution is x̄(t) = t. Tab. 1 demonstrates errors ε for various step sizes.

Table 1

Errors for various h (example of nonlinear equation)

h 1/32 1/64 1/128 1/256 1/512 1/1024 1/2048
ε 0,345567 0,178316 0,091509 0,047107 0,023892 0,012031 0,006037

2. ∫ t/4

0

(
2 + ts, 1− ts

1 + t+ s, 1− ts

)
·
(
x1(s)
x2(s)

)
ds+

∫ t/2

t/4

(
1 + t+ s, t+ s

s
1+t
, t+ s

)
·
(
x1(s)
x2(s)

)
ds+

+

∫ t

t/2

(
1 + t+ s, −1

1, −1
1+t

)
·
(
x1(s)
x2(s)

)
ds =

(
t6

40960
+ 1129t5

20480
+ 2027t4

24576
− 55t3

192
1

t+1
·
(

−17t6

20480
+ 4943t5

61440
+ 2107t4

24576
− 55t3

192

)) ,
where exact solution is x̄(t) =

(
t3/8
t2

)
, t ∈ [0, 2]. Tab. 2 demonstrates errors εi =

max
06j6N

|x̄i(tj) − x
(N)
i (tj)|, i = 1, 2, where x̄i(tj) and x

(N)
i (tj) are corresponding exact

and computed solutions in the knots tj for various step sizes.

Table 2

Errors for various h (example of systems)

h 1/32 1/64 1/128 1/256 1/512 1/1024 1/2048
ε1 0,054205 0,028218 0,014392 0,007267 0,003652 0,001830 0,000916
ε2 0,127717 0,064389 0,032327 0,016196 0,008106 0,004055 0,002028
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Conslusion. In this brief paper we continue our studies of Volterra integral equations of
the �rst kind with discontinuous kernels [1�5]. We further develop the numerical methods
[1] and suggest methods for solutions of systems of such linear equations and nonlinear
equations. The midpoint quadrature rule is employed and the error order is O(1/N). The
numerical method is evaluated on synthetic data and demonstrated uniform T -convergence
[7] of the sequence {xN(ti)}Ni=1 to solution x̄(t) with rate O(1/N).
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ÐÀÇÐÅØÈÌÎÑÒÜ È ÀËÃÎÐÈÒÌ ×ÈÑËÅÍÍÎÃÎ
ÐÅØÅÍÈß ÑÈÑÒÅÌÛ ÍÅËÈÍÅÉÍÛÕ ÈÍÒÅÃÐÀËÜÍÛÕ
ÓÐÀÂÍÅÍÈÉ ÂÎËÜÒÅÐÐÀ I ÐÎÄÀ
Ñ ÊÓÑÎ×ÍÎ-ÍÅÏÐÅÐÛÂÍÛÌÈ ßÄÐÀÌÈ

È.Ð. Ìóôòàõîâ, Ä.Í. Ñèäîðîâ

Äîêàçàíà òåîðåìà ñóùåñòâîâàíèÿ è ðàçðàáîòàí ÷èñëåííûé ìåòîä ðåøåíèÿ ñè-

ñòåì íåëèíåéíûõ èíòåãðàëüíûõ óðàâíåíèé Âîëüòåððà ïåðâîãî ðîäà ñ êóñî÷íî-

íåïðåðûâíûìè ÿäðàìè, âîçíèêàþùèõ â ìîäåëèðîâàíèè ðàçâèâàþùèõñÿ äèíàìè÷åñêèõ
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ñèñòåì. Â êà÷åñòâå êâàäðàòóðíîé ôîðìóëû èñïîëüçóåòñÿ ìåòîä ñðåäíèõ ïðÿìîóãîëü-

íèêîâ, ïðè ýòîì ðåøåíèå èùåòñÿ â âèäå êóñî÷íî-ïîñòîÿííîé ôóíêöèè. Äëÿ ðåøåíèÿ

íåëèíåéíîãî óðàâíåíèÿ èñïîëüçîâàí êîìáèíèðîâàííûé ìåòîä Äýêêåðà è Áðýíòà. Ïðè-

âåäåíû ðåçóëüòàòû ðàñ÷åòîâ äëÿ ñêàëÿðíîãî íåëèíåéíîãî óðàâíåíèÿ è äëÿ ñèñòåì ëè-

íåéíûõ óðàâíåíèé. Òî÷íîñòü ïðåäëîæåííûõ ÷èñëåííûõ ìåòîäîâ O(1/N).

Êëþ÷åâûå ñëîâà: èíòåãðàëüíûå óðàâíåíèÿ Âîëüòåððà I ðîäà; ðàçâèâàþùèåñÿ ñè-

ñòåìû; ðàçðûâíîå ÿäðî; íåëèíåéíûå ñèñòåìû; ÷èñëåííûå ìåòîäû; ìåòîä Äýêêåðà è

Áðýíòà; êâàäðàòóðíîé ôîðìóëû.
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