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O PEIITEHNN KPAEBBIX 3AJTAY

149 BBIPOXKJIEHHBIX CUCTEM JIMHENMHBIX
NMHTETPO-AN®PEPEHIITMAJIBHLIX YPABHEHI
METOAOM HANMMEHOBITINX KBAJIPATOB

B./]. Heyen, B.®. Qucmaxos

B macrosmee BpeMs, IIpU aHaJIM3€ CJIOXKHBIX ITEKTPUIECKUX U IJTEKTPOHHBIX CXeM,
YacTO BCTPEUAIOTCH CUCTEMBI, BKJIIOYUAIONIHE B cebd B3auMOCBA3aHHLIE UM depeHnnaib-
Hble, HHTETPATbHBIE U alrebpandeckue ypapHeHus. AnrefpandecKre ypaBHEHHS OTBEUAIOT
3a OTJIMYIHE B MOJIEISX DAJIAHCOBBIX COOTHOIIEHUH, B HACTHOCTH, 3aKOHOB COXPAHEHUs MU
ypaBHeHHIT cocrosinug, cucreMmbl nuddepeHaTbHbIX YPABHEHUN ONUCHIBAIOT JUHAMUKY
npornecca. Ecimu nporecc objaiaer mocieneficTBueM, TO MaTeMaTHIecKas MOJeIb MOXKET
BKJIOUATH U WHTerpasbhble ypasuenus (M1VY). CucreMbl B3auMocBsi3aHHBIX i depenn-
aJIbHBIX, aJredpanvecKux M WHTErPAIbHBIX YPABHEHUH MOXKHO 3alKCaTh B BHJE BEKTOD-
HBbIX HHTerpo-audGepeHIuaibiblX YpaBHeHuil ¢ Marpuieil HeIOJHOro paHra B 0bJacTu
oIIpefiesieHus TIPU CTapiueil Mpou3BOIHON UCKOMO BeKTOp-dyHKIMH. YucaeHHoe pelieHue
KPAeBLIX U HAYAJIbHBIX 33/1a4 JJIsl TAKUX CHCTEM COIPIKEHO € OOJBbIINMU TPYIHOCTAMHU.
B nannoii pabore obcyKaaercss MeTO, HAUMEHBIINX KBaJAPATOB U IPUBEIEHBI PE3YIbTATHL
YUCIIEHHBIX PACYETOB.

Kawuesve caosa:  supooicdennas cucmema; obwee peuteHue; umnmezpo-dugdpepen-
UYUAALHILE YPABHEHUA; KPLEGAA 300040, MEMOC HAUMERDIWUT K6aAIPGMOS.

BsBenenue

B reuenue nocnemuux copoka jeT 60bII0e BHUMAHUE YieadeTcsd cucreMaM guddepeniuaib-
HBIX YPABHEHUIT ¢ MATPHUIIEH HEOTHOTO PAHTA MU BHIPOKICHHBIM OIMEePATOPOM B 00IACTH OIIpeste-
JIEHUS [TPH CTAPINEit TPOU3BOIHON HCKOMOM BeKTOP-(DYHKITUN U YHCICHHBIM METOAM X PEITeHHT
[1-5]. Cucremsl unrerpo-auddepennuanbHblX ypaBHeHuil ¢ MaTpurieil HeoJHOTo paHra B ofa-
CTH OIpPeeTeHUd [IPU CTAPIell TPOU3BOIHON NCKOMOHN BEKTOP-(DYHKITNN U OCOOEHHO THCTEHHBIE
METOMBI PEIeHns KPAEBLIX 3378t [T HUX B MPOILIOE TPUAATHIETHE NCCIE0BATICH (PPATMeH-
tapro. Ceffuac 310 6pICTPO pacryiag obiacts ucciaegoBanug (M. Haupumep, Mmoxorpaduto [6],
u paborsl [7-10] ¢ upuseennoit Tam 6ubauorpadueii). Panee usydajiucs TOIbKO HOCTAHOBKH Ha-
TAJBHBIX 331a49. Kpaesbie 3a/1a9n TPAKTHIeCKH He PACCMATPUBAINCE. MeTOMbI, TPUMEHIAEMbIE B
paborax [11, 12] upu peutenun kpaeBbix 3a1a4 s auddepennuanbHo-aarefpandeckKux ypaBHe-
muit (JTAY), ci0KHO, & Ji7isl CUCTeM C IPSIMOYTOJIBHbIMU MaTpUuiiaMu Ko3hbOUIMEHTOB HEBO3MOK-
HO aJalTHPOBAThL K HAIMMM 3ajadaM. B gammoil paborTe M3y4daeTcs MeTo[ HAMMEHDLITHX KBa/l-
paroB, npumengemblit B pabore [13] assi pelnenus HadaJbHBIX 3334 st JudbdepeHmuaIbHo-
anrebpaniecKux ypaBHEHHUI.

1. ITocranoBKa 3ama4n

Pacemorpum cucremy unrerpo-auddepennuanbubix ypasaeruit (MJIV)

(A + V)a = A()z(t) + B(t)z(t) + /tK(t, s)r(s)ds = f, t €T = o, ], (1)
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rue A(t), B(t), K(t,s)— (v x n)-marpunp, &(t) = dx(t)/dt, x(t), f = f(t)-mckomas u 3anannas
BeKTOp-(pyHKnuga coorsercreenno, Ajx = A(t)& + B(t)x, V—oneparop Bosbreppa ¢ aapom
K(t,s), ¢ KpaeBBIMU yCJIOBUAMMU:

Ca(o) + Dx(f) = a, (2)

rne C, D — (m X n)-MaTpumel, G-3aJaHHbI BEKTOD. IIpemmonaraercs, 9To BXOJHBIE JTAHHBIE
JIOCTATOYHO TVIAJIKHE, U BLIIOJHEHO YCJIOBHE

rankA(t) < min{v,n}, t € 1. (3)

Eciu v = n, To yciosue (3) skpusasenrno pasencrsy det A(t) = 0,¢ € T.

Cucrema (1) nasbiBaerca samknymot, ecnu V = n, nepeonpedesennol, ecnu V > N, U #edo-
onpedesernott , ecan v < n.

B pabore HCIOIB3YIOTCS HOPMEI ¢-MepHOro Bextopa b = (b, ba,...,0,)7, € RY, u Bextop-
dbynxmun b(t) = (b1(t), ba(l), ..., by(1)T, t € T, BEMUCIsTEMbIE TTO TPABHIAM

B
2 2
(16l Hb(t)HLQ(T)/ 16(s)II 5 ds, o)l ) = max |60l ,

g o

q
b||2 :Zb2 b, = ma
16/ % 2 5 116l 7 e

e T-cuMBOJI TPAHCIOHUPOBAHUS.

3ameuvanne 1. Jlna yuporneHnd 3aluci yKas3aHUe 3aBUCUMOCTU OT t B pabore Oyjer MHOIIA
OIYCKAThCA, €CJIM 9TO He BhI3bIBaeT myTammrnpl. Bxmouenus V(t) € CYT), i > 1, e V(t)—
MAaTPUNA WK BeKTOP-(DYHKIAs, O3HAYAIOT, UTO BCE [IPOU3BO/IHbIE BCEX €€ 3JEMEHTOB HellPepbiB-
HBI JI0 HOps/iKa § BRJAOUATENbH0. Henpeposaoctu coorsercreyior obosuadenus: V (t) € C(T).
Bamuce V(t) € Lo(T) osuagaer, aro Bee sementsl V(1) apistorca QyHKIUAME CYMMEDYEMbIMA
¢ kBazparom Ha T,

I00 pewenuem zadauu (1), (2) Mo 6ydem norwumamo eexmop-dynryuro v = x(t) € CHT),
Komopas obpawaem cucmemy (1) 6 moowcdecmeo na T’ npu nodemanoske u ydoeaemeopsem ycao-
euio (2).

Bagaau (1), (2), yaosiaersopsioniye yeaoBuio (3), 4acTo BOSHUKAIOT LPU AHATIHU3E CJIOXKHBIX
9JIEKTPUUECKUX U 37eKTPOHHbBIX cxeM [14]. Cxema 06bI4HO M300paXKaeTcs B BUJIe HALPABJIEHHOIO
rpada (remnn), COCTOAINEro u3 Berseil u y3/10B ¢ (PUKCUPOBAHHBIM HALPABICHUEM KaXK 0 BETBU.
B o6iiem cirydae ypaBHeHUsl [Elu COCTOAT U3 JIBYX dacreii: ypaBHeHus OajJaHca TOKOB (Pacxo/i0B)
B y3uax (mepsblii 3akon Kupxroda), ypasrenuil 6ananca Hanpszkenuil (Leperajios jap/ieHuii) B
KoHTypax (Bropoii 3akon Kupxroda), gomnonnsemplx ypasHeHusMu BerBeii (06061eHHbIA 3aK0H
Owma). Bakoubl Kupxroda MOKHO IpeJCTaBUTh B MATPUIHON hOPME € UCIIOJIb30BAHIHEM KOHTYP-
HO#t u y3moBoit marpur; A, B coorsercreenno. B pesysnbrare psiga npeobpasopanuii (cum. [7]) Mbr
Oy 9UM HHTErpo-muphepeHImanbHoe ypaBHEHnEe BUAA

() (0= (5) froms (651) o

0

rae & = 2(t)—BekTop-(pYHKIMA TOKOB Ha BETBAX, Rp, C’B — JuaroHaJibHble MaTPUIlbl aKTHBHBIX
COLPOTUBJIEHUH W BEIUYNUH, OOPATHBIX EMKOCTIM BETBEil COOTBETCTBEHHO; Ly — MAaTPHUIA HHTyK-
TUBHOCTE[, KOTOPAas MOXKET ObITh BBIPOKAEHHOI, U (o) + €p— BEKTOP HANPSIKEHNI HA 3a:KMMAX
UCTOYHUKOB (TOKa 1 Hanpsxkenus ). [Ipu BeinuceiBanuu ypasaenuit Kupxroda u Marpuiibl MHyK-
THUBHOCTEH MBI MOZKEM IIOJYYHUTDH JHHCHHO-3aBUCHMBIC yPaBHEHHA, M KOHEYHAsS CHUCTEMa MOXKET
ObITh Hepeorpejiesientoil. B 3aBucuMocTi 0T CyTOYHOI'O TEMIIEPATYPHOI'O PEKUMA COLPOTHUBIIE-
HUd, UHAYKTUBHOCTH, €MKOCTH BE€TBEH MOI'YT 3aBHCETH OT BPEMECHU.
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2. Teopemsbl 0 pa3penImMOCTH

Ypasuenus: Buya (1) MoryT ob1asarh CI0KHON BHyTpeHHel cTpykTypoil. B Takom ciaygae
MBI MOZKEM HJITH TOJILKO 110 IIyTH BBIJIEIEHUS KJIaCCOB YPABHEHUIT, /71T KOTOPBIX JIOKA3aHBI YTBEP-
ZKJI€HHUs O CYIIECTBOBAHUU U €/IUHCTBEHHOCTH PELIeHU, ¢ oc/eNyoIell pa3paboTKo! YuCIeHHbIX
METOJIOB PeIeHNU .

Onpenenenue 1. FEcau cyuecmsyem onepamop

[\—L(t)+L()d+ A+ Li(t) AN

k — L0 1 dt k dt )

ade Lo(t), L1(t),..., Lp(t) — (v x v)-mampuyw uz C(T), co ceoticmeom
Ago (A +V)y =A@y y+/Kts (s)ds Yy € C*TY(T),

20e A(t), B(t), K(t,s) — (V X n)-Mampuypi, HENPEPLGHE 6 CE0UT 0BAGCTAT ONPEOEAEHUA,
rankA(t) = min{v,n} Vt € T,

mo 6ydem 2oeopums, wmo das cucmemv, (1) onpedesen aeewviii pezyaapusupyrowud onepamop
(JIPO). Munumasvno 603mootcnoe wucao k nasvieaemea undexcom cucmemos (1).

Omnpenesierane 2. Ecau das nyuka (VX n)-mampuy, NA(t)+ B(t) cywecmeyem (v X V) -mampuya
P(t) co ceoticmsamu

det P(t) £ 0Vt € T, P)[AA(t) + B(t)] = A (Alo(t)> + @;Eg) ’

A(t)y .
rank (B;(t)) =min{r,n} Vt € T,

mo 6ydem 2060pumsv, wmo nyuwor mampuy, AA(t) + B(t) umeem undexc odun na ompeswe T

JIemma 1. [6] ITyuor (n x n)-mampuy AA(t) + B(t) umeem underc odun na ompesxe I’ mozda
U MOALKO MO20a, K020a BUNOAHEH KPUMEPUT < PaHe-CIMENneHb> .

rank A(t) = degdet|AA(t) + B(t)] = const =r Vt € T. (4)
Jasiee Ham noTpedyercst Takoe yTBEpK/eHUE.

Jlemma 2. [6] Hycmo (v xn)-mampuua A(t) € CHT), i =0,1,2, -, umeem nocmoanmviti pare
r na T. Tozda cywecmesyrom xeadpamune mampuub, P(t), Q(t) € CY(T) coomsememeyrowed
PAZMEPHOCTIU CO CEOTUCMBAMU

det P(t) £ 0,det Q(£) £ 0 Vi € T, P()ADQ(E) — (EO 8) teT, (5)

2de I, —edununHhas MOMPUYe Pa3MEPHOCTIU T,

Caencrsue 1. JTas (v X n)-mampuy A(t) noanozo panea, xoeda rank A(t) = min{y,n} Vt € T,
cywecmeyrom mampuyss P(t), Q(t) us aemmvr 2 co ceoticmsamu

ABQ) = (E, 0), v<n, P(HA{) = (%") ,n<v, teT.
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Csoiicrsa cucrem (1), UMEIOIUX UHJEKC OJIUH, OLPEESIOTC CIeAYIONIAM YTBEPK ICHUEM.

Teopema 1. [Tycmo das cucmemor (1) 6vnosnens yciosus

1) A(t), B(t), f(t) e CY(T),K(t,s) € CHT x T);

2) nywor mampuy NA(t) + B(t) umeem undexc odun na ompesxe T'.

Toada:

1) cuemema (1) umeem undexc odun;

2) cywecmeyrom weadpammvie mampuyve P(t), Q(t) € CHT) nodrodsweti pasmeprocmu co ceoti-
emeamu det P(t) £ 0, det Q(t) £ 0Vt € T, cucmema

Pt) (AL +V)Q(t)u = P() f,

umeem 6ud
Uq U1 Uy 7
E. 00 . J(t) 0 B Vir Viz Vi _ (N
(0 O‘D U3 +<0 B, 0) ;7 +<%1 %2‘@) Zg P@N’(g ,v<n
3 3

(5 (Y (PO () (G vy () s (B). v

20e J(t)—nexomopuwiti (r X r)-640%,

t
‘/z'jZ/ Ki;(t, s)z(s)ds,

K;;(t, s)—6aoku nodzodawets pasmepnocmu npoussederus P(H)K(L,s)Q(t), u;— romnonernmu
sexmop-PyrryuY U, coomsemcmeyouue BAOUHOT CIMPYKMYpe mMampuy, Kosdduyuenmos.

Boaee mozo, ecau n < v, rank(A(t)|B(t)) =n YVt € T, mo cywecmesyrom xeadpammvie mam-
punwt P(t), Q(t) € CHT) nodwodaweti pasmeprocmu co ceoticmeamu det P(t) # 0, det Q(t) #
0Vt eT, cucemema

P)(A +V)Q(t)u =P(1) f,

umeem sud
B 0\ . J(t) 0 y Vi Via\ /. fi
0 0 <u.1>+ 0  En, <u1>+ Var Vag <u1>7?(t)f R ®
0 0 2 0 0 2 Var Vaa 2 /3

Jloxazamensvemeso. B xatectse JIPO MOXKHO TPHHATL OIEpPaTop

= (") (o) (B) =70 Y

rje P(t)—wmarpuna us oupejenenns 2. Janee, ymuoxum cucremy (1) va marpuiny P(t) u npous-
BejieM 3ameny 2(t) = Q(t)y(t), rue P(t), Q(t) marpuipl uz pasencrsa (5). g oupeesnensocru
OyaeM cuuTarh, 9T0 V < N. Iloayamm

P)(AL+V)Q()y =

(5 o)) G B (o) v Gy W) () =por=(3) 0o
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Bnouanaga crpykrypa B pasencrse (10) Belnucana ¢ ygeroMm pasbuenus Ha GJOKH IIPOU3BECHUS

P{)A)Q(D), t
(Z:) =y Wiz /a Kij(t, s)z(s)ds,

Kyj(t, 8)—6m0xu moaxossmeii pasmeprocty mpoussenerns P(1)K (t, s)Q(t).

0
Ba1 By
v —r V¥Vt e T. Cormacuo ciencTsuio 1 HAgeTCsi HEBBIPOMKEHHAS MATPHOA () CO CBOMCTBOM

B,
0 @

B cuny yenosust 2) reopemsl rank < ) = min{y,n} Vt € T'. B cuny sroro rankBay =

B2Q = (Ey—; 0). Iocie 3aMeHDBI IePeMEHHBIX Y = < ) v cucrema (10) upeobpasyercs K

BHLY
v ~ ~ v ~ ~ v
(Er 0 0) ,U.; +<Bn B2 313> v; Jr<Wn Vi ‘{13) v; <f1> (11)
0 0 0 . By By, 0 War Vo Va3 2]’
Vs Vs U3

E, —Bi;
0 E,_,

e Yy = vy, Yo = Q <2§> Yuuoxag cucremy (11) ma marpuity < ) U IIPOH3BOJA

E
3aMeHy u3 — vs, <u1> = < " 0 ) <U1>, Ml npusegeM cucremy (11) x Bugy (6), rue
U _B21 EV r V2

J(t) = B —§12B21, Bys = Bys. Cynepnosunun 5THX feficTBuit qaayT aam marpunst P(t), Q(t).
Cymecrsosanue dopm (7), (8) mokaspiBaeTca aHAIOMHIHO. O

Caenctaue 2. Ilycmo swnoanenss yeaosus meopemos 1 u v < n. Toeda cucmemor paspewsumo
npu moboti f(1), u ux obuee pewenue umeem 6ud

x(t,c) = X, (t)e + (1), (12)
C(t)/tf((t,s)f( Vs + Co(t) /Kts $)ds + Co(trw (D),
t,e) = X, (t)e + (1), (13)

/Kts s)ds + Co(t) F(1),

2de X, (1), X,(t) — (n x r)-mampuun, K(t,s),Co(t), K(t,s),Colt) — (n x n)-mampuyw, zradxue
6 obaacmazx onpedesenus, W(t) —Npoussosvhan 2Aa0Kkan 6EKMOP-PYHKYUR, C-6EKMODP NPOUIEON-
HOLL NOCTNOAHKBLE, U Opyeux pewenut na T nem.

JHoxasameavcmeso. Pacemorpum ciryuail 3aMKHYTO# cucreMbl. 3 Broporo 6/104HOIO ypaBHEHU
(7) momyuum

gy = (En_y + Vao) " =Varug + fol. (14)
IMocrasum ug u3 (14) B nepsoe ypanenue. B pesynabrare mosydnm:
U1+JU1+‘7U1:F, (15)

rae V — omeparop Bosbreppa ¢ mHekoropeim gapom K (1, s), F'— mexkoropoe anrebpandeckoe Bbi-
paxenue oraocurenbHo f1(t), f2(t) m coorBeTcTByRONMX OmepaTopos BosbTeppa, meficTByrOIEX
HA TIepevnCIenHbie hOyHKITHH.
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37eck yaTeHo, UTO IIPOH3BE/IeHIe onepaTopos Bobreppa apserca oneparopom Bonbreppa
i (Bp_yp + Vao)™t = E,_, + Vo, rae Vag—mexoropsiii omeparop Bosbreppa. Jasee, pasperrus
(15) kak obbikHOBeHHOE nuddEPEHITATbLHOE YDABHEHUE B/

g+ Ju; = 0,0 = F — Vg,
IOy InM HHTErpajIbHoe ypapHeHue Boabreppa
uy = U(t)e + Wuy + 0,

rae U(t)—marpunant cucremsr i = —Juy, W = WV, C—BEKTOP IIPOMU3BOJBLHLIX [TOCTOSHHBIX,
¢
Wy — / UOU=1(s)g(s)ds, & — W — WF, uy — (B, + W)~ {U()e + . (15)

[ocrasnas u; B (14), Haliflem BbIpazKeHUe i Ug U IOC/Te YMHOXKeHUs Ha Q II0JIyIUM BHJ| O0IIEro
pemenus cucremol (13). Tlosarag B (6) KOMIIOHEHTY U3 OPOU3BOJILHON (DYHKIHEN U IIOBTODss
BBIIIEIPUBE/IeHHbIe BLIK/IaAKK, noayanM (12). Crexcreue nokazano. O

B caygae mepeonpejeneHHO CUCTEMBI JJId HEePBBIX JABYX OJIOYHBIX ypapHeHuil u3 (8) Mbl
MOXKEM HOBTOPUTH PACCYKJeHUs U3 cuencTsus u mosayuaum gopmyry (13). Uz Gopmynst (8) Mol
BUJIMM, YTO BEKTOD IMPOU3BOJILHBIX MMOCTOSAHHBIX JOJZKEH YIOBIETEOPITE €I1e TAKOMY YPABHEHUIO

L(t)e = ¥(1), (16)
TJe
_ (B, +W)~'U(t)
£ = Vo Voo) (—(En_r T Va2 WVar(Br 1 W)—lU(t)> ’
B (Er + W)~
Yt = =(Var Vo) <_(En—r + Va2) " War (B, + W)_lq/>

e obozuavenust B popmyse (16) coorsercrByior obosznauenusm usz dpopmya (6) — (15). Cornacuo
[2], cucrema (16) pazpemuma OTHOCHTEIBHO ¢ TOLJA H TOJIBKO TOAA, KOIAA BBLIOJHEHO COOTHO-
mieHue

Y(t) = L{1)CT0, (17)
rae Cmosmyobparuag matputa C: CC~C =C,

B B
c- / £T(s)L(s)ds, 0 — / LT ()0(s)ds. (18)

[0

Bce pemrenusa onucbiBaroTca hoOpMyI0it
c=C0+|E. —C(]e, (19)

rje ¢—upoussosbHblii BekTop R”. Ilpu Bbinosnenun ycnosug (17), a eMy y/I0BI€TBOPLIOT BCe
bynkmun w3 obpasa omeparopa cucremsl (1) (A1 + V)z, 2z € CY(T), obuiee permenne mepeompe-
JIeJIEHHON CHCTEMBI HMEET BHJ

x(t,¢) = Xq(t)e + C(b), (20)
rae
_ (B, +W)~'U(t)
Xalt) = Q (—(En_r  Von) " War (B W)—lU(t)> [
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W)~ Xae0 + [ K916+ Colth 1),

rae Xq(t) — (n x d)-marpuner, d = rank|[F, —C~C|, K(t,s), Co(t) — (n X m)-marpunsl, ruagxue
B obsacTsax onpesenenus. 13 (19) ciegyer, 4To pasMepHOCTb MHOrOOODA3HSL LIEPEOIIPEETeHHbIX
CHCTEM HE 3aBHUCHT B HAIIUX YCJOBHAX OT cBobommoro wiena f(t).

CaencrBue 3. FEcau evnoanensv ycaosus meopemve 1 u ycaosue (19), mo xpaesas zadana
(1), (2) paspewuma mozda u moavko mozda, K020a PazpewUMBL OMHOCUMEADHO BEKMOPOS C, C
CUCTNEMDL GAREOPAUNECKUL YPaEHEHUT:

Zic=a—Ca) = D((B), Z1 = CX,(a) + DX, (B), v <n, (21)
Zae = a — CC(a) — DC(B), Zy = CX,.(a) + DX, (B), v =mn, (22)
Zs¢ = a — Cl(a) — DL(B), Zs = CXq(a) + DXy(B), v > n. (23)

Ecau pewenue cucmemu ¢, € eduncmeenno, mo eduncmeenno pewenue sadavwu (1), (2).
Sameuanue 2. Cuyuait n < v, rank(A(t)|B(t)) > n Vit € T, B pabore me paccmarpuBaercs.

Bameuanue 3. Ilycrs maiinerca marpuna P(t) u3 onpenenenuu 2, HO yCJIOBHE O MOJHOTE PAHTA

ue pemonneno: rank A'(t) < min{y,n} vVt € T, A'(t) = <glgg
2

marpuny P!(1) ¢ aHa ormYHBIME CBOMCTBAMH U HOBTOPHUTH IIPOIECC.

) , TO MOZKHO IIOIIBITaTbCA HAWTH

Jdemma 3.  ITyemw 6 cucmeme (1) A(t), B(t) € CAT), K(t,s) € CHT x T), ede
CAT), CAT x T)—npocmparcmea 6ewecmeeHno-GHaUMUNECKUT GyYrKuUl, U UHOEKC cucme-
Mt pasen k.

Tozda cywecmeyrom mampuys, PHt) € CYHT), i = 1,2,---k, det P¥(t) # 0Vt € T, co-
omeememeyowet PasmMePHOCIY Co Ce0TCMeamu: Npoussederue onepamopos, NOCMPOEHHHET No
dopmyae (9) aeanemes JIPO. Hnane 2060pa, MOHCHO NPUHAMY

a ﬁ w0 () 4 (arri) - (30 -7

JI71st 3aMKHYTBIX CHCTEM JI0KAa3aTesbCTBO 1puBejieno B [6]. Jlng He3aMKHYTBIX CHCTEM ajro-
PUTM JTOKA3ATENbLCTBA TTOYTH HE MEHIETCH.

Ecau nia cucremsr (1) onpejenen JIPO u v > n, ro MHOroo6pasue ee pelueHuii KOHEYHOMEp-
uo. B obparnom ciydae MbI 5TOrO HE MOXKEM TapaHTHPOBATH.

IIpumep 1. Paccmorpum cucremy

(Ar 4+ V)z — (é é) it ('Z ?) t /Ot <g(2)s g?t)> 2(s)ds — 0, t € [0,1],

e y—BermecTBeHHbI napamerp, ¢(1)—dynxmua uz CA(T). Umeem vy = —txy, Tae (x1 2
2. Orcroma (v — Dax; = 0 < dim ker (A; + V) < oo mpu v # 1. Ecom v = 1, 10 MOXKHO
npunars 2 = (—u(t) tu(t)) T, rae u(t)— npoussosbuas dbynknua uz CH0, 1]. B kauecrse 6asuca

)Tf

LT
B IIPOCTPAHCTBE PelIeHHH MOXKHO IIPUHATH (DYHKIUU @; = (—t] tJ“) ,J =0,1,---. Nuate
rogopst, dim ker (A; + V) = oo. Beibopom Ppyuknuu ¢(t) MmoxHO 3amaBarh 000 Hamepes
3a/IAHHBIA MHJEKC PACCMATPUBAEMOl CUCTEMBI IIpu ycaopun 7y # 1.
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3. YUmucieHHBII MeTOn

Cucremnl uaaexca 1 06/1a1a10T BaKHBIM CBOICTBOM.

Teopema 2. I[Tycmv swinoanenv ycaosus meopemwvs 1, kpaesas sadava (1),(2) paspewuma u ors
nexomopoti sexmop-dynruuu r(t) € CHT), svnosmnens, yceaosus

[e®llory <e [lhell; <e, (24)

20¢
Pe(t) = (A1 + V)ae(t) = f(t), he = Crea) + Da(B) —a.

Toz0a natidymes pewenue zadanu x(t) u nosodHCUMEILHBIE YUCAA €0, K MAKUE, 4MNO
[Je(t) — m(t)Hc(T) < Ke, € < €.

Boaee mozo, ecau 6 kpacewz ycaosuar (2) C = E,, D =0 (xpaesas sadaua seisemca 3adauel
Kowu), u das nexomopoti eexmop-dynxyuu () € CHT), evnosnens, ycaosus

617,y <€ we(a) — (@) = he =0, (25)
moada natidymca pewerue 3adanu X(t) U NOAOHCUMEALHIIE YUCAG €1, K1 TMAKUE, 4O
lze(t) — 2|7,y < Fae, € <er.
Jloxazameavecmeo. Bomumenm nna mepsasku y(t) = 2(t) — x(t) kpaesyto 3anaqay
(A1 4+ V)y(t) = ¢e(t), Cyla) + Dy(B) = he. (26)

[Iycrs v < n. Honaraem B dopmyne (12) npoussonsuyo Bekrop-byuknmo w(t) = 0 u f(t) =
¢c(t). Bommuceisaem cucremy (21) npumennrensuo K 3agade (26) Zic = b, b = he—C{(a)— D((B).
Cucrema copmecriia. 13 yenosuii (24) u dopmynut (12) B pesynnrare OPOCTLIX ONENOK (¢ yueToM
[IQJKOCTH) BBITEKaeT, 9TO CIPaBeJInBO HepaseHCTBO ||b]|; < Re, nme A—HEKOTOpag KOHCTAHTA.
Cormacuo dopmyre (19) obmee pemenue ¢ = Z7b + [E, — Z1” Z|v, tae v— mpon3BOIbHBLIL
Bekrop. [losaras v = 0, BuauM, IT0 BEKTOP KOHCTAHT B 9TOM CJIydae mMeeT OmeHKy |||, < Aie.
[oscrasigas sror BekTop B (12), MBI Haxo UM BeKTOpP dyHKIuO y(f) U HYKHOE HAM pelIeHue
x(t) = y(t) + xc(t). dna cnyqaes v = n, n < V yTBep:xK/eHHE NOKA3BIBACTCA aHagormdHo. He
Hy2KHO TOJIBKO orosapusarb ycaosue w(t) = 0.

Bo Bropoii yacTu yTBepiK, ieHnsd Mbl uMeeM Jsiefio ¢ 3aa4eit Ko, [lyers v < n. Y3 hopmyiis
(15) MBI BHjUM, 9TO IPU HYJIEBbIX HadaslbHBIX AaHHbX ¢ = 0, Tak kak U(a) = E,. CnenoBaresnb-
HO, nosiarag B popmyJie (12) w(t) = 0 u noxcrasuss s Hee f(1) = @c(t), 10CIE HECTOKHDIX OIEHOK
HoJIy4uM HyzKHOe HaM HepaseHcrBo. Cuenyer ronbko yuects: ecau E(t) € C(T), &(t) € Lo(T),

o §(t)e(t) € Lo(T), €M),y < 1€ ey IOy [15]- O

Urak, nia kpaesbix 3aza4 (1), (2), rae cucrema umeer uHueKc 1, CymecTByer rapaHTHpO-
BAaHHAA OTEHKA OTKJOHEHUd IIPUOIMKAIOMIEH BEKTOP-(DYHKIME OT MHOKECTBA PEIIeHuli KPAeBOii
3a/14H.

Bysem mckars npubsuzkenus K perieHuro Kpaepoit 3agaqdu (1), (2) B Buge nosmuoMa

pi(t) =cotert+ ... Feth i=1,2,...,

TJE Cg, C1, - - - , Ci~BEKTOPHBIE KO3 DHITHEHTHI, IIO/JIeXKAIIE OIPE/IeICHHIO.
ITo merony muoxkureseit Jlarpanzxka [16], nocrpoum dbyHKImIO:

B
S(eosers - oren A) = ISy + (0, Q) = / |P(e - FOIde+ (@), (@27)

[0
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MwA@mxw+3@mm>+/z«u@m@m3—ﬂm

B
M@&m/HWMM,

[0

Co Ao

1 A1
rae (A, Q)-ckangproe npoussenenue B mpocrpancrse R, ¢ = JA = ,

Cq Am

FO = AOR® 1+ BORW 1+ [ KRS

Pi(t) = (B, tE, ... t'E,),

Q= Cx(a)+ Da(f) —a=Cleog+cra+ ...+ ¢a']l + Dleg +e1f+ ... + ] —a,

Byzaem uckars kosddunuentsl g, ¢y, . . ., ¢;, gocrapistonue MuauMyM ¢yuxiun (27). Heobxomu-
MDIM YCJIOBHEM MHUIIIMYMa (DYIIKITUN MIIOTHX [EPEMEIIILIX ABIAETCA PABEIICTBO IIYIII0 €€ 9aCTIILIX
IIPOU3BO/IHBIX [IEPBOTO MOPsIIKA 110 HE3ABUCUMBIM IiepeMenHbIM. B dyakimu (27) rakuMu He3aBu-

CHUMBIME IIEPEMEHHBIME ABISIOTC KO MUITUEHTEI €, C1, - - - 5 G, A. BBIIUIIEM CHCTEMY JHHEHHBIX
anrebpamueckux ypasaenuii nopaaka n(k + 1) + m OTHOCATENLHO HEU3BECTHBIX C(, C1, - - -, Ciy A.
meem

dS/dcy = 0,

dS/0cy = 0,

dS/dc; = 0,

dS/OX = 0.

C yuaerom Buja dynknuu (27) cucrema BBIMISIAT TaKUM 06pa3oM:

{ (27 FT ()P @) e + (09/0e)x = 2 [7 (1) (1), -

(0Q2)9c) e = a.

B sexroproMm Buie cucrema (28) umeer Bua:
c A A\ [c S
A0 a5 6)-(2): &

B 3
A2 / FL ) F(t)dt, A — 09Q/0c, 6 — 2 / FL0) f(t)dt.

e

Peruenue cucremsr (29) moxer 6bITh OCYIIECTBIEHO JIOOBIM M3 M3BECTHBIX METOI0B (Halpumep,
merogom [aycca). Tlojacrasigs Hafijentble 3uadenus ¢ = (Co,C1,...,Ci), A, noayduM yHKIUI
pi(t) =co +ecit + ...+ ¢il" — npubmkenns K TOYHBIM perenusM 3agadu (1), (2).

JIemma 4. ITycmo v > n, u sadaua (1), (2) umeem eduncmeennoe pewenue. Tozda cywecmeyem
eOUHCTMBEHHOE PEWEHUE CUCTREMbL AUHETRUE aszebpauveckus ypasnenud (29). Hnave 2060ps,

det A £ 0. (30)
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Joxasameavcmeo. Toncrasum B 3anaqay (1), (2) monumom p;(t) = cotert+...fett, i =1,2,...,
u BeramECIHM cooTBercTBytonme emy f(t) = fi(t), a = a;. B cuny emuncrsennoctu pemenus uc-
XOHOI 3ayaun B cucreMax (22), (23) pewenus equncrsentnl. Cre10BaTeNbHO, POIEHIs KPAeBbIX
samau ¢ xogubiMu ganaeivu (1) = fi(t), @ = a; e UHCTBEHHBI. DTO BO3MOMKHO TOI/IA U TOJLKO
TOrJ[A, KOIJIa COPaBeIInBo HepaseHcTso (30). O

Bameuanune 4. B ciyuae v < n eauHCTBEHHOCTH pentenus 3agadu (1), (2) HeBosMoxKHA H3-3a
TOTO, 9TO PELIeHHe 3aBUCUT OT HPOM3BOIBHBIX (DYHKIHIL.

OrnennM OTKJIOHEHHE IPUOIHKAIONIEro MOJHHOMA, 0T pernrennsd 3ada4uu Komu. B ocnopy moka-
3aTe/ILCTBA IOJ0KHAM ITIOUCK MHOTOWIeHA, OTKJIOHEHNE KOTOPOr'0 OT PEIIeHNs Mbl MOYKeM OTIeHUTh.

Teopema 3. ITycmv svnoanenn yeaosus meopemu 2, kpaesas sadaua (1), (2) asasemes zadaned
Kowu u pewenue x(t) eduncmeenno. Toada natidemes pewenue cucmemus (29) u coomsememey-
wwutl ell MHozonAeH 300U P; Makol, 4mo

K1 K2

S(eo, 150500, A) < 2 (n )2 lps(t) — ()17, r) < @ (n )’

20e k1 = const, Ky = const.

Jlokasameavemeo. Paccmorpum dyukuuonasn (27) na muorownene f;(t), y koroporo p;(t) ecto
muorowren Yebpimesa as nmpoussoanoii pemennsa cucreMsl (1) z(t). Cormacuo [17] umeem

2ty — &(0)llory = O/ (E - In 1)), S(éo, 1, ..., 8, A) = O(1/(i* - (In i)?)),

rae o, C1, - - -, Ci—Ko3ppurmentsr mommaoMa (4;(t). Tak Kak Ha mosmuOME P;(t) mocTuraerca mu-
HIMYM, TO
S(Co, Cly...,Cq, )\) S 5(50, 51, N 5,’, )\)

N3 BToporo yrBepKaeHUA TeOpeMbl 2 CJIeJ/lyeT BTOpas OIEHKA YTBEPIKICHHI. U

Bameuanue 5. Ilpu onpenesentbix TpeboBaHUX HA TIaJKOCTh pemenust 3aga4u (1), (2) MoxkHO
fparb Apyrue npobHBIE MHOIOYIEHBI, HAIIPUMEDP, HHTEPIOIAMOHHbIM MHOTOWIEH JIexKaHapa, u
[OJTy9aTh JAPYTHE OMEeHKH CKOPOCTH CXOAMMOCTH.

4. YwucseHHbIE 3KCIIEPUMEHTHI

B kauecrBe nisrocTpaliuy IpuBejieM HECKOJIBKO IIPUMEPOB.

IIpumep 2. Ilycrto 3amana kpaeBad 3aada

L2y, [t 1 Pl1ts t {1+ sint + (1 —t)cost
<O O>m+<0 1>$+/0< ( O)w(s)ds( t + cost — tcost  LE (07,

(é ?) 2(0) + (é ?) () — (8) .

Nunekc cumcremer  papen 1. Toumoe pemenme 9Toil  Kpaepoil  3ajadu: x(t)y =
(sint cost)T. Pesyabrarbl pacderoB mpHMepa mOpuBefeHsl B Taba. 1. 3mecs Err =
H(sm(t) — x1(t5), cos(t) — :Eg(tj))THI.

13 Taba. 1 MBI BUuM, 4TO NPH yBEJIUYEHUH CTEIIEHH § HOTMHOMA P;(1), MOrperHocT pacye-
TOB YMEHBIIAOTCH.
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Tabaumna 1
PeByJIbTaTbI pacaeTOB AJId IIPHEMEepa. 2

1=3 1=295

tj l’l(tj) l’g(tj) Err tj l’l(tj) l’g(tj) Err

0 0,0624 0,9758 0,0624 0 0,0001 0,9999 0,0001
0,3142] 0,3669 0,9533 0,0579 0,3142] 0,3095 0,9500 0,0011
0,6283| 0,6117 0,8193 0,0239 0,6283| 0,5878 0,8088 0,0003
0,9425| 0,7928 0,6011 0,0162 0,9425| 0,8080 0,5884 0,0010
3,1416| -0,0624 | -0,9758 | 0,0624 3,1416| -0,0001 | -0,9999 | 0,0001

IIpumep 3. Paccmorpum cuctemy us npumepa 1 opu g(t) =0, ¢ € [0, 1] u HerymeBoM cBOGOIHOM

JjIeHe. ¢ o ¢
[ v 0O te’ + 2e 4 e
(0 0>$+<t 1)95( te + e2t )’te[o’”'

Cucrema mMeeT HHAEKC 2, ectn ¥ 7 1 1 paspemmma mpu moboii f(t) € C?[0, 1]. Pernenue cucremsr
T
€JIMHCTBEHHO, I Kpaebble yciobus He Hyxubl, 2(1) = (ef %),
B macrosmee Bpemst a5t A1060it KOHKPETHOH CTAaHIAPTHON PA3HOCTHON CXeMbBI MOZKHO YKa3aTh

3HAYUEHHE IIapaMeTpa Y, IPHU KOTOPLIX CXeMa pacxoaurcd. Pe3ysbraThl pacueToB Jjisd IpUMepa 2

pu v = 2 npusesensl B 1abir. 2. 3necy Err = ||(ef — w1(t)), e — ma(t;)T | -

Tabaumna 2
Pesynprarsr pacueToB jjid npumMepa 3

1= 1=95

tj ZCl(tj) ZCQ(tj) Err tj ZCl(tj) ZCQ(tj) Err

0 0,9795 1,0100 0,0205 0 0,9999 1,0000 0,1029 x 10~*
0,1 | 1,1456 | 1,2245 | 0,0405 0,1 |1,1057 |1,2214 |0,5105x 10~3
0,2 | 1,2844 | 1,4832 | 0,0630 0,2 | 1,2215 | 1,4918 | 0,0540 x 10~3
0,3 | 1,4068 1,8046 0,0569 0,3 | 1,3495 1,8222 0,3362 x 1072
1,0 | 2,7388 7,3791 0,0205 1,0 | 2,7184 7,3890 0,1029 x 107°

IIpumep 4.

1 1 t 1 + [1+s ©
2 2]t %+12m+/ L0 as)ds — fo(t) £ € [0,1]
3 3 3t 4 0 t 0

C KpaeBbIM YCJIOBHEM

(1 1)a(0)+ (3 2)x(1) =50.

Nunexc cucremsr pasen 1. Pemrenwe xpaepoii 3ajatum emuHCTBEHHO. B KadecrBe perreHust OBLT
[IPUHAT BEKTOPHBIA MHOIOYJIEH

o) ) ()71 )
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U BBIYUC/IEH COOTBeTCTBYIONWm cBobomubiil uten f3(t). [Tocrpoena u pemena cucrema (29). Boi-
vucsrennble KoadduimenTsl MEOroOIeHa p3(t) orugaiorcs ot Koaddurmentos 3(t) Ha Beaudn-
Hy, He mpebiaonryio 10712,

3akJ4yeHnue

B pafore 1mosyaennsl yea0BUug PaspemInMOCTH HEJOONPEIETIEHHBIX, IEPEOIPEIETeHHBIX U 3a-
MKHYTBIX cucreM Buza (1), BKIouaomux Kak dacTueiil caydait JTAY. Tlpoananusuposana Bo3-
MOXKHOCTH IPUMEHUMOCTH METO/1a HAUMEHBIINX KBAJPATOB JIJIs Pellenns Kpaesbix 3a7a4 (1), (2).
Pe3yIbraThl 9AC/ICHHBIX SKCIIEPAMEHTOB XOPOIIO COOTBETCTBYIOT TEOPETHICCKUM OICHKAM.
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At present, in the analysis of complex electrical and electronic circuits, the system often
includes interconnected differential, integral and algebraic equations. Algebraic equations
are responsible for the difference of balance relations in the models, in particular, the
conservation laws or equations of state, the system of differential equations describing the
dynamics of the process. If the process has afteraction, the mathematical model can include
integral equation (IE). The systems of interconnected differential, algebraic and integral
equations can be written in the form of vector integro-differential equations with a matrix at
the highest derivative of a searched vector-function of not full rank in the domain. Numerical
solution of boundary and initial problems for such systems conjugates with great difficulty.
In this paper we discuss the least squares method and the results of numerical calculations.

Keywords: degenerate system; general solution; integro-differential equations; boundary
value problem; least squares method.
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