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BO3SMYLWWEHHOIO OrPAHU4YEHHBIM
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PaccmarpuBaercst 321242 BBIYUC/ICHNS COOCTBEHHBIX YHCE]T H COOCTBEHHBIX
GyHKImMii BO3MYIIEHHOTO JIMHEHHOTO CAMOCONPSKEHHOTO OIEPaATopa ¢ sIEPHOIl
PE30/JIbBEHTOIl, BOJMYINICHHOTO OTPAHHYCHHBIM OIECPATOPOM, ACIICTRYHOINM B
cenapadeapbHOM THiIL0epTOBOM npocTpaHcTie. JUIsi pemennst 3a1a49 npHuMeHsl-
eTCsl METO/ PeryJsipu30BAHHLIX CJIeA0B mpemiokennablii B.A. CagoBunm«nM n
B.B. lyOpoBckuM n pa3sBuThIi nx yuennkavu. Kiaccmuecknii MeTo peryJsipu-
30BAHHBIX CJICAOB JJISl MOBLINICHUSI TOYHOCTH BBIYNCJICHHIT MPEANOIAraeT BbI-
qHCICHNE HECKOJIBLKHX WieHOB psiga. ClI0JKHOCTH BBLIMHMCJCHUSI KAKAOTO TOC/Ie-
JAYIOIIEro “ieHa psiaa HeJmHeiiHo Bozpacraer. Ilpennaraemoe B paGote m3meHe-
HHE KJIACCHYECKOr0 METOJAA MPHBOIHUT K APYIOMY PSAAY, CKOPOCTH CXOAUMOCTH
KOTOPOT0 3HAYATEIHHO (0IbIIe, YTO MO3BOJISIET YMEHBIINTH KOJINYIECTBO WICHOB
Psiia NCMOJIL3YeMbIX B BhIUNC/AeHHsIX. PasBuBas mpensioxeHHbIil MeTo 1, B pado-
T€¢ NMPUBOAATCH (POPMYJIBI JIsl BEMHUCICHHS KOd(PummenTor @ypue pasioixe-
HHSI BO3MYIIEHHBIX COOCTBEHHBIX (QYHKIMI B Psi/t M0 HEBO3MYIIEHHBIM. [lJIsT BbI-
qHCJICHUS] TEPBBIX COOCTBEHHBLIX (PYHKIUI WCMOJIb3YeTcsi o0paTHasi MaTpHia
Banpgepmonna. IIpuBOAATCS OLIEHKH 0CTATKOB PAIOB.

Kmouegvie cnoga: cobecmeenuvle yucaa; cobcmeeHHvie (YHKYUY, G0epHblll one-
pamop; 803MYULEHHbII onepamop.

Beeaenne
PaccmotpuM AuCKpeTHBIH caMOCONPSKEHHBIN omniepaTop /' ¢ AASpHOM pEe30IbBEHTON M JTMHEWHBIH
OTpaHHYCHHBIH omeparop P, ACUCTBYIOLIUE B THILOCPTOBOM mpoctpancTee H . [list mpocTotsr uzo-

JKCHIS1 TIPETIONOKAM, HTO oneparop 7 — noaoskutenbHbtii ¢ mpocteim criektpom o) ={4, }nzl. Co0-
CTBeHHBIC unciaa A, omeparopa 1 3aHymepyeM B mopsake Bospactanmst. OGo3HauMM Uepe3
o) ={u, }n_l coOcTBeHHBIC uncaa oneparopa / + P, 3aHYMEPOBAHHBIC B MOPSAKS BO3paCcTaHUs ICH-

CTBUTEJIbHBIX YACTCH ¢ yUCTOM anreOpandecKoil KPaTHOCTH.
MosxHo nokazare (cMm., Hanpumep [1]), uro eciau cymiecTByeT HOMEp N TaKOH, 4TO A JTHOOBIX

2|(P
n 2N BBHINOJHIETCS HEPABEHCTBO ¢, :% <1, To mepBbie N COOGCTBEHHBIX YHCET { I, }i\;l orme-
ntl ~ n
paropa 7'+ P SBISAIOTCS PCIICHUAMH CHCTCMBI N YPaBHCHUIM:
N N Iy -
D=2k +Za,§>(N)+g§;>(N), tyeN, s=LN. (1)
k=1 k=1 k=1
() (—l)kS s—1 k .
3nech o’ (N) =ﬁSp I ATHPRY (D] dA - MOTIPABKU TCOPHH BOSMYIICHUIH,
7Ti
Ly

> Ay +4
gt(]i)( N)= Z O{,SS)(N) , ')y — OKPY>HOCTb pamuyca L :% C IICHTPOM B Havajae KOOPIH-
k=ty+

Hat, R, pesonpeeHTa omneparopa I .

[IpaBbic uactu ypasHeHui (1) sSIBHO BBIpaskaroTCs Yepe3 COOCTBCHHBIE YUCTA U COOCTBCHHEBIC (DYHK-
UM HEBO3MYIIECHHOTO omneparopa 7' u Boamymatomuii onepatop £ . B.A. Cazosuuuuii u B.B. Jly6-
poBckuii B paboTe [2] BRICKa3aMHd WACK) HOBOTO METOAA BBIYHCICHHS COOCTBCHHBIX YHCEN BO3MYILCH-
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HBIX onepatopos ¢ noMompro cuctemsl (1). Cepus padot B.A. Cazosauucro, B.B. [ly6poeckoro, C.H.
Kamuenko, B.®. Kpasuenko, MU.W. Kunzunoii [1, 3-9] npusena kK co3aaHUI0 U O0OCHOBAHUIO METOAA
BBIYUCIICHHS COOCTBCHHBIX YHCET BO3MYIICHHOTO ONEPATOpa, & TAKKE CO3AAHHIO YHCICHHBIX aJTOPUT-
MOB, PCATH3YIOIINX JAaHHBIA MeTod. Maes MeToaa coctouT B cneayromeM. Mcnonp3ys TeOpUIo CHMMET-
PHUCCKUX MHOTOUICHOB U (opmynsl HeroToOHA, HaxoxaeHUE KOPHEH crcTeMbl (1) CBOAMTCS K HAXOXK-
JCHHUIO KOPHEH MHOTO4YICHa cTerneHUu N , K03((HIHCHTH KOTOPOro MOryT OBITh HAWACHBI CO CKOMb
yroaHo 00710l To9HOCTEIO. ITo3ToMy norpemHocTs BerunuciaeHus N NEPBBIX COOCTBEHHBIX YHCET [,

3aBUCUT OT TOr'0, KaK TOYHO BBIYUCJICHBI MPABBIC YACTH CUCTCMBI (1) HGCMOTpH Ha IPUBCACHHBIC B pa-

ootax [1, 4, 6-9] urcACHHBIC MPUMEPHI, HAHICHHBIC TAM OLICHKH OCTATKOB
+1

In
) (N) = sNpy = Ny ™.
1-qy

HEJb3s HA3BaTh xoporuvu. JloOuThes Mamoctu gt(;) (N) BO3MOXHO TOJBKO 3a CUET YBEJIMUEHU CTEIIC-
HU Iy +1 uucna gy <1, 4TO B CBOIO OUEPEAb BEAET K YBEIUUICHUIO YUC/IA MIOIPABOK TEOPHH BO3MYIIIE-

HUA CUIES) , KOTOPBIC IPUXOAUTCA BBIYUCIATDH. C10KHOCTh BBIYHUCICHUS nornpaBoOK HCIUHCHHO pacTeT €

YBEJIUYCHUEM HOMEPA MONPABKHY, UYTO 3HAUUTEIBHO YBEIMYHUBACT TPYAHOCTH MPAKTUYECCKOTO MPUMEHE-
HUS METOJA U BEICT K HAKOIUICHUIO OIIHOOK OKPYTJICHHS.
B npeacrasieHHolN paboTe AeIacTCs MOMBITKA YMEHBIIHTD OLICHKH OCTATKOB PSIIOB.

1. Beraucijiense co0CTBEHHBIX YHCEJ

1.
Beenem  0GozHaucHUS: }’n=§rlggl{ Zn—ﬂk}, 7n:{/1:‘/1—/1n‘:rn}, T,={A] A=A, +1,}.
Ry )= —-AE)™", RA)=T+P-AE)", r=infr,. Qy ={A:| A Ay +rtn (A, - A}
n= n>N

P(T) — PEe30IbBEHTHOE MHOXKECTBO.

HpI/IBe,Z[GM HU3BCCTHBIC, HO H€O6XO,Z[I/IMLI€ A1 HEJIOCTHOI'O U3JIOXKCHUA PC3YIIbTATHL B BUAC HCCKOJIb-
KHUX JICMM.

Jlemma 1. Ecru HPH <r, mo T+P — Ouckpemnulii u cnpageougo pasiolceHue 8 Cxo0suutics no

HopMme pao

R(A) =Y (-D* Ry(D(PRy(A)* , 1€ Q. (2)
k=0
O6o3naunM coGCcTBEHHBIE Uncaa oneparopa 1 + P, depe3 K/, 3aHyMEpOBAHHBIC B MOPAIKE BO3PAC-
TaHHA JCHCTBUTEIIBHEIX YacTCH C YICTOM anreOpaniecKOd KPpaTHOCTH.
Jlemma 2. [10] ECJZMHP” <y, mo enympu koumypa Iy, OGyoem HaxoOumscs 0OuUHAK0B0€ KOIUYE-

cmeo cobcmeennwix yucen A, u y, (¢ ywemom xpamuocmu), n< N . Eciu HPH <r,, MO 6HYMPU KOHMY-

pa ¥, Gyoem HaxoOumvCsi OOUHAKOBOE KOIUHECBO COOCMBEHHbIX uucen A, u I, (¢ yuemom KpamHo-

cmu).
HaTterpupoBanueM 1Mo 9acTaM JOKA3BIBACTCS CACAYIOMIAS:
Jlemma 3. Eciu g — 00HO3HAUHAS AHATUMUYECKAS PYHKYUS, Y — 3AMKHYMBIH KOHMYD, MO UMeem

MeCmo paeeHCcmeo.”

1
Sp[ &Ry ANPRy(AN" dA=—-Sp[ g (ANPRy(A)'dA.  keN.
Y Y
O6Goznaunm depe3 v, W U, OPTOHOPMHUPOBAHHBIC B [/ COOCTBEHHBIC (YHKLIUH OnepaTopos I u

T + P, COOTBETCTBYIOLINE COOCTBEHHBIM UHCIAM A, W [, , ¥ MEPESHACM K JOKAa3aTeIbCTBY OCHOBHOTO
pesyabTara.
Teopema 1. Eciu HPH< Ty, mo nepevie N cobcmeennvix yucen W, onepamopa T+ P saensiomces

PeULeHUSIMU CUCTIEMDBI YPAGHEHUTL:
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N N N
Z 1 _ 1 +Z S(PV[’VI+1+Za]Es)(N)+g =1LN.
o (=4’ G- TG-S
(5) (- 1)kS 1 k _
2de o’ (N)=—"7"-5, [PRy(AM]"dA — nonpaexu meopuu 603Mywjenuti, 7 HeKOMOpoe

. P ,[ s+1
2rwik Ty (Z -2)
QuxcuposanHoe 4ucio, £; —3aeucsiujue om z u M CKoOnb Y2OOHO Manvie Yucaa.

1
Hokasamenvcmeo. YMHOKAM Psif (2) HA 9UCI0 ——————, § =1, N, IPOMHTCIPHPYEM IO KOH-
27i(z—A)
typy I'y u Haiigem cnex. Uncno z> Ay +1y BbI6€pCM nozanee. [omyamnm:
1 R(A 1
sp | (7151/1 == j Z( D*Ry (PR, (M) dA .
o(A-2) (ﬂ 2 i

Brrumcnmv wHTErpai B I6BOH YACTH M NIEPBBIC CllaracMele B IpaBod gacTH. Micnonmb3ys meMMer 1 u

27i

2, MOXKHO TIOKAa3aTh, YTO OMECPATOP I R(A)dA sBngeTcs MpOCKTOPOM Ha MPOCTPAHCTBO, HATIHYTOC HA
Iy

IMHEHHYK0 060m0uKy {ut,, } . Umeem

Lo RAH . 1§
= Spj —dA Z{

Ty (z—ﬂ) 271

N
f RA oo 1 IR(/DM, dhan |-
(z=A) 2mig| (=AY

Ty
1 & u, N 1 1 Yoo
-—— ——dAuy =) () — | —————dA=) —.
Z”izzl{JN(z—ﬂ)S(m—ﬂ) ’J 20 ’)2mj(z Da-n " By

Amnajoru4no, mpu k=0

Ilpu £ =1, ucnonw3ys nemMmy 3, mMeeM:

LS IRO(/DPRO(/Ddﬂ:_LSpI PRy(A) d

i (=AY 27i P (z- At
N s(Pv_,v, )
v, da=S"2""n"n’
27Z'l Z( " ) I /I)SH /1) p (Z—/II)SH

Oucnum M-i ocTaTok psiaa.

Z( DF Ry (A PRy(A)*d A =|=— Z - D (PRy(AN*dA|<

27 -op I (Z /I)s+1

LS I
27 (z Z)

1

s k s 1 k
2—I| ) S Llralf 2 ' AR F%;ggg};ﬂPRowH <

(2=Ay =1y
S(Ay +1y) qy
(z=Ay =1y )m 1-qy
3a cuer Boibopa uncna M u, TIaBHBIM 00pa3oM, YHCIa 7 MOTPELIHOCTH
e < s(Ay +1y)  qN
' (Z_/lN _”N)SJr1 1-gy
MOKHO CIENIATh CKOJIb YTOIHO MajbiMU. Jl0Ka3aTeIbCTBO 3aKOHUCHO.
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1
3ameTnM, 9TO €CIM BBECTH 00O3HaueHus f, =——, 7], =

_1
=4, " z=A

n n

, TO CHCTCMA TNCPCIUIICTCA B

Buzae (1)

N N N
B =00+ sy, v + Z o (N)+e,
I=1 I=1 I=1 k=2
O00CHOBAHHE CYIISCTBOBAHUS M CIUHCTBCHHOCTH PEIICHUS JAHHOM CUCTEMBI, @ TAKKE AJITOPUTMBI
MOUCKA PEIICHMS MOXKHO Halitu B pabdotax [1, 3-8].
Ipeamonoxum nance n> N .

Teopema 2. Eciu HPH <r, u A, oOHOKpamHoe, Mo cO6CMEEHHOE YUCTO M, MONCHO 8bIHUCTUMb NO
Gopmyne

M-1
Bi=m +s(Pv,vom™ + > oY () +e,,
k=2
(=D*s
. Sp,[ s+1
2rwik 7 (Z -2)

20e O{ks) (n)= [PR, DIFdA, 7 - HeKOmopoe (PUKCUPOBAHHOE YUCTO, £, — 306lU-

cialgee om 7 CKOJb yeodyo Manoe 4ucuo.

1
Hokasamenscmeo aHanorndHo TeopeMe 2. YMHOXUM Psif (2) HA ———————, IPOHHTCIPHPYEM
27i(z—A)
[0 KOHTYpY ¥, W Haizem crnen. Unmena z> A, +7,, M 23 u se€ N BeiGepeM Takum 00pazoM, IT00BI
MOTPEITHOCTH
M

s+1 ’
M(Z_/In_rn) 1-6]”
OBLIM JOCTATOYHO MAJIBIMHU.
006001eHNE HA CIy4ail KPATHOTO CIICKTPa MOKHO CACAATh AHATOTUIHO [9].
2. Borunciienue co0CTBeHHbIX (DYHKIHIT BO3MYILIIEHHOT0 0nepaTopa
I/IS JICMMBbI 2u BBCACHHBIX 0603HaHCHI/II\/'I CICAYCT, YTO BHYTPHU KOHTYpa 7n HaXogiaTCs TOJIBKO YHUC-
ma A, u u,.aBHyTpu KoHTYpa 'y, —umcna A, i, ., k=1, N . Ilycrs cHawama n < N . Paznoxum co6-

cTBeHHBIC QYHKIMHU V, B psig @ypbe Mo OpTOHOPMHUPOBAHHOMY Oa3UCy {un} .

v, = chkuk s Cop =V, 1) 3)
k=1
1 1
VMHOKHM PaBeHCTBO HA ————, > Ay, , HOJCHCTBYEM MPOCKTOPOM ——— I R(A)dA wu no-
(z— ﬂ)m 27i Ty
AYUIAM:
1 R(A 1 & R(A
_—.J‘&dﬂ:__.zcnkj‘ﬂdﬂ- 4)
27i Ty (Z - ﬂ)m 27i k=1 Ty (Z _ﬂ)m
Hpeo6pa3yeM MPaBYIO YacTh PABCHCTBA (4) CICAYIOMIIM 00pa3oM:
> R(/i)u R 1 Y cpl
—2_ nkj — :—T Cortt kI dd= k—km
7= 7l k=1 L= - A) =1 (2 — )
JIs BBIYMCTICHHS ICBOH YacTH (4) BOCHOJ‘ILSyCMCH MPCACTABICHUCM (2):
1 R(A)w 1
- gi=Y (-)f — | ———R, (D) (PR,(1) v,dA. (5)
27er< — )" ;;) 2mi g (z=A)" " (PR
Ouecnum s-i octaTok psiaa (5):
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1 [&o P
(-DF R(/l)PR(/l) vdi| <— Uy || |dAl<
Fomd Rt <3 [l
Ay +r ZmaXHR (@PH Ay +r _ q’ ’
(’%v"‘”‘ﬂw)(z_ﬂzv—”) = %€ (A +r=2A)(z=Ay —1) I-q

7]

raec g=-—<1. Takum oOpa3om, Ipu HEKOTOPOM §, a TAKXKE 32 CUCT BBHIOOPA I, MOKHO MOJYIHTH
r

JOCTAaTOYHO Malyro oueHKy. [lycth, HampuMep, Takas ouneHKa MmonaydcHa npu s =2. Beruncium asa
nepBbIX WwicHa paga (5). [pu k£ =0 umeem
1 i Ro@wy 0 Vu | ! A=

P A=) (2= A"

( 7 — Z) 27
Ilpu & =1 Bocmomp3yeMcs TPEICTABACHUCM PC30ABBCHTH B BUAC psaa [11, rm. 5, § 3]:

Ro(ﬂ):i (.’Vk)vk )

27n

k=1 A=A
Torna:
_L‘ I R,(A)PR, (mﬂ)vn dd= _L‘ I R, (i)Pvn
ZmFN (z—=A) ZmFN (z=A"™(A, - A)
_L 1 Z(Pvn’vk)vkd/l=

2mi Ty (2 A" A, —hia A4

m(Pvn,vn)J:n + Z (Pv,, v + (Pv, . vi)v, + Z (Pv,. v ) ‘
(Z_//in)m k<N, (Z_ﬂn)m(ﬂn_ﬂk) (Z_ﬂk)m(ﬂk_ﬂn) k>N(Z_//in)m(//in_//ik)

k#n
IToxcraBnsas Bce BEIYMCICHHBIE HHTETPANEI B (4), TOTYIHM:
an uk _ Vn

Sz-g)" (z-A)"

m(PVn’VrrL”)_:n n Z (Pv, Vi vy n (v Vi) n Z (v Vi) +R2m’ (6)
(Z_/In) k<N, (Z_Z‘n)m(/ln_/lk) (Z_/Ik)m(/lk_/ln) k>N(Z—/1n)m(/1n_/1k)

k#n

e Ay 7 <
H Ay +r=A)z=Ay —-7)" 1-q

Hanec npeamnoJiosKuM, 4Tto BCe uucaa K, , n<N pasmuunbl. Torga matpuna Bamaepmonga

1 .
(— obpatuma. O603HAYNM 3IEMEHTBH OOPATHOU MATPHUIBI UEPE3 Wy, . YMHOXKHM Ha

(z= )" Jk=IN

m:O,N—l

o0paTHYI0 MaTPHUIly CUCTEMY YPAaBHEHHH (6), pa3pelInB €€ OTHOCUTETbHO HEM3BECTHBIX C,; Uy -

N-1 »
—_ 1
Culy = z Wion

7’”_’_
m=0 (Z_//in)

N-1

Z m(Pv,.v, v, 4 Z [ (Pv, . vi ) 4 (Pv, . vi ) }_ Z (Pv, . vi ) +R™ |7

= =A™ G A (A = A) A" (A=A ) S G=A)" (A -A)

k#n
Jns HaxXOXKACHUS HEU3BECTHBIX KO3(MQHUIUECHTOB C,;, YMHOXKHUM CKAIIPHO PAaBEHCTBO (7) HA V, .
TMomyamm:
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N-1

1 m(Pv,,v,)

2 n>'n
Cok = Z Wi

o (z=A)" (z=A)""

Taxum o6pa3oM, Bce HEU3BECTHBIE OPTOHOPMHUPOBAHHBIE COOCTBEHHBIE PyHKIMH U , K < N OyayT

+(R3,v,)

HalaCHBI.
Ocranpnbie QyHKIMHA U, kK >N MOXKHO HaXOJHWTh AHAJIOTHYHO, ACHCTBYS HA PABEHCTBO (3) mpo-

EKTOPOM —L_ I R(A)dA. B cuny nemmsl (2) BHYTPH KOHTYpa ¥, OYACT HAXOIMUTHCS IO OXHOMY COO-
2ri .

ctBeHHOMY uncny. [locne mpeobpazoBaHuil HOMYYHUM aHAJIOTHYHOC PaBCHCTBY (6), HO Gomee mpocToe

HPECTABICHHUE!

P
Conly, =V, +Z( V"’Vk)vk +R,,

k#n
2
a
1-
IIpu HEOOXOAUMOCTH MOKHO BBIYHCIHTD HE ABA MEPBBIX 4icHA psaa (5), a Heckoabko. OmHAKO
CJIIOKHOCTD BBITUCJICHUA KAXKAOT'0 CIICAYIOUICTO 1JICHA BO3PACTACT.

rac R, <
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The problem of calculating eigenvalues and eigenfunctions of a perturbed linear self-adjoint opera-
tor with a nuclear resolvent, perturbed by a bounded operator operating in a separable Hilbert space, is
being considered. In order to solve the problem, the method of regularized traces proposed by V.A. Sa-
dovnichy and V.V. Dubrovsky and developed by their followers is used. The classical method of regu-
larized traces for enhancement of calculations’ accuracy assumes calculation of several terms of a series.
The complexity of calculation of each subsequent term of a series non-linearly increases. Alteration of
the classical method, which is proposed in this work, leads to another series, the rate of convergence of
which is significantly higher, which allows decreasing the number of terms of the series that are used for
calculation. Developing the proposed method, there are formulas for calculation of Fourier coefficients
for expansion of perturbed eigenfunctions in a series by non-perturbed ones provided in the article. In-
verse Vandermonde matrix is used for calculation of first eigenfunctions. Assessments of series remain-
ders are given.

Keywords: eigenvalues; eigenfunctions; kernel operator; perturbed operator.
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