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The article contains results in the field of spectral problems for mathematical models 
with discrete semi-bounded operator. The theory is based on linear formulas for calculating 
the eigenvalues of a discrete operator. The main idea is to reduce spectral problem to 
the Fredholm integral equation of the first kind. A computationally efficient numerical 
method for solving inverse spectral problems is developed. The method is based on the 
Galerkin method for discrete semi-bounded operators. This method allows to reconstruct 
the coefficient functions of boundary value problems with a high accuracy. The results 
obtained in the article are applicable to the study of problems for differential operators of 
any order. The results of a numerical solution of the inverse spectral problem for a fourth- 
order perturbed differential operator are presented. We study some mathematical models 
of continuum mechanics based on spectral problems for a discrete semi-bounded operator.
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In troduction

Let
П =  {x  =  (x i, x 2, . . . ,  x N) : 0 <  Xj < a j , j  =  1 , . . . ,  N } , aj >  0

be a N -dim ensional parallelepiped w ith  lateral surface Г. Let L  is a discrete sem ibounded 
operator on separable H ilbert space H  w ith  dom ain L 2 [П]. Consider spectral problem

Lu ^u, u £ L 2[П],

Gu 0.
г

W e assume th a t the properties of some functions included in operator L  are known but 
their functional dependencies are not. Let us also know the eigenvalues of operator L  
belonging to  segment [c, d]. W e set the following inverse spectral problem : to  restore the 
functions included in operator L  in case, when eigenvalues {^ k}П=1 of operator L  belonging 
to  segment [c, d] are known.

T od ay  we know quite a few m ethods for solving the inverse spectral problem . T h e 
detailed description of these m ethods and their applicability  can be found in review  [43]. 
Let us dwell only on the m ethod not m entioned in this review, later called the method of 
regularized traces. T h is  m ethod form ed the basis for m any of the studies m entioned later in
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this article. T h e ideas of the m ethod were first form ulated in the w ork of V .A . Sadovnichii 
and V .V . D ubrovskii [34]. Later, in articles [8 ,9] the theoretical justification  of the m ethod 
was given applied to inverse spectral problem s for the perturbed Laplace operator. T he 
theory of inverse problem s for the Laplace operator w ith  p oten tial were further developed 
in works of V .A . Sadovnichii, V .V . D ubrovskii and their students [11, 12, 35, 36]. For 
exam ple, in article [38] there were developed the algorithm s of the approxim ate solution 
of the inverse spectral problem  generated by the perturbed degree of Laplace operator. 
T h e inverse problem  for perturbed degree в  >  3/2  of Laplace operator was solved [39]. 
In [13] the inverse problem  for degree в  A N / 2 of the Laplace operator was considered. 
In articles [47, 48] the inverse spectral problem  for m athem atical m odels w ith  fractional 
degree of Laplace operator was considered.

T h e m ethod of regularized traces formed the basis for studies of spectral problem s 
carried out by S.I. Kadchenko. In [17] the m ethod was developed th a t allows to  calculate 
the eigenvalues of discrete sem i-bounded operators of form T  +  P . Here T  is discrete 
sem ibounded operator and P  is restricted operator, given in separable H ilbert space H . T he 
m ain idea of the m ethod is as follows. Let eigenvalues (A n} ^ =1 of operator T , num bered 
in non-decreasing order of their values tak in g  into account the algebraic m ultiplicity, and 
orthonorm al eigenfunctions {vn}jj=1 of operator T  corresponding to An be known. Denote 
by vn m u ltip licity  of eigenvalue An, and by n0 the number of all unequal eigenvalues of 

Xn, w hich are he inside circle tno o f radius pno =  lAno+i+Anol centered in the origin of the 
com plex plane. Let {pn } ĉ=1 are the eigenvalues of operator T  +  P , num bered in non

decreasing order of their real parts. If for all n E N  inequalities qn =  .. 2 p̂ .̂ . <  1 are 

satisfied then {pn}m=1 can be calculated by formulas

An +  (Pvn,vn) +  8i(n), n = l , m 0,ftn

where for h1(n) the estim ates are valid

(1)

|<A(n)| <  (2n -  1 )pr,------- , q =  maxqn, m0
1 — q n£N

no

X>n •
n=1

It is w orth noting th at all of the above results are fair when there are some restrictions 
on the norm  of perturbing operator P . So, equations (1) are obtained under the condition

||P|| <  0 , 5 |An+vn — An|, Vn e  N.

2

T his narrows down the class of problem s to which the results can be applied. For research 
of applied problem s it is necessary to  develop such m ethods of an alytica l and num erical 
stud y of inverse spectral problem s th at would allow us to  solve problem s not tied to 
specific types of operators, and construct their solution for a sufficiently wide class of 
discrete sem i-bounded operators. T he developm ent of such research m ethods w ill allow to 
conduct the stud y not only of existing problem s, w ithin  the directions, but also of new 
problem s described by differential or integro-differential equations.

In addition to the introductory part and the list of references, the article contains six 
paragraphs. T he first section is devoted to  finding eigenvalues of discrete sem ibounded 
operators. T h e second section provides a m ethod for solving inverse spectral problem s 
generated by discrete sem ibounded operators, w hich is based on the formulas obtained in 
the first paragraph. In the third paragraph the inverse spectral problem  for the S tu rm - 
Liouville operator generated by a fourth order differential equation is considered. In the
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fourth and fifth paragraphs, all abstract results are illustrated by concrete examples. The 
sixth section is devoted to the review of applications of inverse spectral problems.

Abstract methods developed by the author are applied to research of the following 
mathematical models:

1. M ath em atica l M odel o f Longitudinal V ibration s o f th e  R od w ith  Variable  
C ross-Section

Equation 2
d u d f ^ d u \  , ,

(2>d t2
with some homogeneous boundary conditions, describes the longitudinal or torsional 
vibrations of an elastic rod with a variable cross section. Here m  = m (x) is the mass 
of the rod length unit; m =  p; p =  p(x) is the material density distributed along the 
rod; E  = E (x) is the Young module; F  = F (x) is the cross-sectional area of the rod. 
Inverse spectral problems for the mathematical model of elastic rod oscillations in various 
formulations were considered in [1,4,31].

2. M athem atical M odel o f A ntip lane V ibration s o f E lastic  Layer 
Antiplasma fluctuations of the elastic layer is described by following boundary problem

[4]

V 2ff +  у
F
G

p d2u
G W ’ (3)

Uy |z=0 =  Uy |z=H = 0, (4)

where u =  (ux,u y,u z) is a displacement vector, H  = const is a layer thickness, 0  =  Vu, 
( x ,y ,z )  is Cartesian coordinate system, F  = (Fx ,F y,F z) is volume force, G = const is a 
shear modulus, a is Poisson’s ratio, p(z) is a material density.

All mathematical models discussed above can be reduced to an operator equation of 
form

Lu = pu, (5)

where L is a discrete lower semibounded operator in separable Hilbert space H . The study 
of these mathematical models is carried out in the framework of the following inverse 
spectral problem for equation (5). Let approximate eigenvalues }n=i of operator L be
known. It is necessary to restore operator L using its known eigenvalues.

1. C om p u tation  o f E igenvalues o f D iscrete Lower Sem ibounded  
O perators by M odified  G alerkin M ethod

D efin ition  1. Operator L acting in separable Hilbert space H  is called discrete i f  there 
exists some complex number A0 such that R \0 = (L — A0E )-1 is a completely continuous 
operator in H.

D efin ition  2. Operator L is called semibounded from below (on top), i f  there exists such 
real number c, that inequality

(L f , f ) >  c ( f , f ), ( { L / . / ) < c ( f , f ))

is satisfied for all f  G dom L.
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Consider discrete sem ibounded operator L  given in separable H ilbert space H  w ith  
dom  L  C  H . D enote by Г  the boundary of dom  L. If L  is a differential operator, eigenvalues 
j  are determ ined by finding nontrivial solutions of equation

Lu =  j u , (6)

th a t satisfy  hom ogeneous boundary conditions

Gu\r =  0. (7)

To calculate them , we use the G alerkin  m ethod. W e introduce sequence {H n}^=1 of finite
dim ensional spaces Hn C H , which is full in H . Let the orthonorm al basis of space Hn be 
known and consist of functions {^ k}П=1. Functions ^k must satisfy  boundary conditions 
(7). Following the G alerkin  m ethod, the approxim ate solution of the spectral problem  (6), 
(7) is found as n

Un = ^ 2  ak (n)<pk. (8)
k= 1

W rite equation (6) as
4 V У (L  -  AE )p  =  ( j  -  A)p (9)

for discrete operator L , there exists resolvent operator R\(L) =  (L — AE )- 1 , w hich is
com pletely continuous at H . A ctin g  left on both  parts of equation (8) w ith  R\(L) operator, 
we get

P =  (j  — A)Rx(L)<p.

Based on [18] the G alerkin m ethod applied to  the problem  of finding eigenvalues of the 
equation (9), a hence, equations (6) converges. Thus, the statem ents are fair

T heorem  1. [18] Let L be a discrete semibounded from below operator acting in a separable 
Hilbert space H . If the system of coordinate functions {<pk}£=1 is a basis in space H , then 
the Galerkin method applied to the problem of finding the eigenvalues of spectral problem, 
(6), (7), constructed on this system of functions, converges.

T heorem  2. [18] Let L be a discrete semibounded from below operator acting in separable 
Hilbert space H . If the system of coordinate functions {<pk}£=1 is an orthonormal basis of 
H , then approximate eigenvalues jan of operatorL can be found by

hn(n) =  (Ltfin, <Ln) +  hn , (10)
n-  1

where hn =  [jk(n— 1)— fik(n)], jan(n) are n-th Galerkin approximations to corresponding
k= 1

eigenvalues j n of operator L.

If operator L  can be represented as L  =  T  +  P , where T  is a discrete sem ibounded 
operator and P  is a bounded operator in H , then operator L  =  T  +  P  is also discrete 

sem ibounded in H . Therefore, if coordinate function system  { ^ k}£=1 in T heorem  2 consists 
of orthonorm al eigenfunctions vk of operator T  and satisfies boundary conditions (7), then 
for discrete sem ibounded operator L  =  T  +  P  form ula (10) w ill take form  (1). B u t in this 
case, it is not necessary to  im pose any restrictions on the norm  of operator P .

R em ark 1. Linear form ulas (1) and (10) for calculating eigenvalues j n of L  =  T  +  P  
operator are obtained on the basis of the regularized trace m ethod and the G alerkin

2||P ||
m ethod. W hen conditions qn 

are equivalent.
1 An+Vn An \

< 1 for Vn £ N  are m et then (1) and (10)
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T heorem  3. Let L be discrete semibounded from below operator acting in separable Hilbert 
space H . If the system of coordinate functions [<pk}fc=i is an orthonormal basis in H , then 
the Galerkin method in application to the problem of finding eigenvalues of spectral problem, 
Lu =  pu, built on this system of functions, converges.

N .A . P olskiy introduced the so-called (A )-condition, or P olskiy condition of 

convergence of projective m ethods. He also noted th at for a positive operator this condition 
in the G alerkin m ethod is autom atically. Thus, under the conditions of Theorem  2 and on 
the basis of the results of [26- 28], the eigenvalues of (9) can be obtained as lim its of their 
own elem ents. Therefore, we have a result

T heorem  4. If L is a discrete semibounded operator acting in separable Hilbert space H, 
then there exists a unique solution of the problem of finding the eigenvalues of operator L. 
Approximate values of eigenvalues can be found by the Galerkin method.

If p k (n) is the n-th  approxim ate eigenvalue for k-th  eigenvalue of p k of operator L  is 
found using G alerkin m ethod, then, on the basis of Theorem  2 and 3 have

lim  pk (n) =  pk, k e  N. (11)

Since for any k e  N  lim  (pk(n — 1) — p k(n)) =  0 , for any k e  N  and for any e >  0 there
n—<̂

exists num ber Ne, for all n > Ne th at inequalities are hold:

T hen

IPk{n ~  1) -  Pk{n)| <  -p.

n— 1 n— 1 n— 1 -J

\pk(n -  1) -  M n ) } < Y s TA =  £ Y 1  Ih  =  “  ф ( 1 ’ n )
2  ̂ n2

~ £ 6 '
(n — 1) — Pk (n)

k=1 k=1 k=1

Here Ф (1, п ) is a polygam m a function. Therefore, lim  5n =  0. Thus, the next Theorem
П—

holds.

T heorem  5. Let L be a discrete semibounded operator acting in separable Hilbert space
H. I f  the system of coordinate functions [<pk}jj=1 is orthonormal basis H and satisfies 
the homogeneous boundary conditions of spectral problem (6), (7), then the limit of the 
sequence of numbers 5n included in formulas (10) at n ^  ж  is equal to zero

lim  6n =  0. (12)
n—^

Form ulas (10) allow us to  find approxim ate values of discrete sem ibounded operators 
eigenvalues w ith  a high com putational efficiency. In contrast to  the classical m ethods of 
com puting the eigenvalues for discrete sem ibounded operators formulas (10) have several 
advantages: th ey  drastically  reduce the num ber of com putations; solve the problem  of 
finding eigenvalues of m atrices of high order; allow us to  find the eigenvalues of regardless 
of w hether the eigenvalues w ith  smaller num bers are known or not; solve the problem  of 
calculatin g all the required points of the spectrum  of the discrete sem ibounded operators. 
A ll of the above significantly increases the com putational efficiency of (10) formulas 
com pared to  the classical G alerkin m ethod.
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2. Solution  o f Inverse Spectral P rob lem s G enerated  by P erturbed  
Self-A djoint O perators

U sing linear form ulas (10) obtained on the basis of the G alerkin  m ethod, we construct a 
num erical m ethod for solving inverse spectral problem s generated by discrete sem ibounded 
operators.

Let operator L  in equation (6) be in form

L =  T  +  P,

where T  is a self-adjoint operator and P  is a bounded operator of m ultip lication by function 
p(s), s G [a,b] in separable H ilbert space L 2(a,b). Assum e th at eigenvalues {Ak}£ =  and 
orthonorm al eigenfunctions }j)=1 of operator T  are known. Consider the problem  of
restoring p oten tial P  by eigenvalues [p k}n=1 of operator T  +  P  in space L 2(a,b).

U sing (10), we construct an integral Fredholm  equation of the first kind

K (x , s)p(s)ds =  f  (x), C  < x < d, (13)

where functions f  (x) and K (x , s) are such th at

f ( x k) =  рк - Х к -  T(tpk(s))tpk(s)ds +  Sk, K ( x k,s) =  c < x k < d, к =  l,n .

If kernel K (x ,s )  of integral equation (13) is continuous and closed in rectangle П =  
[a,b] x [c,d] and p(s) G W 2, (a,b) and f ( x )  G L 2(c ,d ) , then as it is known, the solution of 
equation (13) is unique. Based on the function definition f  (x ) , its values at points x k are 

known approxim ately. D enote through f ( x k) approxim ate values of function f  (xk) such 

th at ||f(xk) — f ( x k) || < £, Vx k G [c,d]. T his estim ate is used in the preparation of the 
algorithm  of num erical solution of the problem .

Finding the solution of Fredholm  integral equation of the first kind (13) is an ill-posed 
problem . T h e approxim ate solution p(s) can be found using the T ikh onov regularization. 
N um erical solution of equation (13) w ill determ ine an approxim ation p(s) of function p(s) 
at nodal points Si, i = 1 ,1 , a = s\ < s2 < ... < s i = b. To get good accu racy at 
interpolation functions p (s ) , the num ber of node points I  it is possible to  choose large 
enough. Segm ent [c, d] is chosen as follows, to  find the accuracy of eigenvalues p,n found 
by form ulas (10) belonging to this segm ent, m et the specified requirem ents. Thus, using 
form ula (10) m anaged to  construct integral equation (13), w hich solution allows you to 
find approxim ate values p(s) operator p(s) at node points si of discretizations of segment 
[a,b\.

T h e developed m ethod form ed the basis of the num erical m ethod of solution inverse 
spectral problem s for discrete sem ibounded operators and set out in works of [19, 20]. It 
should be noted th at the m ethod described above allows us to  recover discrete sem ibounded 
operator L  in boundary value problem  (6), (7) in case when L  is a differential expression 
of form

(14)Lu = p0(s)u(n + p i(s )u n 1 + . . .  +  pn (s)u.

Here n is an order of differential operation.

b

b
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3. Inverse Spectral P rob lem  for th e  Sturm —L iouville O perator  
G enerated  by Fourth Order D ifferential Equation

To illustrate th at the m odified G alerkin m ethod is applicable to  the operators of a high 
order, we consider the spectral problem  generated by the operator of the Sturm -L iou ville  
problem  of the fourth order

u IV +  p4(s)u =  p u , 0 <  s <  1, (15)
u( 0) =  u'(0) =  0, u (1) =  u '(1) =  0.

Function p 4(s) is tw ice differentiable in L (0 , 1). Let us com pare the results of num erical 
calculations of eigenvalues of spectral problem  (15), found by m odified G alerkin m ethod 
by form ulas (10) and G alerkin m ethod. For the system  of coordinate functions { y k(s)}0=1 
in the G alerkin m ethod, we take the eigenfunctions of spectral problem

y IV =  A y,
y (0) =  y /(0) =  °  y (1) =  y /(1) =  °

(16)

which, as it is not difficult to  show are following

y fc(s) =  C k j  sh[qk(1 -  s)] +  sin[qfc(1 -  s)] -  ch(qfcs) sin qk+  

+  ch(qk) sin(qks) +  sh(qks) cos(qk) -  sh(qk) cos(qks)} ,  k 

N um bers qk are the roots of transcendental equation

1 -  ch q cos q =  0.

1, .
(17)

(18)

T h e eigenvalues of spectral problem  (16) are calculated by formulas

Ak =  qk,

In the Table we give approxim ate 
eigenvalues { p k}k=1 of spectral problem  
(15), found by formulas (10), and by 
the G alerkin m ethod in the case when 
p4(s) =  s 2 +  s +  4 -  sin(s) +  cos(3s). A  
feature of the spectral problem s under 
consideration (15), (16) is a sharp increase 
in eigenvalues w ith  increasing their 
num bers, w hich creates com putational 
difficulties when using the G alerkin 
m ethod. T his is due to  the condition 
num ber of m atrix  which eigenvalues are 

found. If the condition number of the 
m atrix  a (cond (A) =  ||A||- ||A||- 1 )
is greater than 103, it is assum ed th at 
the m atrix  a is ill-conditioned. A t the 
same tim e the accuracy of the problem  is 
not enough to trust it. In this exam ple, 
cond (a) =  1,67  ■ 108. In order to  avoid 
errors, the calculation was carried out in

к =  l ,o o .  (19)

Table

к А к h t I h t- h fc l

1 500,6 504,9 1, 7538- 10“ 5
2 3803,5 3807,9 1, 1298- 10“ 5
3 14617,6 14622,0 3, 5086 - 10“ 6
4 39943,8 39948,2 1, 7538- 10“ 6
5 89135,4 89139,8 1, 3203- 10“ 7
6 173881,3 173885,7 3, 0283 - 10“ 7
7 308208,5 308212,9 1, 7017- 10“ 7
8 508481,5 508486,0 1, 0278 - 10“ 7
9 793403,1 793407, 6 6 , 5676 - 10“8

10 1184013,6 1184018,0 С
О

с
о о -<г I—

1
о

1 00

11 1703691,1 1703695,5 3, 0464 - 10“8
12 2378151,6 2378156,1 2, 1819- 10“8
13 3235449,0 3235453,5 1, 6134 - 10“8
14 4305974,9 4305979,4 1, 2903- 10“8
15 5622458,8 5622463,2 5 , 0973 - 10“8
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the mathematical package Maple. The length of the mantissa for operations with real 
numbers was taken equal to 191. Such problems do not arise when using the modified 
Galerkin method to find eigenvalues by formulas (10).

The considered example, calculations of eigenvalues of semibounded discrete operators 
by the modified Galerkin method and its comparison with the results obtained by the 
classical Galerkin method confirm the validity of formulas (10).

4. M ath em atica l M odel for D eterm in in g  th e  A nom aly  o f W ater  
D en sity  on th e  R esonant Frequencies o f th e  O scillations  
A ntip lastic
In the recent years there is the possibility of remote sensing the thickness of the ocean 

with artificial satellites. Free on top the ocean’s internal waves are manifested in the form of 
light reflections moving with the phase velocity of internal waves. With artificial satellites 
can be fixed these highlights and measure the speed of their movement on the free surface 
of the ocean. Determining the phase velocity of propagation by photos from space internal 
waves and their length, density distribution can be calculated by depth and thus determine 
the location of the anomalous density (any objects in the deep ocean). Such objects can 
be jambs fish, submarines, bathyscaphe, divers, wrecks and so on.

Consider the problem of restoring the distribution of water density deep in the ocean 
for specific regions on the phase characteristics internal waves at the free surface, using 
conventional Oceanographic productions [24]. Initial works known to us in the field of 
inverse problems of wave motions inhomogeneous liquid are the works by S.A. Grodsky, 
V.N. Kudryavtsev, L.V. Cherkesov, I.T. Selezov. Currently, actively studying such tasks 
are engaged in E.N. Potetyunko (for example [29]).

Consider the elastic layer with thicknesses H  =  const, fixed at both boundaries z =  0 
and z =  H and extending to infinity along the horizontal destinations [30]. The origin is 
taken on the bottom base of the layer, axis z is directed vertically upwards, axis x ,y  are 
directed horizontally. In the Oceanological formulation of the problem of free oscillations of 
the stratified ocean in Boussinesq approximations and “solid covers” for amplitude function 
of vertical oscillations of fluid particles the problem is reduced to following boundary value 
problem [24]

W "(z)

gk2
g w  ш2 -  f 2

W ( - H ) =  0, W'(0) -

/3(z) =  p'o(z).
P 0

ш2 -  f 2

=  0, —H < z < 0,

W(0) =  0,

(20)

(21)

(22)

Here W is a function of the amplitude of oscillations of fluid particles in the direction of Oz 
axis; в (z) is a square of the frequency buoyancy (Brent-Vaisala frequency). Brent-Vaisala 
frequency is introduced for stable stratification (fluid density increases with increasing 
depth) and characterizes the frequency of small free oscillations of water particles near 
z level; p0 (z) is the density of the fluid in the equilibrium state( density of undisturbed 
ocean); ш is circular frequency of free oscillations of an inhomogeneous liquid; k is the 
wave number corresponding the frequency in the vertical oscillations of the particles of 
inhomogeneous fluid; g is the acceleration of gravity; p0(z) is the density of the fluid in the
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equilibrium state, corresponding to the state of rest of the liquid; f  =  2Q sin p  is Coriolis 
force; Q is the angular velocity of the earth’s rotation; p  is latitude of the area in which 
the internal waves are considered; H  = const is water depth. The mathematical model 
with different boundary conditions was also considered in the Boussinesq approximation 
when the boundary value of the problem is fell, and in approximation of a “rigid cover”, 
when the boundary condition on the free surface is replaced by condition W (0) =  0. We 
also consider the problem in the Boussinesq approximation and “hard cover” at the same 
time.

Take the origin on the undisturbed surface of the liquid, Oz axis is directed 
vertically upwards against the force gravity [3]: compared to other members of equations

в  (z)(20), sum m an d------- -W ' little, therefore, in the future we will use the Boussinesq
g

approximation [24]. For this case, equation (20) is written as:

W"(z) +
(3(z) — oh 

ш2 - Р
k2W  (z) = 0.

For any stratification and sufficient depth of the liquid, there is a surface wave 
propagating under the law of homogeneous liquid [3]:

- f  +  \ / / 4 +  i i/ k 2
= 2 ' (23)
ш =  \ fq k , f  =  0.

ш

When processing the measured spectral characteristics from consideration should exclude 
frequencies that are close to designated relations (23) and non-carrying information on 
inhomogeneity liquids. Elimination of such frequencies can be carried out by replacing 
boundary condition in (20) for z =  0 with condition

W (0) =  0.

As a result of simplifications we come to the boundary value problem

W"(z) +
в  (z) — ш2

k2W (z) =  0, (24)

(25)

ш2 — f 2

W (0) =  W (—H ) =  0.

The values of function в (z) found based on the solution of the inverse spectral problems 
(24), (25) are compared with background distribution of buoyancy frequency and 
deviations from background density perturbations are determined in a given ocean area 
[24]. Denote ш 2 — f  2

Po{z) Q( \ 2’в  (z) — ш2

and write spectral problem (24), (25) as

P o (z )W  = —k2W, —H < z <  0,

W(0) =  W (—H) =  0.
z

By entering dimensionless variable £ =  — +  1, we have
H

Po(OW "(0 =  pW (f), 0 < C <  1 ,

W  (0) =  W (1) =  0,

(26)

(27)

(28)

(29)

(30)
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where p = — H 2k2.
Known pairs (kn , шп), n  =  1, N s, lying on different dispersion curves using the solution 

of inverse spectral problem (29), (30), are determined by the values of function p0(z) in the 
nodes of the discretization. Knowing p0(z), using (26), we can find the values of function 
в (z) and water density p0. To do this, use equation from (22)

dpo _  P(z) 
dz g

in equation (31) let’s replace with variable z =  H (£ — 1), then
dpo = Hp{£)
d£ 9

The general solution of a differential equation with separating variables (32) is

-Po

-Po-

(31)

(32)

-ffp(C)dC
Po (£) =  Ce

Using initial condition p0(1) =  p*, we obtain
о < e <  i.

-1 тле,
P0(e) = P*e  5

where p* is the density of the liquid at its upper boundary at £ 
formula (26), we write

f  Л -2+2 ,
p0(£) = p*e 5

p  o ( C )

1. Expressing в  from

(33)

1

Thus, the problem of restoring the anomalous distribution of water density in the 
ocean for its specific areas by the phase characteristics of internal waves manifested on the 
free surface is reduced to inverse spectral problem

P0(£)W"(£) =  p W (£), 0 < £ <  1, (34)
W  (0) = W (1) =  0, (35)

where p = —H 2k2.
The found distribution of function в  (z) will solve the problem on free oscillations of 

a vertically stratified fluid, which, in disregard of dissipative effects (viscosity, thermal 
conductivity, diffusion), reduces to Sturm-Liouville problem relative to the amplitude 
function of the vertical velocity component liquid particles.

5. M ath em atica l M odel o f P hysica l and G eom etrical
H eterogen eities o f th e  E lastic R od  R ecovery at th e  R esonance  
Frequencies o f th e  L ongitudinal O scillations

[30]
We consider the problem of longitudinal vibrations of a rod with variable cross section

m
d2u
W ^~(EFTTox  \  dx

(36)

where m  = m (x) is the mass of the rod length unit; m  = p F ; p =  p(x) is the material 
density distributed along the rod; E  = E (x)  is the Young module; F  =  F(x) is the cross
sectional area of the rod. We will search for the periodic solution of equation (36) in the 
form

u (x ,t)  = U (x)eiUt. (37)
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Substituting (37) into (36), we obtain

( e f
U" +  —

Denote
E F  = ф,

m

E F  U' + W F ^ U - ° -

P 1 , f \— =  —, m  = mo + m i(x ),

(38)

E F  E  c
p = Po +  Pi(x), po =  moF, mi =  piF, po,mo =  const, (39)

m 0 _  po 

~EF~~E c2'co
Here c =  c(x) is the local speed of sound for the derivative of density p(x) and an arbitrary 
Young’s module of E(x); c0 =  c(x) is the local speed of sound for constant density p0 and 
an arbitrary young’s module of E(x); m 1(x) is the mass deviation from the constant; p0(x) 
is deviation of the density from a constant. In equation (38) replace variable U:

U(x) = Щ

and find U' and U”
jj, =  2 у'ф -  уф' =  2 ф’ф + у'ф' - у ф "  _

2фз ' ф? 2 ф

Substituting the found values of derivatives into equation (38), we obtain

2У''ф + у 'ф  -  Уф" 3 ф' ф1 ' ̂ -Г -ГГ' -Г -ГГ' m  2 у
~ 2 ф и  + ф и  +

0,

or

or

Since

that

2 у"Ф +  у'Ф' ~  уф" Ф' 2 у'ф - у ф '  т  2 у

ф 2 ф 2ф% E F  фф

У +
m

ш2 +
(ф )2 ф”

m
I f f

V EF” ' 4ф2 2ф

mo +  mi po +  pi

-^rh/ = o.

E F E
j_ , Pi
eg

У
/£П2 Pi£U2 l / V V  ^ " \  _ n+ »  + _Г + 4Ы ~ й ) у - ()E  4 V ф J 2ф ,

In the resulting equation, we replace x =  l£ and y(x) =  y(l£) =  f  (£) (here l is the length

22
of the rod)

i ( F ) 2 _ r ) f  =  0
J +  V c j E  +  4 \ ф )  24. ) ’

Hence

1 / "  +  r r l r /  =  - П 2/,

here ^  =  ^ , / 3 ( 0  =  ^ ^  - ^ . 0

i +  ^  r  i +  ^ K ) 

U f F  _  F  q 2 = F 1c2co

1

0
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The spectral problem is considered for the construction of algorithms for the 
reconstruction of physical and geometric inhomogeneities of the elastic rod by resonant 
frequencies at longitudinal oscillations

i  , №
i + <p ( 0 j  i +  ^ (0

п 2 f, (40)

f  (0) =  f  (1) =  0. (41)

We consider special case E  = const. Let area F  of cross section of the rod and its mass m 
change according to the laws

F  = Fo[1 +  n(£)], m =  mo[1 +  C(£)], £ e  [0, 1]. 

Then from equations (39), we have

(42)

, , ,  m iMO = jr

в  (£)

m  =  E F 0[ i + v ( 0 ], 

[n (£)]2 [n"(£)]
4[1 +  n(£ )]2 2[1 +  n(£)]’

=  m Qcl <(£) =  E F  <(£) =
E F o l  + ri(£) EF0 m o l  + ri(0

We write spectral problem (40), (41) as

- Po(£)f " (') -  P2<£ ) f К ) =  /< /К ), 0 < £ < 1, 

f  (0) =  f  (1) =  0,

here

(43)

P0(£ ) P2 (£ )
в (£) д =  п 2.

(44)

(45)
1 +  С(£ Г 1 +  С(£)

Functions p0(£), p2(£) are continuous on the segment [0,1] and in this case p0(£) =  0 for 
V£ e  (0,1). Get the equation for finding the values of function n (£), specifying distribution 
of the cross-sectional area of the rod. Using equals (45), find

m  =P2(0 ,f{° 2 n"(()
Po(£) 4[1 +  n(£ )]2 2[1 +  n(£ )]■

Hence

2[1 +  n(£)]n"(£) -  4 (£ )2 +
4P2(C)

Po(0
[1 +  n(£ )]2 =  0 .

Assume that the values of n(0), n(1) are known

n(0) =  Vo, n (l) =  Vi-

(46)

(47)

As a result, for finding n(£) a nonlinear boundary value problem (46), (47) is obtained 
which solution can be found by numerical methods. Consider two special cases where 
F  =  F0 =  const and p =  p0 =  const. In the first case, the density distribution of the 
material along the rod is as follows

p ^ [ 1  +  Ш -  
F0

(48)
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In the second case, the cross-sectional area of the rod is calculated by form ula

F =  —  [1 +(«)]■  (® )
Po

It is shown th at the developed m ethod for solving inverse spectral problem s makes 
it possible to  determ ine the physical and geom etric inhom ogeneities of an elastic rod by 
resonant frequencies at its longitudinal and torsional vibrations.

6. A pp lications o f Inverse Spectral P rob lem s

A s it is known, the inverse problem  of spectral analysis means restoration of differential 
operators by some their spectral characteristics. D ue to the need to address new feedbacks 
spectral problem s, and describe com plex technical processes the interest in this subject is 
constantly increases.

T h e  results in the inverse spectral problem s theory are applicable in m any industries 
natural science. D eveloped by G .A . Sviridyuk the relative spectral theory [16, 49] allows 
us to  investigate those m athem atical m odels to  which the classical m ethods of spectral 
operator theories are not applied. R elevance of the spectral problem s for discrete 
sem ibounded operators are due to  not only a fundam ental interest in this issue, but also to 
the need to stud y im portant applications, in particular, in m echanics, physics, electronics, 
G eophysics, M etrology, seismic exploration, identification of com posite m aterials and other 
areas of science and technology. W e constan tly  face w ith  the phrase “spectral problem s have 
wide application in various fields of natural science” . Let finally bring the disparate facts 
in a more or less coherent whole.

For exam ple, in solid m echanics inverse spectral problem s allow us to  determ ine the 
anom alous density in the depths of the ocean on the speed of propagation of internal waves 
and their length [7,32]. T h e problem s of non-destructive control of building structures can 
be reduced to inverse spectral problem s too [4]. In this tasks it is necessary to  determ ine the 
density and structure of the m aterial in the entire construction, when resonant oscillation 
frequencies of individual building elem ents are known. In optics, problem s of this kind 
arise in determ ining the refractive index profile, which provides equidistantly  spectrum  
of waveguide m odels [40]. M oreover, inverse problem s are w idely used in radio electronics 
in the synthesis of param eters non-uniform  transm ission lines w ith  specified technical 
specifications [22, 23], in the theory of elastic ity  in determ ining the size of cross sections 
beam s at given frequencies of its own oscillations [44].

Inverse spectral problem s have a wide application in such sections of physics, as 
quantum  chrom odynam ics, m olecular physics, the theory of the nucleus, where the m odel 
potentials are w idely  used. For exam ple, the problem  of determ ining the scattering phases 
from the observed experim ental d a ta  in scattering reactions of [6]. T h e solving of inverse 
spectral problem s in quantum  m echanics allows to  determ ine the atom ic forces according 
to  the known energy levels (i.e. spectrum ), control the transparency of quantum  system s, 
tunneling [37, 45].

In G eophysics such problem s arise when you search for natural m ineral deposits in 
the m easured vibrations of soil, rocks, w ater masses on the surface, in determ ining the 
density and Lam e param eters, describing the properties of the E arth , in determ ining 
the electrical perm eability and conductivity, m agnetic perm eability by m easurem ents 
electrom agnetic fields, or acoustic velocity  by m easurem ents sound [2,21], in determ ining
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the tem perature profile of the m easured therm al spectrum  atm ospheric radiation by 
therm al sensing of the atm osphere [33], etc. T h e tasks in different issues of observability 
and identification controlled system s, issues of com puter diagnostics of technical natural 
oscillation frequencies and control system s frequency-resonance characteristics of various 
technical devices described by linear dynam ic system s also reduce to inverse spectral 
problem s [5, 14, 15, 25, 41, 42, 46].
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М О Д Е Л И  М Е Х А Н И К И  С П Л О Ш Н Ы Х  С Р Е Д

Г .А . Закирова, Ю ж н о-У р ал ьски й  государственны й университет, г. Челябинск, 
Российская Ф едерация

Статья носит обзорный характер и содержит результаты в области спектральных 
задач для математических моделей с дискретным полуограниченным оператором. В 
основу теории положены линейные формулы вычисления собственных чисел дискрет
ного оператора и редукция рассматриваемых спектральных задач к интегральному 
уравнению Фредгольма первого рода. Разработанный на основе метода Галеркина вы
числительно эффективный численный метод решения обратных спектральных задач 
для дискретных полуограниченных операторов позволяет с высокой точностью вос
станавливать коэффициентные функции краевых задач. Полученные результаты при
менимы при исследовании задач для дифференциальных операторов любого порядка. 
Приведены результаты численного решения обратной спектральной задачи для возму
щенного дифференциального оператора четвертого порядка. Проведено исследование 
некоторых математических моделей механики сплошной среды на основе спектраль
ных задач для дискретного полуограниченного оператора.

Ключевые слова: обратная спектральная задача; дискретный оператор; оператор 
четвертого порядка, самосопряженный оператор; собственные числа; собственные 
функции; некорректно поставленные задачи.
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