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At present, investigations of Sobolev-type models are actively developing. In the
solution of applied problems the results allowing to get their numerical solutions are very
significant. In the article the algorithm for numerical solving of the initial boundary value
problem is developed. The problem describes the pressure distribution of the homogeneous
fluid in the horizontal layer in the circle. The layer is opened by a vertical well of a small
radius. In our research we suppose that random disturbing loads have an influence on the
fluid. The problem was solved under two assumptions. Firstly, we suppose that an unstable
fluid flow is axially symmetric, and secondly, that in initial moment the pressure in the
layer is constant. After the process of the discretization we modify the original model to
the Cauchy problem for the system of ordinary differential equations. For the numerical
solution we use algorithms based on explicit one-step formulas of the Runge — Kutta type
with the seventh-order accuracy and with the selection of the integration step. We also use
the scheme of the eighth-order accuracy to evaluate the calculation accuracy on each steps
of time. According to the results of this control, we choose the time-step. A lot of numerical
experiments have shown high numerical efficiency of the algorithm that we use to solve the
investigated initial-boundary problem.

Keywords: stochastic Sobolev type equation; numerical solution; Barenblatt — Zheltova
— Kochina model; Cauchy problem.

Introduction. Let G C R? be a bounded domain with a boundary dG of class C™.
Consider in the cylinder G x R, the Barenblatt — Zheltova — Kochina equation [1]

(A — A)uy = aAu+ f, (1)
with the Dirichlet condition
u(z,t) =0, (z,t) € 0G x R. (2)

Model (1), (2) simulates the pressure dynamics of the fluid filtered in fractured porous
medium with random external influences f [2|, processes of moisture transfer in a ground
|3] and processes of the solid-to-fluid thermal conductivity in the environment with two
temperatures [4]. In equation (1) o and A are real parameters, that characterize the
environment; the parameter « € R, and the parameter A can also take the negative
values [5]; the additive component f presents the random external load [2]. Our goal is to
find the random process v = u(x,t) that satisfies (1), (2) with initial Cauchy condition

u(z,0) = ug(x). (3)
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It must be noted that the problem (1), (2) in corresponding Hilbert spaces can be
reduced to the linear stochastic Sobolev type equation

Ldu = Mudt + NdW.

You can find more historical aspects of the stochastic equations theory (including the
stochastic Sobolev type equations research), for example, in [6].

1. Homogeneous Fluid Filtration. Consider the algorithm of construction of numerical
solution to (1), (2). As an example we consider unstable filtration of the homogeneous fluid
in the horizontal layer. The layer is opened by a vertical well of a small radius. At the
initial moment pressure of fluid in the layer is constant and is equal to py. Assume that
a random load begins to influence the fluid. Let the domain G C R? be presented by
disk with the radius r9 and center on the axis of the well. Introduce a polar system of
coordinates and assume that the fluid flow is axially symmetric. In this case we can find
the fluid pressure in a fissure if we solve the initial-boundary value problem [1]

(A= Ap)pr = aA,p + Asin(wt),
|p(07t)| < +09, p(TOat) = 07 p(T, O) = Do,

(4)

0? 10
AR
ground, a = x/n, x is the piezoconductivity coeflicient of the fractured ground.

Then we need to modify (4) to the system of ordinary differential equations. So we
make a discretization of the domain G. We work on a segment [0, 7] with the equally
spaced grid r; = (j — 1)h,, j = 1,J, h, = ro/(J — 1), J is the number of discretization
points. It is known that the construction of difference approximation for the p-th order
derivatives in the j-th discretization point is based on the formula

where A, A e R, A= 1/n, nis a specific characteristics of the fractured

J+ip

1=j—Ji

where j;(j,) is the amount of points to the left (right) from the j-th point in which
the derivative is calculated, 7 is numbers of points that we use in the approximation of
the derivative n, = j; + j, + 1 is the amount of points that we use in the derivative
approximation, n, < J. After we use the expansion of a function p(r,t) in a Taylor series
in the point 7;, we can simply receive a system of linear equations to find coefficients
apji- We have already made a special program in Maple Math Software to calculate a,;;
for p € N-order derivative and for j,4 = 1,J. This program gives an opportunity to

use (5) with difference approximation errors O h?“"’) during the process of numerical
simulations.
After we have done the discretization of initial-boundary conditions (4) we obtain a

Cauchy problem for the system of ordinary differential equations for the function w;(t).
The system we will write in the matrix form

dU (t)
M pu@) + W,
di (t) (6)
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1 0 0 ... 0 i (t)
b2, A —bap baz ... by us(t)
Where M = L U(t) = : ,
bj—1p byo1z2 by oo A—=byoiy uy_1(t)
0 0 0 e 1 uy(t)
uo, 1 0 0O ... O 0
U0, b271 b272 b273 e ng A sin(wt)
U(] = , P = . .. .. . , W = ,
U, bj—ip by by oo byony Asin(wt)
ug, 0 0 0 .. 1 0

u; is values of pressure in the j-th point of digitalization. If we don’t use the point in

% + 13@) where the first
hr Tjhr

index 7 indicates the number of the point in which we make the derivative approximation
and the second index ¢ indicates the number of point, that takes part in the derivative
approximation.

It’s easy to show that the determinant of the matrix P is not equal to 0. In rare cases
when we set A it may be that the determinant of the matrix M equals to 0. In this case we
need to change the amount of points that take part in derivatives approximation. It will
change the value of the determinant of the matrix P and consequently change the value
of the determinant of matrix M. Therefore, we assume that det(M) # 0.

After the invertion of the matrix M from equation (6), we obtain a Cauchy problem
for the first-order differential equations in the matrix form

AU (t)
— = F(t,U(t)), 0<t<t, (7)

U(0) = U,

derrivativa approximation, then b;; = 0, otherwise b;;, =

where F(t,U(t)) = M~ (PU(t) + W).
For the numerical solution of (7) we use algorithms that are based on explicit one-step
formulas of the Runge — Kutta type with the seventh order accuracy [7]:

13
Un—H = Un + an,ikia
=1

1=

13 13
e = W (t -+ asho, o+ 3 Bushy, At 3 Bl ).
j=1 J=1

Where h; is a integration step in Runge — Kutta method,

_ 0 _ 2 B 1 _ 1 _ 5 _ 1 _ 5
a1 =U, g = 277 043—9, Oy = 67 a5 = 127 6 — 27 Q7 = 67
1 2 1 0 1
ag = —, g = —, X = -, X = (8% = (8] =
8 67 9 37 10 37 11 ) 12 ) 13 )
2 1 1 1 1
Ba1 = o7 P31 = 36’ P32 = o Bag = BYR Ba2 =10, Bs3 = 3’

5 25 25 1
55,1 = Ea /65,2 = 07 B5,3 = _Ey 55,4 = Ev 56,1 - %7 /66,2 = 66,3 - Oa
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1 1 25 125 65
56,4 vk 56,5 = 57 57,1 = —m, 57,2 = 57,3 =0, 57,4 = m, 57,5 = —ﬁ7
125 31 61 2
57,6 = a; 58,1 = ﬁ’ 58,2 = 58,3 = 58,4 =0, 58,5 = —5, 58,6 = —57
13 23 7 107
= — _= 2 = _= = — = e
58,7 900° 59,1 ) /39,2 59,3 0, 59,4 108’ 59,5 - 596 9
67 91 23
59,7 = %, ﬁg,s =3, ﬁ1o,1 = —@; 510,2 = 510,3 =0, Bioa = ﬁ’
976 311 17 1
510,5 = —%, B10,6 = ﬁlo 7= , 510,8 = —7 510,9 = _E’
2383 341 4496 301
511,1 = 41007 5112 = 5113 =0, 5114 = —1—, /311,5 = 1025, 5116 = — 82
2133 45 45 18
By = 4100 Brig = 27 By = 164 Bi1,10 = VTR
8 —iﬁ — Buss = Broa = Buus =0, Brag = —=, Pror = — o
12,1 = 505’ 12,2 = P12,3 = P12.4 = P115 = YU, P12 = 11’ 12,7 = 205’
3 1777
512,8 = 11 5129 11 512 10 = 1, 512,11 513 1= 4100
341 4496 289
513,2 = 513,3 =0, 513,4 = ——, 513,5 10257 Bize = 82
2193 33
513,7 = —4100 5138 5139 64 513 10 = 1; 513,11 =0, 513,12 =1,
B 41 B - B _ 0 B 34 B - 9
pPr1 = 340’ Pr2=pP13=Pra=pPrs =V, Pre = 105’ P77 =Prg = 357
9 41
P79 = Pr10 = %, D711 = %, pra2 = pr13 = 0.

When we use explicit methods to solve the stiff problem we would like to note that
the integration step is limited not only by calculation accuracy but also by the stability of
the numerical method [8]. We can find the local error 9,, of the method with the seventh
order accuracy by using the next formula [7]

13
On = Z(ps,i — pri)ki, (9)

=1

where coefficients pg; are equals

34 9
pu— pu— = = pu— O’ = —’ pu— = —’
Pg1 = P82 =Pr3 =DPr4a=DP75 D76 105 P87 = Pgg 35
- - B 0 41
Pso = Pg10 = 230 Pg11 = Pgii2 = Ps13 = 840

If you would like to evaluate the control of the calculation accuracy you can use the next
inequality
[16n]] <.
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Here || - || is a norm in R’, J is the dimension of the matrix column F(¢,U(t)), € is the
necessary calculation accuracy. In our case ¢, = O(h?). Therefore integration step h%

according to accuracy is calculated with the formula [§]

€
h* =qhy, q = 8/ —.
t V 116wl

In the case ¢ < 1 we need to repeat the calculation that we received at the step h; and
use the other step h®. Otherwise we must repeat our calculations on the next interval of
time.

2. Results of the Calculation Experiment. The algorithm for solving of problem (4)
that was described in previous paragraph, was implemented in a special program in Maple
Math Software. This program gives us an opportunity to conduct numerical experiments
that find the values of the pressure in breaches under a specific condition. This condition
describes random loads, that have difference influence on the seam consumption. We use
the random number generator to choose the constant A € R for function that determines
random loads for the seam consumption. Estimates of experiments show that in equation
(4) the parameter 7 for different earth materials take the value between very wide limits
n=10"* m? + 10° m?, and the coefficient x = 0,1 m?/s + 1 m?/s.

m/
T

T T
0 1 2

Fig 1. Dependence of pressure p = p(t., )

in a fissure at moments of time t, = 1,27s,
t, =2,61s, t, = 4s Fig 2. Dependence of pressure p =
p(t,r) in fissure on ¢ and r

Numerous calculations have shown that the developed algorithm of the solution allows
to find the numerical solution of the problem with high computational efficiency.
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YNCJIEHHOE NCCJIEJOBAHUE CTOXACTUYECKON
MOJEJIN BAPEHBJIATTA — KEJITOBA — KOUMHOU

C.U. Kaduenxo, E.A. Coadamosa, C.A. 3aepebura

B macrosiiee BpeMst aKTUBHO PA3BUBAIOTCS MCCIEIOBAHUS MATEMATHIECKUX MOIEIEH
cobosreBckOro Tuna. B pereHnn MPUKIAIHBIX 33739 3HAYMMBIMU SBIISIIOTCS PE3YJIbTATHI,
MTO3BOJIAIONINE TIOJIYyYaTh UX YHCAEHHOe perternne. B pabore pa3paboTan aJropuTM UHUCIEH-
HOTO PereHus] HauaJ bHO-KPAEBOM 3aJa4Ul ONMUCHIBAIONIEH pachpeiesieHue JTaBIeHus OTHO-
POOHOI )KUIKOCTH B TOPU3OHTAIBHOM IJIACTE, KOTOPBIH BCKPBIT BEPTUKAJIBHON CKBAYKUHON
Majoro paszmepa. IIpemnosnaraercs, 9To HA KUAKOCTH AEHCTBYIOT BO3MYIIAIOININE CJIydaii-
HBIE HATPY3KH, & 0DJIACTD MCCIIEIOBAHUS MIPEICTABISIET COOOH KPYT € EHTPOM HA OCU CKBa-
JKUHBI. 38/1a9a periajach B MPEIIOIOKEHNe, 9T0 HEyCTAHOBUBIIEECS TEYEHHE YKUIKOCTH
OCECHMMETPUIHOE, a B HAYAJIbHBIA MOMEHT BPEMEHU MaB/E€HUE B ILIACTE MOCTOsiHHOE. [1po-
BOIS TUCKPETU3AINI0, UCXOMHAS 33134 1 1udDepeHnnaaIbHOr0 YPABHEHUs B 9aCTHBIX
IPOM3BOIHBIX, TPeobpa3oBana K 3ajade Komm aj1st crucTeMbl OOBIKHOBEHHBIX I hepeHIin-
aNbHBIX ypaBHeHu#. s unciaenuoro perenus 3aqa4u Koy nemoip30BaInch aaropuTMbL,
OCHOBaHHbBIE HA SBHBIX OMHOIMArOBBIX opmynax tuna Pyrre — KyTrer ceqpmoro mopsaka
TOYHOCTH C BHIOOPOM I1ara MHTErpUpoBanusd. JlJisi OlleHKH KOHTPOJIA TOYHOCTH BBIYUC/IEHUN
HA KaXKJIOM BPEMEHHOM Iare UCIOJIb30BAIACH CXEMa, BOCBMOIO MOPsAKa, TOYHOCTH. Vcxoms
U3 PE3yJIBTATOB ITOTO KOHTPOJISA, BEIOMPAJICS BpeMeHHOi mar. MHOrOYnCIeHHbIE BHIYUCTH-
TeJIbHBIE IKCIEPUMEHTHI TTOKA3AIU BBICOKYIO BHIAUCIUTENBHYIO 3D MEKTUBHOCTH AJITOPUTMA
pelIeHnd UCCaeayeMOil Ha4YaabHO-KPaeBOi 3a1a4u.

Katoueevte cao6a: cmoracmuveckoe ypasrenue cob0AL6CK020 MUNG; YUCAEHHOE Pelie-

nue; modeav Bapenbaamma — 2Keamosa — Kowunoti; sadavwa Kowu.
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