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The optimal control problem for a Sobolev type equation of higher order
with a relatively polynomially bounded operator pencil is investigated in the pa-
per. The results are applied to the study of the optimal control of solutions to the
initial-final problem for the model of linear waves in plasma. The first results on
the investigation of equation that describes the linear ion-acoustic waves in an
unmagnetized plasma and on the study of some properties of these waves were
obtained by Yu.D. Pletner. The initial-final conditions posed for the fourth-order
Sobolev type equation are the generalization of the conditions in the Cauchy
problem that is unsolvable at the arbitrary initial values. The research is based
on the phase space method developed by G.A. Sviridiuk and the theory of rela-
tively polynomially bounded operator pencil developed by A.A. Zamyshlyaeva.
The article considers an equation that describes ion-acoustic waves in a plasma in
an external magnetic field.

Keywords: Sobolev type equations of higher order with a relatively polynomially
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Introduction
Let Q=(0,a)x(0,b)x(0,¢) cR®. The article investigates the optimal control of solutions to the
following problem:

% x(s,1)
53

x(5,0)=0, (s,1)e0Qx(0,7). Q)

Model (1), (2) describes ion-acoustic waves in plasma in an external magnetic field [1]. The

parameters in equation (1) relate such physical quantities as the ionic hydro frequency, the Langmuir

frequency, and the Debye radius. The function x(s,f) represents the generalized potential of an electric

A=N)x,, (s,H)=(A-A)x,(s.0)+x +u(s,t),s € Qte(0,7), 1)

field, the function u(s,#) represents an external effect.

Problem (1), (2) is investigated in the framework of the theory of relatively polynomially bounded
pencils of operators [2]. Consider a high-order abstract Sobolev type equation

Ax™ =Bn_1x(”_1) +...+Byx+y+Cu, (3)
where the operators A4,B,,,...B,eL(X;Y), CeLU;Y), the functions u:[0,7)cR, —U,
y:[0,7)c R, »>Y(r <), X,Y, U are Hilbert spaces.
Supplement equation (3) with initial-final conditions [3]
P, (x®©)-x¢)=0.

Py, (x(k)(‘r) —x;) =0,

where B, 4, are some projectors in space X . Thus, the optimal control problem is to find a pair (x,2),

k=0.n—-1, 4)

where % is a solution of (1), (2), and # € U is the control for which the relation
J(%,1) = min(x,u)eXand J(x,u) (5)
holds.
Here J(x,u) is some specially constructed penalty functional, and U, is a closed convex set in the
space of controls U.
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Many non-classical models of mathematical physics [4-9] are based on Sobolev type equations. For
example, they occur in problems of hydromechanics, plasma physics, atmospheric physics, filtration
theory, theory of electrical circuits, and others. In the work, to find the optimal control of solutions to
linear Sobolev type equations of high-order, the ideas and methods obtained by G.A. Sviridyuk [10] and
his students [11-13] in the study of first-order Sobolev type equations are used. Here the initial-final
problem [14] is investigated. A distinctive feature of this problem is that one projection of the solution is
specified at the initial moment of time, and the other at the final point. The initial-final problem for the
first-order Sobolev type equations was considered by G.A. Sviridyuk and S A. Zagrebina.

1. Polynomially A -bounded operator pencils and projectors. Strong solutions
By B denote the pencil formed by operators B, ..., B, The sets P By ={ueC: (1" A-

—y”_an_l —...—uB, - B, Y'e L(Y; X)} and o(B)=C\ p*(B) are called an 4 - resolvent set and an

A -spectrum of pencil B, respectively. The operator function

RYBY=(u"A- "B, —...— uB, —B,)"" of a complex variable with domain p*(B) is called an 4 -
1L H H n—1 1 0

resolvent of pencil B .
Let the pencil be B polynomially A -bounded. Introduce an additional condition [15]
j HRAB)dp=0, k=0n-2, (6)
7

where y is a contour that bounds the domain containing the relative spectrum of the pencil B . Then the
operators
P=— [ RiByrdp, 0=—[ w AR (B
are projectors in spaces X and Y . Denote X° =kerP, Y’ =kerQ, X' =imP and Y'=imQ . If the
pencil of operators is polynomially 4 -bounded, o is a pole of order pe{0}UN of the A-resolvent of
pencil B, then the pencil of operators B is called (4, p) -bounded.
Let the pencil B be polynomially A -bounded, (6) hold and the following conditions be satisfied:
o' (B) =y (B)\Uoi' (B).oy' (B) # D,k =0.1;

and thereisa circuit y, cC,

7
bounding the domain I'j < C such, that @
T, Noi(B)=ol(B).ToNoi'(B)=D.

[ WRIB)dpu=0.m=0n-2. (8)
Y0

Operators

1 ,
P=5— j HR:(B)Ad e L(X)
70

and F,, =P —P,, €L(X) are projectors in space X [15].

Definition 1. The vector-function x € H”(X)={x e L,(0,7;X): x” € L,(0,7;X)} is called a strong
solution of linear non homogeneous Sobolev type equation
AxP =B _x"P . +Byx+y, 9
if it turns the equation to an identity almost everywhere on interval (0,7). A strong solution x = x(¢) of
(9) is called a strong solution to (4), (9), if (4) holds.

Theorem 1. If the pencil B is (4, p)-bounded, pe{0}UN, conditions (6)—(8) are satisfied, then

for arbitrary x_,x{ € X,k=0,n—1 and ye H?*"(Y) there exists a unique strong solution to (4) for
equation (9).
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2. Optimal control for the model of linear waves in plazma
Consider problem (4) for equation (3), where the functions x, y, u liein X, ¥ and U,

respectively.
Introduce the control space
° p+n

H O)=fueL0,n0):u?" e L,0,50),u?0)=0,¢=0,p},
p<{0}UN It is a Hilbert space with inner product

p+n T
[v,w]= ZIO <v(q),w(q)> dr.
U
g=0

o p+n
In the space H  (U) single out a closed convex subset U,_,. A vector function # €U, is called

an optimal control of solutions to (3), (4), if (5) holds.
Let us prove the existence of optimal control # € U ;, minimizing penalty functional

n pt+n
- @ _ @ 2 ’ @ (@
J(x,) yz;)jo | x@ — 5| dt+vz;)IO<Nqu u >Udr. (10)
q= q=
Here p,v>0, p+v=1, N, eLlU), q¢=0, 1, ..., p+n, are self-adjoint positively defined

operators, and X(¢) is the target state of the system.

Theorem 2. If the pencil B is polynomially A -bounded, conditions (6)—(8) are satisfied, then for
arbitrary x,?, xieX, k= O,n——l and ye HP*"(Y) there exists a unique optimal control of solutions to
problem (3), (4).

Reducing problem (1), (2) to equation (3) put

X ={xeW/"(Q):x(s)=0,s €0, Y =W} (),
o2

2 °
3

where WZZ(Q) are Sobolev spaces. Define the operators A=A-A, B,=A-1", By=«

B; =B, =0 .Operators A4,B;,B,,B,,B, € L(X;Y) forall e {0}UN.

Denote by ¢, = {sm 2% Sin ”2 %2 sin 2 S3} the eigenfunctions of the Dirichlet problem for the
a c

Laplace operator, where i, j, k€N, and the corresponding ecigenvalues are denoted by

Since {p,;;} = C* (Y, then we get

o0

2

, 7k

p* AP By~ 1By~ uB - By = Y. {(ﬂ—ﬂ,ﬂ{)ﬂ“ F = Ayt —a[ﬂ }<¢,,k,->%k,
i,j,k=1

where <-,-> is an inner product in I*(€2) .
Lemma 1. [15] Let one of the following conditions be satisfied:
(i) A£o(A);
(i) Aea(A)A(A=A).
Then the pencil B is polynomially (A4,0)-bounded, and conditions (6) are fulfilled.

The A -spectrum of the pencil B consists of solutions yé-k,l =1,4 of equation

2
, wk
(Ao = Dt + (g = A0t ‘“(TJ =0. (11)
Construct the projector
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1,if (i) holds,

P=11=3" (@ )pu.-if (i) holds.
=

To construct the projectorPﬁn choose a domain I'y cC, containing, for example, a finite set
664 (B) of points ,u,é-k of the A - spectrum of the pencil B and such that 'y N 054 (B)=@. As it is easy

to see, the domain I'; can be chosen such that oI', =y, is a contour. Thus, condition (7) is satistied.
Consider the initial-final problem

S <0 -0
ly‘ki/iaﬂékeo-f (B)
Z N <xt('30)_x10:¢ijk >¢1]k = O:
ly‘ki/iaﬂékeo-fél (B)
Z _ < Xy (': O) - xg: ¢1]k > ¢1]k = O:
}“y'ki/%aﬂfjkeo-fél (B)
Z B <X (1 0) - xgaq’y'k > @ =0,
ly‘ki/iaﬂékeo-fél (B)
Z <x(,7) =X, Py > Py = O,
2 E A My €0 4(B)
Z < xt (': T) - xlfa ¢1]k > ¢1]k = O:
l]kiﬂ’ H; kEO'64(B)
Z R <x,(,7) - x;:goijk > P = 0,
}“y'ki/%aﬂfjkeo-éél (B)
Z < Xue (': T) - x31" ¢ijk > goijk = O:

= 12
Ay # Al €051 (B) (12)
for equation (1) with boundary conditions (2).

Theorem 3. For anya € R and A< R such that the conditions of Lemma 1 are fulfilled, and for

anyreR, xk X, e X k= 0,3, there exists a unique solution to the optimal control problem for equation
(1) with conditions (2), (12) that minimizes functional (10).
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ONTUMAJbHOE YNPABNEHUE PELUEHNAMU
HAYAJIbHO-KOHEYHOWU 3A0A4MN
AanAaA MOAENN NMHENHBLIX BOJIH B MNJTA3SME

A.A. 3ambiunsiesa, O.H. LibinneHkoesa
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B pabote uccnenosana 3amava ONTHMATIBHOTO VIPABICHUS ISl VPABHEHHS COOOJICBCKOTO THIIA BHI-
COKOTO TOPAAKA C OTHOCHTEIBHO TOJMHOMHAIBHO OTPAHMYEHHBIM ITYIKOM ONepaTopoB. PesymbrarTsl
TIPUMEHEHBI K UCCIETOBAHUIO ONITHMAIBHOTO YITPABJICHUS PEIICHUSIMHI HaYaIbHO-KOHEYHOH 3a1a91 A
MOJIEIIH TMHEWHBIX BOJH B II1a3Me. [lepsrie pe3yabTaTsl 0 YPaBHEHHIO, KOTOPOE ONMCHIBACT JTHHEHHBIC
HWOHHO-3BYKOBBIC BOHBI B HE3AMAarHHYCHHOW ITTAa3Me, U U3YUCHHIO HCKOTOPBIX CBOUCTB 3THUX BOJH OBI-
mu moayueHsl F0 /1. Ilnetaepom. HauanpHo-KOHEUHBIE YCIOBHS, MOCTABICHHBIC AN YPABHCHHUS c000-
JICBCKOTO THIIA YSTBEPTOrO MOPSAKA, IBISIOTCS 0000IIEHHEM YeI0BUH B 3amaue Koy, koTopeie Hepas-
PELINMBI TIPH MPOU3BOJIBHBIX HAYANBHBIX 3HAUCHUAX. PaboTa ocHOBBRIBacTCs HA MeToAe (Ha3oBOro Mpo-
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cTpaHcTBa, paspadorantoro I A. CBUPHAIOKOM, H TCOPHUH OTHOCHTEIBHO MOJHHOMHAIBHO OTPAHUUCH-
HBIX MYYKOB ONEPaTopoB, paspabotanHoil A.A. 3ambinuiieBoid. B craTtee paccMOTpeHO ypaBHEHHE, KO-
TOPOC OIMUCHIBACT NOHHO-3BYKOBBIC BOJIHBI B INIA3MC BO BHCIITHCM MardiuTHOM IIOJIC.

Knioueswie cnosa: ypaenenus cobonescko20 muna bicox020 HOPSOKA ¢ OMHOCUMETLHO NOTUHOMIU-
AILHO OZPAHUYEHHBIM NYUKOM ONEPAMOpPO8; MOOeTb JTUHEIHbIX 80H & NAd3Me; ONMUMATbHOE YNpasie-
HUe, HAYATbHO-KOHEUHbIE YCAO8USL.
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