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Ðàññìàòðèâàåòñÿ îáðàòíàÿ íà÷àëüíî-êðàåâàÿ çàäà÷à äëÿ ëèíåéíîãî ïàðàáîëè÷å-

ñêîãî óðàâíåíèÿ, êîòîðàÿ âîçíèêàåò ïðè ìàòåìàòè÷åñêîì ìîäåëèðîâàíèè äâóìåðíûõ

ïîëçóùèõ äâèæåíèé âÿçêîé æèäêîñòè â ïëîñêîì êàíàëå. Íåèçâåñòíàÿ ôóíêöèÿ âðå-

ìåíè âõîäèò â ïðàâóþ ÷àñòü óðàâíåíèÿ àääèòèâíî è íàõîäèòñÿ èç äîïîëíèòåëüíîãî

óñëîâèÿ èíòåãðàëüíîãî ïåðåîïðåäåëåíèÿ. Ïîñòàâëåííàÿ çàäà÷à èìååò äâà ðàçíûõ èíòå-

ãðàëüíûõ òîæäåñòâà, êîòîðûå ïîçâîëÿþò ïîëó÷èòü àïðèîðíûå îöåíêè ðåøåíèÿ â ðàâ-

íîìåðíîé ìåòðèêå è äîêàçàòü òåîðåìó åäèíñòâåííîñòè. Ïðè íåêîòîðûõ îãðàíè÷åíèÿõ

íà âõîäíûå äàííûå ðåøåíèå ïîñòðîåíî â âèäå ðÿäà ïî ñïåöèàëüíîìó áàçèñó. Äëÿ ýòîãî

çàäà÷à ïóòåì äèôôåðåíöèðîâàíèÿ ïî ïðîñòðàíñòâåííîé ïåðåìåííîé ñâîäèòñÿ ê ïðÿ-

ìîé íåêëàññè÷åñêîé çàäà÷å ñ äâóìÿ èíòåãðàëüíûìè óñëîâèÿìè âìåñòî îáû÷íûõ êðà-

åâûõ. Íîâàÿ çàäà÷à ðåøàåòñÿ ìåòîäîì ðàçäåëåíèÿ ïåðåìåííûõ, ïîçâîëÿþùèì íàéòè

íåèçâåñòíûå ôóíêöèè â âèäå áûñòðî ñõîäÿùèõñÿ ðÿäîâ. Äðóãîé, ñòàíäàðòíûé, ìåòîä

ðåøåíèÿ èñõîäíîé çàäà÷è ñîñòîèò â ñâåäåíèè åå ê íàãðóæåííîìó óðàâíåíèþ è ïåðâîé

íà÷àëüíî-êðàåâîé çàäà÷å äëÿ íåãî. Â ñâîþ î÷åðåäü, ýòà çàäà÷à ñâåäåíà ê îäíîìåðíîìó

ïî âðåìåíè îïåðàòîðíîìó óðàâíåíèþ Âîëüòåððû ñî ñïåöèàëüíûì ÿäðîì. Äîêàçàíî, ÷òî

îíî èìååò ðåøåíèå â âèäå ðÿäà. Óñòàíîâëåíû íåêîòîðûå âñïîìîãàòåëüíûå ôîðìóëû,

ïîëåçíûå ïðè ÷èñëåííîì ðåøåíèè ýòîãî óðàâíåíèÿ ìåòîäîì ïðåîáðàçîâàíèÿ Ëàïëàñà.

Óñòàíîâëåíû äîñòàòî÷íûå óñëîâèÿ, ïðè êîòîðûõ ðåøåíèå ñ ðîñòîì âðåìåíè âûõîäèò

íà ñòàöèîíàðíûé ðåæèì ïî ýêñïîíåíöèàëüíîìó çàêîíó.

Êëþ÷åâûå ñëîâà: îáðàòíàÿ çàäà÷à; àïðèîðíûå îöåíêè; ïðåîáðàçîâàíèå Ëàïëàñà;

ýêñïîíåíöèàëüíàÿ óñòîé÷èâîñòü.

Ââåäåíèå

Ðàññìîòðèì íà÷àëüíî-êðàåâóþ çàäà÷ó

ut = νuxx + f(t) + g(x, t), x ∈ (−1, 1), t ∈ [0, T ]; (0.1)
u(x, 0) = u0(x), x ∈ (−1, 1); (0.2)

u(−1, t) = u1(t), u(1, t) = u2(t),

1∫
−1

u(x, t) dx = q(t), t ∈ [0, T ]. (0.3)

Çäåñü ôóíêöèè g(x, t), u0(x), u1(t), u2(t), q(t) è ïîñòîÿííûå ν > 0, T > 0 ñ÷èòàþòñÿ
çàäàííûìè, à u(x, t), f(t) � èñêîìûìè. Òàêèì îáðàçîì, çàäà÷à (0.1) � (0.3) ÿâëÿåòñÿ
îáðàòíîé. Äëÿ åå ãëàäêèõ ðåøåíèé íåîáõîäèìî ïîòðåáîâàòü âûïîëíåíèÿ óñëîâèé ñî-
ãëàñîâàíèÿ

u0(−1) = u1(0), u0(1) = u2(0),

1∫
−1

u0(x) dx = q(0).

Ê çàäà÷å (0.1) � (0.3) ïðèâîäèò ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå äâóìåðíûõ ïîëçó-
ùèõ äâèæåíèé âÿçêîé æèäêîñòè ñïåöèàëüíîãî âèäà â ïëîñêîì êàíàëå [1,2] èëè âÿçêîé
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òåïëîïðîâîäíîé æèäêîñòè â ìîäåëè ìèêðîêîíâåêöèè [3]. Ïðè ýòîì ôóíêöèÿ f(t) åñòü
ïðîäîëüíûé âäîëü êàíàëà ãðàäèåíò äàâëåíèÿ, êîòîðûé èùåòñÿ âìåñòå ñ ïîëåì ñêîðî-
ñòåé è òåìïåðàòóð. Ôóíêöèè u1(t), u2(t) çàäàþò äâèæåíèå ñòåíîê êàíàëà, à g(x, t) �
èçâåñòíîå ðàñïðåäåëåíèå òåìïåðàòóðû â íåì äëÿ óðàâíåíèé ìèêðîêîíâåêöèè. Òðåòüå
óñëîâèå (0.3) ïðåäñòàâëÿåò ñîáîé çàäàííûé ðàñõîä æèäêîñòè ÷åðåç ïîïåðå÷íîå ñå÷å-
íèå ñëîÿ. Ïîñòîÿííàÿ ν â óðàâíåíèè (0.1) åñòü êèíåìàòè÷åñêàÿ âÿçêîñòü æèäêîñòè.
Êîíå÷íî, âîçìîæíà è ÷èñòî òåïëîâàÿ èíòåðïðåòàöèÿ çàäà÷è (0.1) � (0.3).

Ñëåäóåò îòìåòèòü, ÷òî îáðàòíûå çàäà÷è äëÿ ïàðàáîëè÷åñêèõ óðàâíåíèé ñ èíòå-
ãðàëüíûì óñëîâèåì ïåðåîïðåäåëåíèÿ áîëåå îáùåãî âèäà, ÷åì (0.3), ðàññìàòðèâàëèñü
â äîñòàòî÷íî áîëüøîì êîëè÷åñòâå ðàáîò, ñì., íàïðèìåð, [4�8] è äðóãèå. Áîëåå ïîëíûé
îáçîð ðàáîò èìååòñÿ â [9]. Êàê ïðàâèëî, â íèõ äîêàçûâàåòñÿ ñóùåñòâîâàíèå è åäèí-
ñòâåííîñòü ðåøåíèÿ, ðàññìàòðèâàþòñÿ è îáîñíîâûâàþòñÿ ìåòîäû ïîñòðîåíèÿ ïðè-
áëèæåííûõ ðåøåíèé äëÿ ñëó÷àÿ (à îí, ïî-âèäèìîìó, ïðåäñòàâëÿåò íàèáîëüøóþ òðóä-
íîñòü), êîãäà íåèçâåñòíàÿ ôóíêöèÿ f(t) âõîäèò â ïðàâóþ ÷àñòü îñíîâíîãî óðàâíåíèÿ
(ñèñòåìû) ìóëüòèïëèêàòèâíûì îáðàçîì.

Â äàííîé ðàáîòå íåèçâåñòíàÿ f(t) âõîäèò â ïðàâóþ ÷àñòü àääèòèâíûì ñëàãàåìûì �
ýòî ñëåäóåò èç ïîñòàíîâîê ãèäðîäèíàìè÷åñêèõ çàäà÷, óïîìÿíóòûõ âûøå. Ïîëüçóÿñü
ñïåöèôèêîé çàäà÷è (0.1) � (0.3), åå îäíîìåðíîñòüþ, óäàåòñÿ ïîëó÷èòü äîñòàòî÷íûå
óñëîâèÿ ñõîäèìîñòè åå ðåøåíèÿ ê ñòàöèîíàðíîìó â ðàâíîìåðíîé ìåòðèêå (â èíòå-
ãðàëüíîé ìåòðèêå ïîäîáíûé ðåçóëüòàò áûë ïîëó÷åí â [7]), ïîñòðîèòü ðåøåíèå â âèäå
ðÿäîâ ïî ñïåöèàëüíîìó áàçèñó è òåì ñàìûì ðåøèòü óðàâíåíèå âòîðîãî ðîäà äëÿ f(t),
åñëè ïåðåéòè ê çàäà÷å äëÿ íàãðóæåííîãî óðàâíåíèÿ. Êðîìå òîãî, ïîëó÷åíà êîíå÷íàÿ
ôîðìóëà ïðåîáðàçîâàíèÿ Ëàïëàñà ÿäðà èíòåãðàëüíîãî óðàâíåíèÿ, ïîëåçíàÿ ïðè ÷èñ-
ëåííîì íàõîæäåíèè f(t). Îñòàëüíûå ãèäðîäèíàìè÷åñêèå õàðàêòåðèñòèêè: âåðòèêàëü-
íàÿ êîìïîíåíòà ñêîðîñòè, äàâëåíèå � ëåãêî âîññòàíàâëèâàþòñÿ ïî ôóíêöèÿì u(x, t),
f(t) [2].

Ïðîèçâåäåì çàìåíó

u(x, t) = v(x, t)+
3

4
[u1(t)+u2(t)−q(t)]x2+

1

2
[u2(t)−u1(t)]x+

1

4
[3q(t)−u1(t)−u2(t)], (0.4)

òîãäà ôóíêöèè v(x, t), f(t) ñóòü ðåøåíèå çàäà÷è

vt = νvxx + f(t) + h(x, t), x ∈ (−1, 1), t ∈ [0, T ]; (0.5)

v(x, 0) = u0(x)−
3

4
[u1(0) + u2(0)− q(0)]x2 − 1

2
[u2(0)− u1(0)]x

− 1

4
[3q(0)− u1(0)− u2(0)] ≡ v0(x); (0.6)

v(±1, t) = 0,

1∫
−1

v(x, t) dx = 0, t ∈ [0, T ], (0.7)

ãäå

h(x, t) = g(x, t)− 3

4
[u′1(t) + u′2(t)− q′(t)]x2 − 1

2
[u′2(t)− u′1(t)]x

− 1

4
[3q′(t)− u′1(t)− u′2(t)] +

3

2
ν[u1(t) + u2(t)− q(t)] (0.8)

è øòðèõ îçíà÷àåò äèôôåðåíöèðîâàíèå ïî t.
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Èíòåãðèðîâàíèå óðàâíåíèÿ (0.5) ïî x îò−1 äî 1 ñ èñïîëüçîâàíèåì âòîðîãî óñëîâèÿ
(0.7) äàåò ñâÿçü

f(t) =
1

2

{
[vx(−1, t)− vx(1, t)]−

1∫
−1

h(x, t) dx

}
. (0.9)

Èòàê, åñëè u1(t), u2(t), q(t) ïðèíàäëåæàò C
1[0, T ], g(x, t) ∈ C((−1, 1) × [0, T ]), òî

çàäà÷à (0.1) � (0.3) ýêâèâàëåíòíà çàäà÷å (0.5) � (0.7), ïðè÷åì f(t) îïðåäåëÿåòñÿ (ïî
èçâåñòíîé v(x, t)) ðàâåíñòâîì (0.9). Íèæå è èçó÷àåòñÿ çàäà÷à îïðåäåëåíèÿ ôóíêöèé
v(x, t) è f(t). Äîïîëíèòåëüíûå òðåáîâàíèÿ íà âõîäíûå äàííûå áóäóò ñôîðìóëèðîâàíû
ïîçäíåå.

1. Àïðèîðíûå îöåíêè

Ëåììà 1. Ðåøåíèå çàäà÷è (0.5) � (0.8) îïðåäåëÿåòñÿ åäèíñòâåííûì îáðàçîì.

Äîêàçàòåëüñòâî. Óìíîæåíèå óðàâíåíèÿ (0.5) íà v(x, t) è èíòåãðèðîâàíèå ñ èñïîëü-
çîâàíèåì ãðàíè÷íûõ óñëîâèé (0.7) ïðèâîäèò ê ðàâåíñòâó

∂

∂t

(
1

2

1∫
−1

v2(x, t) dx

)
+ ν

1∫
−1

v2x(x, t) dx =

1∫
−1

h(x, t)v(x, t) dx. (1.1)

Ïîñêîëüêó â íàøåì ñëó÷àå èìååò ìåñòî íåðàâåíñòâî Ñòåêëîâà
1∫

−1

v2(x, t) dx 6 4

π2

1∫
−1

v2x(x, t) dx,

òî èç (1.1) ëåãêî íàéòè îöåíêó
1∫

−1

v2(x, t) dx 6
[( 1∫

−1

v20(x) dx

)1/2

+

t∫
0

eπ
2ντ/2k(τ) dτ

]2
e−π2νt (1.2)

ñ ôóíêöèåé

k(t) =

( 1∫
−1

h2(x, t) dx

)1/2

. (1.3)

Èç íåðàâåíñòâà (1.2) è âûòåêàåò åäèíñòâåííîñòü îïðåäåëåíèÿ v(x, t), à èç (0.9) è f(t).

Çàìå÷àíèå 1. Åñëè èíòåãðàë ∞∫
0

eπ
2ντ/2k(τ) dτ (1.4)

ñõîäèòñÿ (ýòî îçíà÷àåò, ÷òî k(t) ∼ e−π2ντ/2 ïðè t → ∞), òî L2-íîðìà ôóíêöèè v(x, t)
ýêñïîíåíöèàëüíî óáûâàåò ñ ðîñòîì âðåìåíè t.

Îêàçûâàåòñÿ, ÷òî ìîæíî ïîëó÷èòü îöåíêó |v(x, t)|, ðàâíîìåðíóþ ïî x ∈ [−1, 1] è
t ∈ [0, T ]. Äëÿ ýòîãî çàìåòèì, ÷òî íàðÿäó ñ (1.1) èìååò ìåñòî äðóãîå èíòåãðàëüíîå
òîæäåñòâî

1∫
−1

v2t dx+
ν

2

∂

∂t

1∫
−1

v2x dx = −
1∫

−1

hvt dx,
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îòêóäà, ó÷èòûâàÿ îáîçíà÷åíèå (1.3),

1∫
−1

v2x dx 6
1∫

−1

v20x dx+

t∫
0

k2(τ) dτ. (1.5)

Â ñèëó íåðàâåíñòâ (1.2), (1.5) èìååì

v2(x, t) = 2

x∫
−1

vvx dx 6 2

( 1∫
−1

v2 dx

)1/2( 1∫
−1

v2x dx

)1/2

6 2

[( 1∫
−1

v20(x) dx

)1/2

+

+

t∫
0

eπ
2ντ/4k(τ) dτ

]
×
( 1∫

−1

v20x dx+

t∫
0

k2(τ) dτ

)1/2

e−π2νt/4 ≡ k̄2(t)e−π2νt/4, (1.6)

ïîýòîìó
|v(x, t)| 6 k̄(t)e−π2νt/8 (1.7)

äëÿ âñåõ x ∈ [−1, 1] è t ∈ [0, T ]. Ñëåäîâàòåëüíî, åñëè ñõîäèòñÿ èíòåãðàë (1.4), òî
ôóíêöèÿ k̄(t) îãðàíè÷åíà äëÿ âñåõ t ∈ [0,∞] è |v(x, t)| → 0 ïðè t→ ∞ ðàâíîìåðíî ïî
x ∈ [−1, 1].

Äèôôåðåíöèðîâàíèå çàäà÷è (0.6) � (0.8) ïî t ïðèâîäèò ê àíàëîãè÷íîé çàäà÷å äëÿ
vt(x, t), ãäå íóæíî f(t) çàìåíèòü íà ft(t), h(x, t) íà ht(x, t), íà÷àëüíûå äàííûå (0.6) íà

vt(x, 0) = νv0xx +
1

2

{
ν[v0x(−1)− v0x(1)]−

1∫
−1

h(x, 0) dx

}
≡ v10(x). (1.8)

Çäåñü èñïîëüçîâàíî óðàâíåíèå (0.5) è ðàâåíñòâî (0.9). Ïîýòîìó äëÿ vt(x, t) áóäóò ñïðà-
âåäëèâû îöåíêè (1.2), (1.7), ãäå âìåñòî k(t) áóäåò ôóíêöèÿ

k1(t) =

( 1∫
−1

h2t (x, t) dx

)1/2

, (1.9)

à âìåñòî v0(x) � ôóíêöèÿ v10(x) èç (1.8). Çíà÷èò,

|vt(x, t)| 6 k̄1(t)e
−π2νt/8 (1.10)

ñ îãðàíè÷åííîé ôóíêöèåé

k̄1(t) =

{
2

[( 1∫
−1

v210(x) dx

)1/2

+

t∫
0

eπ
2ντ/4k1(τ) dτ

]( 1∫
−1

v210x dx+

t∫
0

k21(τ) dτ

)1/2}1/2

. (1.11)

Îöåíêó íåèçâåñòíîé ôóíêöèè f(t) ïîëó÷èì ñëåäóþùèì îáðàçîì. Óìíîæèì óðàâ-
íåíèå (0.6) íà ïîëèíîì 2-ãî ïîðÿäêà x2 − 1 è ïðîèíòåãðèðóåì ïî ïðîìåæóòêó [−1, 1],
íàéäåì ñ èñïîëüçîâàíèåì óñëîâèé (0.7) ïðåäñòàâëåíèå äëÿ f(t), èìåííî

f(t) =
3

4

[ 1∫
−1

(x2 − 1)h(x, t) dx−
1∫

−1

(x2 − 1)vt(x, t) dx

]
. (1.12)
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Ïðèìåíåíèå íåðàâåíñòâ Êîøè � Áóíÿêîâñêîãî ê ïåðâîìó èíòåãðàëó â (1.12) è (1.10)
äëÿ âòîðîãî èíòåãðàëà äàåò îöåíêó

|f(t)| 6
√

3

5
k(t) + k̄1(t)e

−π2νt/8 (1.13)

ñ ôóíêöèÿìè k(t), k̄1(t) èç (1.3) è (1.11) ñîîòâåòñòâåííî. Â âûðàæåíèè äëÿ k̄1(t) ôóíê-
öèÿ k1(t) îïðåäåëÿåòñÿ ðàâåíñòâîì (1.9).

Çàìå÷àíèå 2. Åñëè äîïîëíèòåëüíî ê (1.4) ñõîäèòñÿ èíòåãðàë
∞∫
0

eπ
2ντ/4k1(τ) dτ, (1.14)

òî k̄1(t) îãðàíè÷åíà äëÿ âñåõ t > 0 è |f(t)| → 0 ïðè t → ∞ ïî ýêñïîíåíöèàëüíîìó
çàêîíó. Êðîìå òîãî, èç (0.5) è îöåíîê (1.7), (1.10) è (1.13) àíàëîãè÷íûé ðåçóëüòàò
èìååò ìåñòî è äëÿ |vxx|.

Íàìè äîêàçàíà

Òåîðåìà 1. Ïóñòü v0(x) ∈ C[−1, 1]
∩
C2(−1, 1), h(x, t), ht(x, t) ∈ C((−1, 1) × [0, T ]),

ft(t) ∈ C(0, T ), è ðåøåíèå çàäà÷è (0.5) � (0.7) ñóùåñòâóåò, òîãäà îíî ÿâëÿåòñÿ

åäèíñòâåííûì, è âûïîëíåíû îöåíêè (1.8), (1.10), ðàâíîìåðíûå äëÿ âñåõ x ∈ [−1, 1] è
t ∈ [0, T ]. Åñëè èíòåãðàëû (1.4), (1.14) ñõîäÿòñÿ, òî ôóíêöèè v(x, t), f(t) ñòðåìÿòñÿ
ê íóëþ ñ ðîñòîì âðåìåíè ïî ýêñïîíåíöèàëüíîìó çàêîíó.

Â ñëåäóþùåì ïóíêòå óñòàíàâëèâàåòñÿ ñóùåñòâîâàíèå ðåøåíèÿ.

2. Ïîñòðîåíèå ðåøåíèÿ â âèäå ðÿäîâ ïî ñïåöèàëüíîìó áàçèñó

Ïîäñòàíîâêà (0.9) â (0.5) ïðèâîäèò ê íàãðóæåííîìó óðàâíåíèþ íà v(x, t) è ïåðâîé
íà÷àëüíî-êðàåâîé çàäà÷å äëÿ íåãî. Îäíàêî ìû ïîêà ýòîãî äåëàòü íå áóäåì, à ïîñòóïèì
ñëåäóþùèì îáðàçîì. Ïîñêîëüêó â (0.9) âõîäÿò íåèçâåñòíûå ïðîèçâîäíûå vx(±1, t),
ïðîäèôôåðåíöèðóåì óðàâíåíèå (0.5) ïî x è ââåäåì íîâóþ íåèçâåñòíóþ ôóíêöèþ

w(x, t) = vx(x, t). (2.1)

Îíà � ðåøåíèå íà÷àëüíî-êðàåâîé çàäà÷è

wt = νwxx + hx(x, t), x ∈ (−1, 1), t ∈ [0, T ]; (2.2)

w(x, 0) = v0x(x) ≡ w0(x), x ∈ (−1, 1); (2.3)

1∫
−1

w(x, t) dx = 0,

1∫
−1

xw(x, t) dx = 0, t ∈ [0, T ]. (2.4)

Ïåðâîå èç óñëîâèé (2.4) ñëåäóåò èç (2.1), òàê êàê

v(x, t) =

x∫
−1

w(x, t) dx, (2.5)

à âòîðîå � èç èíòåãðèðîâàíèÿ ïî ÷àñòÿì âòîðîãî ðàâåíñòâà (0.7).

Âåñòíèê ÞÓðÃÓ. Ñåðèÿ ≪Ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå
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Íåêëàññè÷åñêàÿ íà÷àëüíî-êðàåâàÿ çàäà÷à (2.2) � (2.4) ðåøàåòñÿ ìåòîäîì ðàçäåëå-
íèÿ ïåðåìåííûõ, èìåííî

w(x, t) =
∞∑
k=1

wk(t) sinµkx, (2.6)

wk(t) = ake
−νµ2

kt +

t∫
0

bk(τ)e
−νµ2

k(t−τ)dτ, (2.7)

ak =
1 + µ2

k

µ2
k

1∫
−1

w0(x) sinµkx dx, bk(t) =
1 + µ2

k

µ2
k

1∫
−1

hx(x, t) sinµkx dx, (2.8)

µk � ïîëîæèòåëüíûå êîðíè óðàâíåíèÿ tg µ = µ, ïðè÷åì [10] µk = ξ − ξ−1 − 2ξ−3/3 +
O(ξ−5), ξ = π(k + 1/2). Ëåãêî äîêàçûâàåòñÿ (ñì., íàïðèìåð, [11, ñ. 381], [12]) ÷òî ðÿä
(2.6) ïðåäñòàâëÿåò ñîáîé êëàññè÷åñêîå ðåøåíèå çàäà÷è (2.2) � (2.4) ïðè t > ε > 0 è
w0(x) ∈ C[−1, 1], hx ∈ C([−1, 1] × [0, T ]).

Çàìå÷àíèå 3. Ñèñòåìà ôóíêöèé sinµkx ÿâëÿåòñÿ îðòîãîíàëüíîé â L2 íà îòðåçêå
[-1,1] ñ íîðìîé µk(1+µ

2
k)

−1/2 è îáðàçóåò òàì áàçèñ. Ýòè ôóíêöèè åñòü ðåøåíèÿ çàäà÷è
íà ñîáñòâåííûå çíà÷åíèÿ

Xxx + λX = 0, x ∈ (−1, 1);

1∫
−1

X(x) dx =

1∫
−1

xX(x) dx = 0

ñ λ = λk = µ2
k.

Èç (0.9) è (2.6), (2.7) íàõîäèì

f(t) = −ν
∞∑
k=1

wk(t) sinµk −
1

2

1∫
−1

h(x, t) dx, (2.9)

à èç (2.5) âîññòàíàâëèâàåì v(x, t):

v(x, t) =
∞∑
k=1

1

µk

wk(t)(cosµk − cosµkx). (2.10)

Èñêîìàÿ ôóíêöèÿ u(x, t) îïðåäåëÿåòñÿ èç çàìåíû (0.4). Ôîðìóëû (2.9), (2.10) è äàþò
êëàññè÷åñêîå ðåøåíèå çàäà÷è (2.2) � (2.4) ïðè óêàçàííûõ âûøå óñëîâèÿõ íà w0(x),
h(x, t).

Çàìå÷àíèå 4. Ëåãêî âèäåòü, ÷òî f(t) â çàäà÷å (0.5) � (0.7) îïðåäåëÿåòñÿ òîëüêî ïî
÷åòíîé ÷àñòè ðåøåíèÿ v(x, t).

Äåéñòâèòåëüíî, ïóñòü h(x, t) = h÷(x, t) + hí(x, t), v0(x) = v÷0(x) + ví0(x) è
v(x, t) = v÷(x, t)+ví(x, t). Òîãäà äëÿ ví(x, t) ïîëó÷èì êëàññè÷åñêóþ ïåðâóþ íà÷àëüíî-
êðàåâóþ çàäà÷ó äëÿ ïàðàáîëè÷åñêîãî óðàâíåíèÿ ñ ïðàâîé ÷àñòüþ hí(x, t) è íà÷àëü-
íûì çíà÷åíèåì ví0(x). Äëÿ ÷åòíîé ÷àñòè áóäåò çàäà÷à (0.5) � (0.7) ñ ïðàâîé ÷àñòüþ
f(t)+h÷(x, t), íà÷àëüíûì çíà÷åíèåì v÷0(x), à èíòåãðàë â (0.7) áåðåòñÿ ïî ïðîìåæóòêó
[0,1]. Ôîðìóëû (0.9), (2.9) óïðîùàþòñÿ,

f(t) = −νv÷x(1, t)−
1∫

0

h÷(x, t) dx = −ν
∞∑
k=1

wk(t) sinµk −
1∫

0

h÷(x, t) dx. (2.11)
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Äàëåå ïðåäïîëàãàåòñÿ, ÷òî â çàäà÷å (0.5) � (0.7) v = v÷, h = h÷, v0 = v÷0, èíäåêñ �÷�
âñþäó íèæå îïóñêàåòñÿ.

Áóäåì èñêàòü òåïåðü ðåøåíèå ïåðâîé êðàåâîé çàäà÷è äëÿ íàãðóæåííîãî óðàâíåíèÿ
(0.5), ãäå f(t) îïðåäåëåíà ïåðâîé ôîðìóëîé (2.11), â âèäå ðÿäà Ôóðüå

v(x, t) =
∞∑
n=0

vn(t) cos ξnx, ξn =
π

2
(2n+ 1), (2.12)

ïðè ýòîì v(±1, t) = 0, âòîðîå óñëîâèå (0.7) èñïîëüçîâàíî ïðè âûâîäå ðàâåíñòâà (0.9).
Ïðåäñòàâëÿÿ h(x, t) è v0(x) â âèäå àíàëîãè÷íûõ ðÿäîâ ñ êîýôôèöèåíòàìè

hn(t) = 2

1∫
0

h(x, t) cos ξnx dx, vn0 = 2

1∫
0

v0(x) cos ξnx dx

è ïîëüçóÿñü îðòîíîðìàëüíîñòüþ áàçèñà cos ξnx, èç óðàâíåíèÿ (0.5) íàõîäèì äëÿ êî-
ýôôèöèåíòîâ ðÿäà (2.12)

vn(t) = vn0e
−νξ2nt +

t∫
0

[
(−1)n+1 2

ξn
f(τ) + hn(τ)

]
e−νξ2n(t−τ) dτ. (2.13)

Èç (2.11) ïîëó÷èì

f(t) = ν

∞∑
n=0

(−1)nξnvn(t)−
1∫

0

h(x, t) dx, (2.14)

f(0) = ν
∞∑
n=0

(−1)nξnvn(0)−
1∫

0

h(x, 0) dx.

Ïîäñòàíîâêà vn(t) èç (2.13) â (2.14) ïðèâîäèò ê èíòåãðàëüíîìó óðàâíåíèþ âòîðîãî
ðîäà (óðàâíåíèå Âîëüòåððû) íà f(t):

f(t) = −2ν

t∫
0

f(τ)
∞∑
n=0

e−νξ2n(t−τ) dτ +m(t), (2.15)

ãäå

m(t) = −
1∫

0

h(x, t) dx+ ν
∞∑
n=0

(−1)nξn

[
vn0e

−νξ2nt +

t∫
0

hn(τ)e
−νξ2n(t−τ) dτ

]
, (2.16)

m(0) = f(0). ßäðî èíòåãðàëüíîãî óðàâíåíèÿ åñòü ñóììà ðÿäà Äèðèõëå

K(y) = −2ν
∞∑
n=0

e−νξ2ny, y = t− τ. (2.17)

Ëåììà 2. Ôóíêöèÿ f(t), îïðåäåëÿåìàÿ âòîðûì ðàâåíñòâîì (2.11), ÿâëÿåòñÿ ðåøå-

íèåì èíòåãðàëüíîãî óðàâíåíèÿ (2.15).

Äîêàçàòåëüñòâî. Ïðîâåäåì åãî äëÿ w0(x) = A sinµkx, ãäå A = const, k � ôèêñèðîâàí-
íîå, h(x, t) = 0. Â îáùåì ñëó÷àå äîêàçàòåëüñòâî ïðîâîäèòñÿ àíàëîãè÷íûìè âûêëàäêà-
ìè. Èç (2.11) f(t) = −νAe−νµ2

kt sinµk, à èç (2.10) � v(x, t) = µ−1
k Ae−νµ2

kt(cosµk−cosµkx).
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Çíà÷èò, êîýôôèöèåíòû ðÿäà Ôóðüå íà÷àëüíîé ôóíêöèè v0(x) = µ−1
k (cosµk − cosµkx)

ïî ñèñòåìå cos ξnx èìåþò âèä

vn0 =
2A(−1)n sinµk

ξn(µ2
k − ξ2n)

, ξn = π

(
n+

1

2

)
. (2.18)

Ôóíêöèÿ m(t) èç (2.16) ñ ïîìîùüþ ôîðìóëû (2.18) ïåðåïèøåòñÿ òàê:

m(t) = 2νA sinµk

∞∑
n=0

e−νξ2nt

µ2
k − ξ2n

. (2.19)

Âû÷èñëèì ïåðâîå ñëàãàåìîå ïðàâîé ÷àñòè óðàâíåíèÿ (2.15):

2ν2A sinµk

t∫
0

e−νµ2
kτ

∞∑
n=0

e−νξ2n(t−τ) dτ =

= 2νA sinµk

[
−e−νµ2

kt

∞∑
n=0

1

ξ2n − µ2
k

−
∞∑
n=0

e−νξ2nt

µ2
k − ξ2n

]
. (2.20)

Ñóììà ïåðâîãî ðÿäà â êâàäðàòíûõ ñêîáêàõ ðàâíà [13, ñ. 688]

1

πµ̄k

tg

(
π

2
µ̄k

)
, µ̄k =

2

π
µk.

Ïîñêîëüêó tg µk = µk, ýòà ñóììà åñòü 1/2. Çíà÷èò, ïðàâàÿ ÷àñòü (2.20) ñ ó÷åòîì (2.19)
è åñòü f(t)−m(t), ÷òî è äîêàçûâàåò ëåììó.

Óðàâíåíèå (2.15) ìîæíî ðåøèòü è ìåòîäîì ïðåîáðàçîâàíèÿ Ëàïëàñà, ïðîäîëæèâ
ôóíêöèþ h(x, t) íóëåì âíå îòðåçêà [0, T ], ñ÷èòàÿ, ÷òî ïðè t = T îíà èìååò ðàçðûâ 1-ãî
ðîäà [14].

Ïóñòü

û(p) =

∞∫
0

e−ptu(t) dt

åñòü ïðåîáðàçîâàíèå Ëàïëàñà u(t). Òîãäà â èçîáðàæåíèÿõ óðàâíåíèå (2.15) èìååò ðå-
øåíèå [15,16]

f̂(p) = m̂(p) +
K̂(p)m̂(p)

1− K̂(p)
,

îòêóäà

f(t) = m(t) +

t∫
0

k(t− τ)m(τ) dτ, (2.21)

ãäå k(t) åñòü îðèãèíàë K̂(p)(1− K̂(p))−1. Â íàøåì ñëó÷àå [14] èç (2.17)

K̂(p)

1− K̂(p)
= −2ν

∞∑
n=0

1

p+ νξ2n

[
1 + 2ν

∞∑
n=0

1

p+ νξ2n

]−1

= k̂(p).

Ïîñêîëüêó [13]

2ν
∞∑
n=0

1

p+ νξ2n
=

√
ν

p
th

√
p

ν
,
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ïîëó÷èì

k̂(p) = −
th
√
p/ν√

p/ν + th
√
p/ν

. (2.22)

Ôîðìóëà (2.22) ìîæåò áûòü ïîëåçíà ïðè ÷èñëåííîì ðåøåíèè óðàâíåíèÿ (2.15).

Çàìå÷àíèå 5. Èñïîëüçóÿ ðàâåíñòâà (2.16), (2.22), ìîæíî äîêàçàòü ñîâïàäåíèå âû-
ðàæåíèé äëÿ f(t) (2.11) è (2.21).

3. Î ïîâåäåíèè ðåøåíèÿ ïðè t→ ∞
Ñíà÷àëà íàéäåì ñòàöèîíàðíîå ðåøåíèå. Â ýòîì ñëó÷àå â çàäà÷å (0.6) � (0.8) íà-

÷àëüíûå äàííûå (0.7) íå ñòàâÿòñÿ; ôóíêöèÿ hs íå çàâèñèò îò âðåìåíè t, è ðåøåíèå
vs(x), f s îïðåäåëÿåòñÿ ïî ôîðìóëàì

vs(x) = C1x+ C2 −
f s

2ν
x2 − 1

ν

x∫
−1

(x− z)hs(z) dz,

f s = 3

1∫
0

z2hs(z) dz, C1 =
1

ν

1∫
0

hs(z) dz, (3.1)

C2 =
1

ν

1∫
0

(
1 +

3

2
z2
)
hs(z) dz.

Èñõîäíîå ðåøåíèå us(x) íàéäåòñÿ èç çàìåíû (0.4)

us(x) = vs(x) +
3

4
(us1 + us2 − qs)x2 +

1

2
(us2 − us1)x+

1

4
(3qs − us1 − us2). (3.2)

Â ôîðìóëàõ (3.1) ôóíêöèÿ hs(z) ñ÷èòàåòñÿ ÷åòíîé ñîãëàñíî çàìå÷àíèþ 2.
Åñëè â çàäà÷å (0.6) � (0.8) ôóíêöèÿ h(x, t) çàäàíà äëÿ âñåõ t > 0, òî âîçíèêàåò

âîïðîñ îá àñèìïòîòè÷åñêîì ïîâåäåíèè ôóíêöèé v(x, t) è f(t) ïðè t→ ∞. Â ÷àñòíîñòè,
ïðè êàêèõ óñëîâèÿõ íà h(x, t) ðåøåíèå çàäà÷è (0.6) � (0.8) ñ ðîñòîì âðåìåíè âûõîäèò
íà ñòàöèîíàðíûé ðåæèì (3.1)? Äëÿ îòâåòà íà ýòîò âîïðîñ ïðîèçâåäåì çàìåíó

V (x, t) = vs(x)− v(x, t), F (t) = f s − f(t), (3.3)

òîãäà V (x, t) è F (t) ÿâëÿþòñÿ ðåøåíèåì çàäà÷è (0.6) � (0.8) ñ çàìåíîé h(x, t) íà

H(x, t) = hs(x)− h(x, t) (3.4)

è íà÷àëüíûõ äàííûõ (0.7) íà

V0(x) = vs(x)− v0(x). (3.5)

Èìååò ìåñòî

Òåîðåìà 2. Ïðè óñëîâèè ñõîäèìîñòè èíòåãðàëîâ

∞∫
0

K(τ)eπ
2ντ/4 dτ,

∞∫
0

K1(τ)e
π2ντ/4 dτ, (3.6)

Âåñòíèê ÞÓðÃÓ. Ñåðèÿ ≪Ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå
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ãäå

K(t) =

( 1∫
−1

H2(x, t) dx

)1/2

, K1(t) =

( 1∫
−1

H2
t (x, t) dx

)1/2

,

ðåøåíèå çàäà÷è (0.6) � (0.8) ñ ðîñòîì âðåìåíè t ñòðåìèòñÿ ê ñòàöèîíàðíîìó ðåæè-

ìó (3.1) ïî ýêñïîíåíöèàëüíîìó çàêîíó.

Äîêàçàòåëüñòâî. Äåéñòâèòåëüíî, â ýòîì ñëó÷àå äëÿ V (x, t) èç (3.3) ñïðàâåäëèâû
îöåíêè (1.7), (1.10), à äëÿ F (t) � îöåíêà (1.13) ñ óêàçàííûìè âûøå çàìåíàìè h(x, t)
íà H(x, t) èç (3.4) è v0(x) íà V0(x) èç (3.5).

Çàìå÷àíèå 6. Â óñëîâèÿõ òåîðåìû 3 èìååò ìåñòî ýêñïîíåíöèàëüíàÿ óñòîé÷èâîñòü
ñòàöèîíàðíîãî ðåøåíèÿ (3.1). Â òåðìèíàõ èñõîäíûõ äàííûõ çàäà÷è (0.1) � (0.3) äëÿ
îãðàíè÷åííîñòè èíòåãðàëîâ (3.6) äîñòàòî÷íî ïîòðåáîâàòü ñõîäèìîñòè èíòåãðàëîâ

∞∫
0

{ 1∫
−1

[g(x, τ)− gs(x)]2dx

}
eπ

2ντ/4 dτ,

∞∫
0

1∫
−1

g2τ (x, τ) dx e
π2ντ/4 dτ ;

∞∫
0

[uj(τ)− usj ]
2eπ

2ντ/4 dτ, j = 1, 2,

∞∫
0

[u
(n)
j (τ)]2eπ

2ντ/4 dτ, n = 0, 1, 2,

∞∫
0

[q(τ)− qs]2eπ
2ντ/4 dτ,

∞∫
0

[q(n)(τ)]2eπ
2ντ/4 dτ, n = 0, 1, 2.
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ON THE SOLUTION OF AN INVERSE PROBLEM
SIMULATING TWO-DIMENSIONAL MOTION
OF A VISCOUS FLUID

V.K. Andreev, Institute Computational Modelling SB RAS, Krasnoyarsk, Russian
Federation, andr@icm.krasn.ru

An inverse initial boundary value problem for a linear parabolic equation that arises

as a result of mathematical modelling of 2D creeping motion of viscous liquid in a �at

channel is considered. The unknown function of time is added in the right part of equation

and can be found from additional condition of integral overdetermination. This problem

has two di�erent integral identities, permitting to obtain a priori estimates of solutions in

uniform metric and to proof the uniqueness theorem. Under some restrictions on input data

the solution is constructed as a series in the special basis. For this purpose the problem

is reduced by di�erentiation with respect to the spatial variable to a direct non-classic

problem with two integral conditions instead of ordinary ones. The new problem is solved

by separation of variables, which allows one to �nd the unknown functions in the form of

rapidly converging series. Another method for solving the initial problem is to reduce the

problem to the loaded equation and to state the �rst initial boundary value problem for this

equation. In its turn, this problem is reduced to one-dimensional in time Volterra operator

equation with a special kernel. It is proved that it has a series solution. Some auxiliary

Âåñòíèê ÞÓðÃÓ. Ñåðèÿ ≪Ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå
è ïðîãðàììèðîâàíèå≫ (Âåñòíèê ÞÓðÃÓ ÌÌÏ). 2016. Ò. 9, � 4. Ñ. 5�16

15



Â.Ê. Àíäðååâ

formulas which are useful for the numerical solution of this equation by the Laplace

transform are obtained. Su�cient conditions under which the solution with increasing time

converges to steady regime by exponential law are established.

Keywords: inverse problem; a priori assessment; Laplace transform; exponential

stability.
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