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H.A. Manaxosa

B crarbe npejcrasien 0630p paboT aBTopa [0 U3YYEHUIO 3aJa4H ONTUMAJILHOIO YIIPAB-
JIEHUSI 1)1 TOJTYIMHEHHBIX MOoJiesiell cOO0IEBCKOTO TUIIA C S-MOHOTOHHBIM U P-KOPIUTUBHBIM
oneparopamu. [IpuBongarcs TeopeMbl CYyNIECTBOBAHUS U €IMHCTBEHHOCTH cy1aboro obobIeH-
Horo peutenus 3anaqu Komu win 3amgaau [loyonrepa — Cumoposa Jjist OJTHOrO KJiacca BbI-
POKJIEHHBIX HEKJIACCHUIEeCKUX Mofeseil MaremaTudeckoil ¢puzuku. [lpencrapiennas Teopus
6azupyercs Ha MeTone (ha30BOro mpocrpaHcTBa u Merome Lanmepkuna — Ilerposa. Paszpa-
60TaHHAsT CXeMa YUCJEHHOIO METO/A MO3BOJISET HAXONUTH IPUOJIMKEHHbIe DEeIleHus 3a/1a-
qn Komm u 3agaau [loyosnrepa — CugopoBa fjis paccMarpuBaeMbix Mopeneit. Crpoutca
abcTpakTHad CXeMa M3ydeHHus 33/a49d ONTHMAJLHOIO YIIPABJIEHUS JAHHOIO KJIACCA MOje-
seit. Ha ocnoBe abeTpakTHBIX Pe3yJIbTATOB JIOKA3BIBAETCS CYIIECTBOBAHUE ONTHMAJILHOIO
yupasJjieHusi rnporeccamu buibrpaiun u gedopmanun. [IpuBomsgrcs HeobXxouMble yCIOBUA
ONITUMAJILHOIO YIIPABJIEHUS.

Kaouesvte ca06a: ypasrenus coboae6Ck020 MUNG; ONMUMAALHOE YNPABAECHUE; MEMOJ
paszosozo npocmpancmea; memod Lanepruna — Ilempoaa.

Ceemaot namamu npogdeccopa Aavpedo Jlopenyu noceaujaemes

BsBenenue

B cBa3u ¢ BbICOKMM TeMIIOM Pa3BUTHSH [POM3BOJICTBA U TEXHWKH BO3HUKAET BCE DOJIbINAL
noTpeOHOCTD B IIOCTPOEHUN U U3YYEHHH MATEMATHYeCKUX MOJeseil, B YACTHOCTH, OIIMCHIBAOIIIX
TMPOTTIeCCHl yupyroctu u puabrparuu. [Iposenenne HATYPHBIX YKCIEPUMEHTOB TOPOTO, TOITOMY
BO3MOKHOCTb M3Y4Y€HUs IIPOIECCa IIPH MOMOIINA MATEMATHYECKOTO MOJETUPOBAHUS JTOCTATOUHO
aKTyasbHa. BOJbINON K/acC MaTeMaTUYeCKHK MOJesell OCHOBAH Ha LOJIYIMHEHHBIX HEK/IACCHYe-
CKUX YPABHEHUAX B YACTHBIX IIPOM3BOIHBIX, HE PA3PEIIEHHBIX OTHOCHTEIHHO TPOU3BOMHON II0
BpemeHu. B coBpeMeHHON HaydHOM JUTEpaType TaKWe MO MPUHATO HA3LIBATD MaTeMaTHIe-
CKUMU MOJIe/IAMU CODOJIEBCKOIO THIIA.

Kak npasuio, 1mporieccsl, NpOTEKAONINE B MEXAHUKE, TEXHUKE U IIPOU3BOJCTBE, YIIPaBJIsie-
MbI. Ocobyro posb UrpaeTr WCCaeoBaHue BHEITHETO BO3ACHCTBUA HA M3YTaeMbIH TPOIECC, TPH
IIOMOIIH KOTOPOI'O Mbl MOZKEM JIOOUTHCSH 2KesiaeMoro pesyabrara. 3yuenue 3a/1a4 onTUMaIbHOTO
YIPABJIEHUA HOCUT HECOMHEHHO IIPAKTUYECKU XapaKTep.

B cTtarbe omuchiBaoTCs pazpabOTAHHBIE ABTOPOM METObI, IPU MOMOIIH KOTOPBIX M3y Tar0TCa
CACNYIONTNE MaTeMATHIeCKIe MOJETH: MaTeMarndeckas Moaenb OCKONMKOBa HETHHENHOM (DUThb-
Tpamme, 0000IeHHas MareMaTuIecKad (pUIbTPANOHHAd MOIeab Byccurecka, obobiennaa Ma-
TeMaTUIecKasd MOJe b AePOPMAITNK KOHCTPYKIUH U3 JBYTABPOBBIX 6amoK. PaccMoTpuM Kazk IyTo
OT/ETBHO.
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1. MaTemarudeckasa Mozesib OckoakoBa Heauneinoii punabrpamnuu. [Iycrs @ C R”

— orpanndenuas obaacTh ¢ Tpamuteit I kracca C°°. B mumumape (@ x Ry pacemorpum yeiaosue
Hupuxie

x(s,t) =0, (s,1) € 92 x (0,71) (1)

Jtd ypasuennd OCKOMKOBA HETHHEHHON (PUILTPAITHN
(A — Ay — aAx + |z|P~ % = u. (2)

Yenopue upuxse (1) u ypapuenue (2) obpasyior mogenn OCKOJKOBa IeJuneiiod Guinrpa-
. Ypasuenune (1) mMozesupyer npouece GUILTPANUE BAZKOYIPYTOl HECKUMAEMON KUJIKOCTH
(manpumep, nedru). Uckomasa dynkuus x = x(s,t) cOOTBETCTBYET JABJIEHUIO DUILTPYIOMEHC
JKUJKOCTH; apaMeTpsl &, A € Ry XapakTepusyoT BA3KNE U YIPYTHe CBONCTBA KUIKOCTH COOT-
BETCTBEHHO; CBOGOMHBIN wieH U = u(s,1) oTBedaer BHemHe# Harpyske. PasiudHble HA9aIbHO-
KpaeBble 3aJa9i Jd ypapHenus (2) B pasublx acnekrax Opuin uccseposansl ATl Ockonkosbim
u ero yuenukamu [1] B ciaydae mosoxureapHocTH napaMerpa A. OnHAKO 9KCIEPUMEHTAILHO [2]
BBLIO IIOKA3AHO, YTO NapaMeTp A MOXKeT IPHHUMATH OTPUllaTesbHble 3HadeHusd. B pabore [3] no-
Ka3aHO, 4T0 (Da30BbIM IPOCTPAHCTBOM ypasHeHust (2) upu v 7 0,p > 2 cyzKUT [IPOCTOE [IIAKOe
HaHaxoBo MHOTOOOpA3HE.

2. O606111eHHAasI MaTeMaTIecKada (pUILTPAITHOHHAS MOo1eJib Byccunecka. B -
ape € x Ry pacemorpuwm yenosue Tupuxiie (1) ang 06061eHHOIO (bUIBTPAIMOHHOIO YPABHEHUS
Byccunecka

(A= Az — A(JzP~22) = u. (3)

VYenosue Tupuxite (1) u ypasaenue (3) o6pasyior 060011eHAY 0 (DUIBTPAIMOHHYIO MOiesb Byccu-
Hecka. Ypapaenue (3) sBisiercs HanboJIee HHTEPECHBIM YACTHBIM CJIy9aeM YPABHEHUS, 0Ty IeH-
uoro E.C. /Tzexuepom [4]. Bnecy uckomas dyuxiua & = 2(s,t) oTBedaer IMOTEHNHATY CKOPOCTH
JBUKEHU CBOOOMHON MOBEPXHOCTH (DUIBTPYIONIEHcs KUAKOCTH; mapaMerpbl & € Ry, A € R
XapaKTepU3yIT Cpejly, IIpUdeM mapaMeTp A MOXKeT NPUHUMAaTh OTPUIATeTbHBIe 3HAYEHUSI; CBO-
GommbIit wien 4 = u(s,t) COOTBETCTBYET BHEINHEH HAIPY3Ke, T.e. HCTOKAM U CTOKAM KHIKOCTH.
Uccnenosanue pazpemmmMocTu HeOHOPOAHOM 3a1auu 6110 HA9aTOo B [5].

3. O600mienHas MaTeMaTHYeCKad MOAeJb AecdopManuyl KOHCTPYKIIUU U3 ABY-
taBpoBbIX Oasiok. Ilycte G = G(V;&) — KOHEUHBIH CBA3HBI OPUEHTUPOBAHHBIN rpad, rie
V = {V;}M, - muoxecTso BeprmmH, a £ = {E]}év: | — MHOXkecTBO ayr. Mbl npenonaraem, 4o
KaxkJag jyra umeer Juumay [; > 0 u nyomaab nomepeunoro cedenus pebpa d; > 0. Ha rpade G
pacCMOTPUM YPaBHEHMS

- , , 1,.. 2,3 ko2k—1 _ .
Jr =Axe— Tyess + oGy +oagay + .+ o = uj, (4)

ang Beex s € (0,0;), t € R, j = 1,N. Ina ypasuennit (4) B kaxpoit Bepumue Vi, @ = 1, M
3a718/IIM KPAeBble YCJIOBHHA

> dm(0t) = Y dpe(le, 1) =0, (5)

JE;e B (V) rE-eE<(V;)

2,(0,1) = 2;(0,t) = 2p(ln, 1) = T (lm, 1), (6)

ang seex By, By € EYV;), By, Ep, € E%(V;), KoTopble aBIAIOTCH aHaIoraMu 3aKoHoB Kupx-
roda. 3xecs gepes EX@)(V;) 0603maueH0 MHOKECTBO AYT ¢ HAYAIOM (KOHIOM) B BepimHe V;.
Yenosue (5) 03HaUaeT, 4TO HOTOK Yepe3 KaxK /Iy BEPILUHY JOJIZKEH DABHATHCA HYJI, & YCJIOBUE
(6) — 4TO peruenue B KaxK0# BepLIMHE J0JKHO ObITh HenpepbiBHbIM. Kpaesbie yciosus (5), (6)
u ypasHerne (4) 00pa3ylOT MATEMATHYECKYI MOJETb nedopManun KOHCTPYKIHA U3 JBYTaBPO-
Bbix Gasok. Ypasuenue (4) nomyueno H.JTxx. Xoddom [6] B caygae n = 1. Uckomas dbyrkims
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x; = xj(s,1) nokaspiBaer OTK/IOHEHUE BANKH OT BEPTUKAJN [0 JAeflCTBHeM MOCTOSHHOM HArpy3-
ku A € Ry. Ilapamerper o € R xapakTepusyoT cpoficTBa Marepuasa Oaakn; CBOOOAHBIA "WIEH
uj = u;(s,t) coorsercrByer BHewHedl (G0KOBOI, B caydae n = 1) Harpyske Ha j-¢ peGpo rpa-
da. B pabore [7] nokazano, uro ¢dbazoseiM npocrpancrsoM ypasaenuil (4) B ciyuae k = 1 upu
ozjl. . oz? > 0 cayKuT Ipocroe riiajgkoe 6aHaxoBo MHoroobpasue. Buepsrie ypasaenus Xodda Ha
rpadax B cayuae k = 1 Gbuin usyuenst B [8].

JlanHble MaTeMATHYECKHE MOJEIN B IIOAXOAAIIIM 00Pa3oM IOM00PAHHBIX (PYHKITHOHATBHBIX
6aHaxoBLIX IpocTpancTBax X u il peaynupyroTesa K abCTPaKTHOMY OV THHEHHOMY YPaBHEHUTO

k
L:bJrM:EJrZNj(:E) = u, ker L # {0}. (7)
j=1

K macrosmemy BpeMeHH CIOKWIACHL TPAJUIAL, HMOJJIEPKUBAeMAag Pa0OTaMU KaK OTE€YeCTBEH-
ubix [9-16], Tak u sapyGexupix [17,18] MaremaTukos, HasbIBaTL ypapHenus Buja (7) U UX KOH-
kpernble uaTepuperanuu (2) — (4) ypasnenusmu coboresckozo muna. CerojHs ypaBHEHUsI CO-
GOJIEBCKOTO THIIA COCTABIAIT OOMUPHYIO 00aCTh B HEKJIACCHIECKUX YPABHEHUAX MaTeMaTHde-
cxoii pusukn. Harre nccreiopanme NpuMBIKAET K HAIIPABIEHHAO, CO3/IAHHOMY U BO3IJIABIAEMOMY
I.A. Coupuroxkom. B ocrose gammmoro nanpapierms Je:KUT METO asd06020 NPOCMPAHCMES, OCIIO-
BbI KOTOPOTr'0 6bLIH 3a/10KeHbl B paborax [19,20]. OCHOBHOU yIIOp B 9THX UCC/IEIOBAHUIX J1€JIA€TC
Ha usydenue mopdoroeuu GHazoBoro NPOCTPAHCTBA ypaBHeHus (7), 4T I03BOJIeT HAWTH YCIOBUs
CYIIECTBOBAHMSA Pelenns 3a1aqu Komm

z(0) = xo (8)

Juis ypasaenust (7). OCHOBHOI TPY/IHOCTBIO M3ydenust 3aaau Komn gs/igerca npuHiunuaibHas
HepaspemumocTs 3anaau (7), (8) mpu xg, B3ATHIX OycTh Aazke u3 mwiorHoro B X yuneana. JIpyroii
YCHENIHbIH MOAX0/] K U3YYEeHUIO BHIPOK/ICHHBIX YpaBHeHuii npejacrasied s [21].

Haueit 1esipto siBsiseTcst mosyuenne ycaoBuil paspermmmocta 3aga49n Komw (8) mia ypashe-
uug (7). Hapsty ¢ yenosuem Kouu 6ynem pacemarpusars yciosue loyonrepa — Cugoposa

L{x(0) — xo) = 0. (9)

B [22] nokasano, uro ycaosue (9) nis ypasuenus (7) apigercs 60siee eCTeCTBEHHBIM U II03BOISLET
uzbexxarh TPYJAHOCTel, CBA3aHHBIX ¢ u3ydenueM 3aia4uu Kommu (7), (8). Yenosue Hloyonrepa —
Cunoposa (9) asiagerca mpaMeiv o6obmenuem yeaosug Kowmm (8). Bosee ofmpyM nagaabHbiM
YCJIOBHEM JIId JIMHEHHBIX ypaBHEHHI CODOMEBCKOTO TUna, yeM ycaosue (9), saBigercd HadaabHO-
KOHeqHoe ycuosue [23].

PaccmoTpuyM onTHMATIBHOE YIPABIEHHE

J(z,u) — min (10)

pemennsMu 3a1a4 (7), (8) u (7), (9). 3gecs J (2, u) — HEKOTOPLIH CLEHATLHBIM 00PaA30M IIOCTPO-
EHHBIN (PYHKITHOHAT KAa9eCTBa; ynpasaenne U € i,q, T7e yg — HEKOTOpPOe 3aMKHYTOe M BBITTYK-
JIoe MHOXKECTBO B IPOCTpancTBe ympasienwuii . JIumeitHaa 3amatua OnTUMAaTBHOTO YIIPABICHHT
TS ypaBHEHHsT CODOIEBCKOTO TUIA C HAYAJLHBIM yeaopueM Koimn Brepsbie ObLIa TOCTABIEHA 1
uzyuena [ A. Ceupurokom u A.A. Edpemoseiv [24]. Pazsurue pesynsraros [ A. CBupu/ioka u
A.A. Edpemosa na cayuaii (L, p)-pasuansHOro oneparopa ¢ HadanabHbIM ycaosueM [loyosrrepa —
Cunoposa 6b110 caenano B.E. ®enopoebiv u M.B. Ilnexanosoii [25]. Tanee 3aa4a onrumMaibHO-
TO YIpaBJIeHWU JId JUHEHHOTO YpaBHEHHd CODOMEBCKOTO TUIMA ¢ HAYATLHO-KOHETHBIM YCIOBHEM
6buia uzyuena B [26]. Ilpumunenwne ycinosusi [Toyosnrepa — Cunoposa (9) mpuseno kK yuporie-
HUIO YMCJIeHHBIX UCCJIEJ0BAHUI CUCTEM JIEOHTHLEBCKOIO Tuma [27], a TakKe 3a/1a4 OUTHMATBHOIO
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yupassenus g uux [28]. B mocsennee BpeMsi NOSIBUBJIUCH IPUIOKEHUS 3389 OLNTUMAILHOIO
YIPABJIEHAS sl CUCTEM JIEOHTHLEBCKOIO THIA K mpobseMaM JAuHaMudeckux usmepenuil [29,30].
B [31] mauaro u3ydenue 3aa9 ONTUMAJILHOTO YIIPABJICHUS JIJIsl yPABHEHUH COGOJIEBCKOTO THUIIA
BBICOKOT'O IIOPSIIKA.

Jnst wzyuenus Boupoca cyuiecrsoBanug pemenus 3anad (7), (8) u (7), (9) ¢ camoconps-
ZKEHHBIM, HEOTPUIATENBHO OIIPeIeIeHHbIM, (DPEJro/IbMOBBIM ONepaTOpOM L U $-MOHOTOHHBIM H
P-KO3PIUTUBHBIM otiepaTopoM M 6yneM uciop30Barh MeTos MoroToHnHOCTH. [locTpoum npubiu-
JKeHHbBIe peleHnd nocpeicreoM Meroja lanepkuna — [lerpopa. U nefino Hamu pe3yiabTaTsl 61H3KH
K [32-35]. CymiecrBoBanue IpUOIUKEHHBIX PENIEHIN JTOKA3BIBAETCS C IIOMOIILIO TEOPEMbI CyIIe-
CTBOBAaHUS PEIIeHNs I8 CUCTeMbI OOBIKHOBEHHBIX Jud bepeHnnaabablxX ypapaenuii. Tis merosa
MOHOTOHHOCTH TPebyeTcd IIOCTPOEHNE allpUOPHLIX oreHoK. Hanbosiee mpocThie anpuopHLIe OIeH-
KH IIPOUCTEKATOT U3 (PU3MIECKUX coobparkeHuit u cpoiicrs omeparopos L u M. JlokazaTeancTBo
€MHCTBEHHOCTHU PEIIEHHS CYIECTBEHHBIM 00pa30M OIHPAETCHd Ha CBOMCTBO S-MOHOTOHHOCTH OIl€-
paropa M. /lanee Mbl ucCiIe/yeM BOIPOC CYIIECTBOBAHUS ONITUMAJIBHOTO YIIpaBeHust 3agaqu (10)
pewenuamu 3a1a4 (7), (8) u (7), (9).

1. Paspemmmoctp 3aaayun Komm
u 3agauu Iloyoarepa — CuagopoBa

JdumHaMuyeckuii coryvaii

IMycte H = (H; (-, )) — BemecTBennoe cemapabenbHoe THALGEPTOBO MPOCTPAHCTBO, OTOZK-
JIECTBIICHHOE CO CBOUM compsizkennbiM; (9, %) u (B, B7),j = 1,k k € N — qyammpie (otroCH-
TeJIbHO JIBOUCTBEHHOCTH (-, -}) Hapbl pedpIeKCUBHBIX GaHAXOBBIX IIPOCTPAHCTB, [IPHYEM BJIOXKEHUS

HoBr—=..oB o>H>B] = ... — B, = Hn" (11)

IIOTHBL U HenpepbiBHbL. [Iycts L € L($);H*) — ruHelHbId, HEIPEPBIBHBIN, caMOCOIPAXKEHHBII,
HEOTPHIATEJLHO OIIPe/Ie/IeHHbIN, (DPEJroNbMOB 0IepaTop, deil OpTOHOPMAabHBIH (B cMbIcae H )
Habop COOCTBEHHLIX BEKTOPOB {{Y) } 0bpasyer 6asuc B mpocTpanctse £, a M € L($;H*) — muneii-
HBIi, HeNIPePBIBHBIM, CHMMETPUYHBIN, 2-KOSPIUTHBHEIA omeparop. [lycts N; € C’T(%j;%;‘.), r >
1,7 = 1,k — s-MOHOTOHHBIE H P4-KO3PUKUTHBHBIE OLIEPATOPLL, IAe Pj = 2 U Pg — mjaxpj HMEIOT

CHMMETPUIHYO npon3soanyo Pperre.

Pacevorpum sagady Komu (8) s nosymuneiinoro ypasuenust cobosesckoro tuna (7). Beuyy
CaMOCOIIPAKEHHOCTH 1 PPEroIbMOBoCTH oeparopa L oroxecteum ) O ker L = coker I C H*.
[Tockompky coker L konewnomepuo, To $* = coker L @ im L, B} = coker L ® [im L NB}]. Srauur,
cymiecTByer npoekTop (Q Brosnns coker L ma im L N Bj.

CrenaeM AOIyITIEHHE, ITO

(I —Q)u me 3asucur or t € (0,7), (12)

U IIOCTPOMM MHOXKECTBO

m:

{ren: 1I-Q)Mx + (I1-Q) Zk:l Nj(z) = (I—-Q)u},ecmu ker L # {0}; (13)

$, ecam ker L = {0}.

Beesem B paccmorpenue muozkectso coim L = {x € § : (x,¢) = 0V € ker L \ {0}}. TTocrpoum
upocrpanctBo X = {x| € Loo(0,1; coim L) N Ly, (0,7;9M), & € L2(0,7;6)}.
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Omnpenenerne 1. Crabvm o6o6wennvim pewernuem ypaBuenus (7) Ha30BeM BEKTOP-(PYHKIIUIO
T € X, y/I0BJETBOPLAIONIYIO YCIOBUIO

T d k T
Ofgo(t) [<L%w,w> + (Mx,w) +]§1 (Nj(x),w)| dt = Ofgo(t) {(u, w) dt (14)

Yw € H,Vp € Lo(0,T).

Pemenue ypasuenus (7) nazosem pewenuem sadawu Kowu, eciu ono yuosiersopser (8).

Cucrema {@} cOBCTBEINILIX BEKTOPOB omepaTopa L TOTaILIa B IPOCTPAIICTBE §), a 3IIAYHT, B
cuity Bioxkenuii (11) Toransua B ipocrpancrsax By u H. [locrpoum rasepkunckue npub/iuzKeHust
pemenus 3agaau (7), (8). s a1oro BEIGEPEM B §) OPTOHOPMAILHYIO (B cMbIcae H) TOTAIbHYIO
cucremy {;} Tax, arobwr span{i, s, ..., ¢} = ker L,dim ker L, = [. Tlocrponm ranepkunckue
npubrKenns pernennus 3anaan (7), (8) B Buge

m

Zai(t)QOz’a m >, (15)

i=1

2™ (1)
rie koapdunmenTol a; = a;(t), i = 1, ..., M oupemengroTca caeayromei sagadeit

m k
<L%a%’> + <Mxm + ZNj(xm),g0¢> = (u, ;) , (16)

j=1
{2™(0) — 20,4) = 0, (17)
2™(0) = 2o CHIBHO B IPOCTPAHCTBE £). (18)

Ypasuenus (16) npencrasiasior coboil BEIPOXKIEHHYIO CUCTEMY OOBLIKHOBEHHLIX Juddeperimaib-
ubx ypasrenuit. Ilycte 15, € Ry, 15, = Thn(0), B = span{y1, ©2, ..., ©m}.

JIemma 1. [36] Ipu aobuz xo € M uw m > dimker L cywecmsyem eduncmeennoe aokaabroe
pewenue ™ € C7(0,Ty,; M) zadawu (16), (17).

Teopema 1. [36] IIpu aobwx xg € M, T € Ry, u € L2(0,T;H*) maxuz, wmo ewnoaneno (12),
cywecmesyem edurncmeennoe pewenue r € X sadawu (7), (8).

IepeiimeM K pacCMOTPEHHUIO BOIIPOCa CymmecToBanus permenns 3agaqn [1loyonrepa — Cumo-
posa (9) g ypashenus (7). O6osnauum dyepes P upoekTop npocrpancTsa §) BAosb ker L Ha
coimL. O6ozuauum uepes ' = Px. [TocTpouM HPOCTPAHCTBO

%) = {@| 2 € Loo(0,T;coim L) N Ly, (0, T;By), @' € Ly(0,T;coim L)}.

Omnpenenenne 2. Caabuim 0606uwennvim pewernuesm ypasaenus (7) Ha30BeM BEeKTOD-(DYHKIIUIO
x € X1, yaossersopsitoityto yeaosuio (14). Pewenne ypapuenus (7) HasoBeM peweruem 3a0a4u
Ioyoamepa — Cudoposa, eciu oHo ypossersopser (9).

IMocrpoum rasepkunckue npubuxkenust pemenns 3a1a4au (7), (9). Ananornano agaqu Koum
BbiGepeM B £) OproHOpMasbHYO (B cMbiciae H) TorasnbHyto cucremy {p;} tak, urober span{yi,
©2, ..., o1} = ker L,dim ker L. = [. Tlocrpoum rasepkunckue npubsimkenus perenus 3ajgadau (7),
(9) B Bugie (15), rae koadbdunuenter a; = a;(t), ¢ = 1,...,m oupejensorcs caepytomei 3amadeit

k
=1
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(L(x™(0) —x0), i) =0, i =1, ...,m. (20)
Lx™(0) — Lao cunbno B nogupocrpancrse coiml. (21)

Ypasuenus (19) npencraBiasgor coboil BEIPOXKEHHYIO CUCTEMY OOBIKHOBEHHBIX Jud beperiuaib-
ubIx ypasrenuit. Ilycre 15, € Ry, 15, = Thn(20), B = span{y1, ©2, ..., ©m}.

JIemma 2. [37] Ipu awbux xo € § um > dimker L cywecmeyem eduncmeennoe aokaabroe
pewenue " € C7(0, T, BY) sadawu (19), (20).

Teopema 2. [37] IIpu awbwr xo € H, T € Ry, u € Lo(0,T;8*) cywecmeyem eduncmeernnoe
pewenue x € X1 zadawu (7), (9).

Paccymorpum ypasuenne
k
Li+Y» Ny(z)=u. (22)
j=1
AHaIOrUYHO NPEABIAYIIUM DACCYKIACHAAM HCCIeAyeM BOIPOC CYLIECTBOBAHUS €IHHCTBEHHOIO
craaboro obobuiennoro pemrenug 3ana4 (8), (22) u (9), (22).

Omnpepenenne 3. Caabvim obobuentvim pewenuem ypapaenus (22) Haz0BeM BEKTODP-(PYHKIIUIO
T € X, yJIOBJIETBOPSIONIYO YCIOBUIO

T

T d k
Ofgo(t) [<Ldtm w> +J§1 <Nj(w),w>] dt = [(t) (u,w) dt (23)

0
Yw € H,V € L(0,T).

Pewenue ypasaenus (22) nazoseMm peweruem zadawu Kowu, ecnu ono yposnersopser (8). Pewre-
uue ypasuenns (22) nazoseMm pewenuem zadawu IHoyoamepa — Cudoposa, ecnu OHO YIOBJIETBO-
pser (9).

IMocrpoum raseprunckue npubamzkennst pemenns 3a1a4 (8), (22) B suge (15), riae kosddunu-
eHThl a; = (1), i = 1,...,m onpemengrorca caemyromeil cucreMoit anrebpo-auddepernuaTbHbIX

ypasHeHnii
(28 e+ <ZN > (.01 (24)

u yuposrersopsaior (17), (18) wrn, coorsercrsenno, (20), (21).

Teopema 3. [36] IIpu aobuz xo € M, T € Ry, u € Ly, (0,1;98}) maruz, wmo svnoaneno (12),
cywecmeyem eduncmeennoe pewenue € X sadawu (8), (22).

Teopema 4. [37] IIpu aobwz 20 € $, T € Ry, u € Ly, (0,T;8}) cywecmeyem eduncmeennoe
pewenue x € X1 3adauu (9), (22).

DBOJIIOIMOHHBIN cJryvaii

Ilycte H = (H; (-, )) — BemecrBeHnOE cemapabenbHOEe THABLGEPTOBO IPOCTPAHCTBO, OTOXK-
JIECTBJIEHHOE CO CBOMM COLpsRKEeHHBIM; (£, %) u (B, B*) — nyanbHble (OTHOCUTEIBHO J1BOACTBEH-
HOCTH (-, -)) Hapbl PeIeKCUBHBIX OaAHAXOBBIX IIPOCTPAHCTB, IPHYEM BJIOXKEHM

Br—=..oBr o HoaHon B .. B (25)

IIJTOTHBI U HEIIPEPLIBHDBI.
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Pacemorpum zamady Komu (8) aug nosysumeiinoro ypasmenus cobosieBckoro tuma (22).
[ycrs onepatopnt L € L(H;H*) u N; € C"(B;;B7), j = 1,k obramaior Beemu cpoifcTpamy,
BBENEHHLIMY B Hadase maparpada.

Beumy camoconpsikeHHOCTH U dpenroabMosocT omeparopa L oroxmectsum ) D ker L =
coker L C H*. Ouepmano, H* = coker L & im L. Obozuauum uepes im L 3amplkapme im L B

* * M *
Tonosorun By, Torna By = coker L ¢ im L. ObozraunM uepes ) npoexrop B Bosab coker L Ha
im I m aHaTOrHYIHO AMHAMIYECKOMY CAYYIAI0 CIEIAeM JTOMYITeHNe, ITO

(I —Q)u me 3asucur ort € (0,7). (26)

AHBaI0ruaHoO ANHAMHIECCKOMY CJY'al0 BBEAEM B PaCCMOTPEHHE MHOXKECTBa

{x € Br: 1-Q)Mx + (1-Q) ijl Nj(x) = I—-Q)u}, ecnmu ker L # {0};
By, eCJJ;I/I ker L = {0},

m - (27)
coim L = {u € 9 : (u,v) = 0, Vv € ker L\{0}}.
O6ozmaumym uepes P mpoexTop BAob ker L ma coim L N By = By.

Teopema 5. [36] IIpu arbuz xo € M, T € Ry, v € Ly, (0,1;98}) maruz, wmo svnoineno (26),
cywecmsyem eduncmeennoe pewenue T € X sadawu (8), (22).

Teopema 6. [37] IIpu awbwx xo € By, T € Ry, u € Ly, (0,T;98}) cywecmsyem eduncmeernoe
pewenue © € X1 3adauu (9), (22).

2. OnTuMmaJjabpHOe yHpaBJIeHNE

ITycte H = (H;(-,)) — BemecTBeHHOE CemapabenbHOe THIBLOEPTOBO IIPOCTPAHCTBO, OTOXK-
JIECTBJIHHOE CO CBOMM comnpszenubiM; (9, 9*) u (B;,B7),7 = 1,k k € N — nyampubie (otHOCH-
TeJILHO JIBOUCTBEHHOCTH (-, -)) Iapbl pedIeKCUBHBIX DAHAXOBLIX IIPOCTPAHCTE, [IPUYIEM BIIOKEHHS

HoBr—>..o>B > H—-B] > .. =B, —>n" (28)
IIJTOTHBI U HEIIPEPBIBHDBI, a BJIO2KCHUE
HEH (29)

komnakTHO. Ilycrs omeparoper L € L(§;9*), M € L(£H;H*) u N; € C"(B;;B7),r > 1,j = 1,k
obagarT cpoficTBaMu 1. 1.

ITocTpoum npocrpanctso y = Lo(0, 7 H*) u onpenenum B mpocrpancree il Hemycroe 3a-
MKHYTOE U BblIyKjoe Muozxectso UL . Paccmorpum 3aady onTHMAILHOrO yIpaB/ieHus

k
L +Ma -+ Nj(x) = u, L{2(0) —20) =0, (30)
j=1
J(x,u) — inf, u € Ul (31)

rie dyuknuoHas 1rpada 3asaerca popmysioit

T T
J(@, ) — a / () — za(O)I% dt + 6 / la()|3 i, o1 8 — 1, (32)
0 0

e zq = 2q(t) — Kenmaemoe cocTosgHme.
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Omnpenenenne 4. [apy (#,7) € X1 x 4L, mazopem pewenuem 3adauu onmuMaabH020 YNPacAEHUA
(30), (31), ecm
J(Z,0) = inf J(x,u),
(2,u)
e maper (2, u) € X1 X 4!, yrosnersopator (30) B cMbicae onepenenenus 2; BeKTOp-GyHKIUIO G
HA30BEM ONMUMAALHbM Ynpassenuem B 3agade (30), (31).

3ameuanue 1. Jonyemumvim saemenmon sanaau (30), (31) masosem mapy (z,u) € Xy x 4!
yAoBJIeTBODstoIy10 3agade (30), 1 KoTopoi

J(x,u) < +oo.

Hockosbky Muoxectso UL, #£ (), To ans moboro u € UL, C thy B cumy Teopembl 2 cymectByer
equHcTBeHHOe pemtenne v = x(u) 3anaquu (30).

Teopema 7. [37] IIpu awbwz xo € H, T € Ry cywecmsyem pewenue sadavwu (30), (31).

IMepeiizem K paccMOTPEHHIO 3aJa49l ONTUMAJLHOTO yIpaBjeHus pemenuamu 3agadn Ko-
my Ul HOJTyTHHeRHOro ypasHeHus cobosesckoro tuna. Ilocrpoum mpocrpancreo U = {u €
L2(0,7;5*) : (I —Q)u =0, t € (0,7)} u oupesesum B mpocTpancree il HeIycTOE 3aMKHYTOE U
BBIILYK/IO€ MHOKECTBO ilgq. PaccMOTpuM 3a1a9y ONTHMATBHOTO YIIPAB/IEHHST

k
L:t+M:E+ZNj(£E) =u, x(0) = o, (33)
j=1
J(x,u) — inf, u € LU, (34)

re dbyukuuonan mrpada 3agaercs gpopmysoi (32).

Omnpepesnenne 5. [lapy (%, @) € X x ;g HAB0BEM peweruem 3a004U ONMUMANLHOZO YNPABAECHUS
(33), (34), ecm
J(Z,0) = inf J(x,u),

(z,u)

rje mapel (x,u) € X X Hyq yaosaersopsior (34) B cMbicsie onepejenenus 1; BeKTop-pyHKIUIO U
HA30BEM ONMUMAALHbM Ynpasseruem B 3amage (33), (34).

Teopema 8. [36] IIpu awbuz xo € M, T € Ry cywecmseyem pewenue sadauu (33), (34).

IToctponm mpocrpanctso iUy = Ly (0,7;B}) u ompenennm B mpocrpancTse iy HemycToe
3AMKHYTOE U BBILyK/I0e MHOxKeCTBO 42, PaccMoTpuM 38184y ONTUMAILHOTO YIIPABJICHUSE

k
L+ Nj(a) =u, L#z(0) —20) =0, (35)

wua/”w — 2q(0) || dt+ﬁ/||u || dt — inf, u € 42, (36)

[Moctpoum mpocrpancrso s = {u € Ly (0,78} : I—-Q)u =0, t € (0,7)} u oupenenum B
IIPOCTpaHCTBe il HemycToe 3aMKHYTOe U BBIIYKIOe MHOKecTBo L2 ,. PaccMoTpuM 3azady onTu-
MaJIbHOTO YIIPAB/IEHSI

L£E+ZN = u, 2(0) = xo, (37)
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J(z,u) a/||:v — za(t)||5% dt+ﬁ/||u ), dt — inf, u €L, (38)

rne a + 5 = 1, zg = z4(t) — Kemaemoe cocTogHEe. AHATOTHYIHO MPEILIIYIHM IOCTPOCHAAM
CIIPABEIJIIBLI CJIEYIONHE TEOPEMEL.

Teopema 9. [37] IIpu amobwx x9 € 9, T € Ry cywecmeyem pewenue 3adavwy (35), (36).

Teopema 10. [36] IIpu arobwr xo € M, T € Ry cywecmsyem pewenue 3adawu (37), (38).

3. Maremarudeckas Moesab OCKOJIKOBa HEJIMHENHO (puabTpanumn

B numunape @ X Ry pacemorpum yesosue Tupuxie (1) ansa ypasnenus OCKOJKOBa HeJU-
Heitnoit dpunprpanuu (2). Pacemorpum yesnosue Iloyonrepa — Cunoposa

(A= A)(2(s,0) —a0(s)) =0, s € Q (39)
wim yciaosue Korn
x(s,0) = x0(s), s € Q (40)
Jug mogenu (1), (2).
Oboznaunm depes §H :I/?/é(Q), B = L,(Q2), H = La(Q). Obozuauum gepes {py} nocrenosa-
TeBHOCTE COOCTBEHHLIX (PYHKIHI oaHopoaHol 3amaun Jupuxne nua oneparopa Jlamnaca (—A)

B obmactu 2, a wepes {A\rp} — COOTBETCTBYIOUIYIO MOC/IEAOBATENLIIOCTL COOCTBEILIX 3IIAYEInii,
3aHYMEPOBAHHYIO 10 HeYObIBAHUIO ¢ yueToM KparHocTH. [locTrponM MHOZKeCTBa

H, ecam X > —Aq;
M=9 {xen: [(—alz +|zP2)ps ds = [up; ds}, ecmn A = —\q,
O O

H, ecam A > —Aq;
{ren:(x,p1) =0}, ecim A = —Aq,

coim L =
U IIPOEKTOP

0 I, ecnim A > —Aq;
L I— (1), ecm A = —Ay.

ITocTpoum mpocTpamcTBO
X = {z] © € Loo(0,T;coim L) N L, (0,7;9M), & € L2(0,1;6)}.

Omnpenenenne 6. Caabvim 0606wentnvm pewenuesm ypasHerust (2) HA30BeM BEKTOD-(PYHKIIUO
T € X, y/IOBJETBOPAIONIYIO YCIOBUIO

fgo(t {f (X = A)zpw — aAaw + |zP~22w)ds | dt =
O

o (41)
= [l fuwds} dt,Yw € Ly(Q),V € Ly(0,7T).
0 Q
Peruenue ypasuenus (2) nazosem pewenuem sadauu Kowu, eciu ono ygosnersopser (40).
ITocTpoum mpocTpamcTBO
%) = {@| 2 € Loo(0,T;coim L) N Ly(0,T;B), &' € La(0,T;coim L)}.
Becruuk FOVpIY. Cepua <MaTeMaTHI6CKOES MO/ICIHPOBAHHE 13
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Onpepenenne 7. Caabvim o06o6wennvm pewernuesm ypasienns (2) HA30BeM BEKTOP-(PYHKIIUIO
x € X,, yuosaersopsiontyio ycaosuio (41). Pemenne ypasuenus (2) nazosem pewenuem 3a0a4u
Hloyoamepa — Cudoposa, ecu ono ynosaersopsger (39).

Cucrema {(pg} cobcrBeHHbIX BEKTOPOB oneparopa L B cuny Bioxenuii (25) obpasyer 6a3uc B

IIPOCTPAHCTBE I/?/%(Q) Bribepem B I/?/%(Q) OpPTOHOPMANIBHYIO cucTeMy {;} Tax, 9To6BI span{yi,
©2, ..., o1} = ker L,dimker L = [. Tlocrpoum rasepkunckue npubauzxkenus pernennii sagaun (1),
(2), (39) u zamaun (1), (2), (40) B Buge (15), rae koabduuenter a; = a;(t), i = 1,...,m oupexe-
JIAIOTCH CUCTEMON ypaBHEHUH

({(()\ — Ao — alwg; + |x|P2wp;)ds = S{U%dsa (42)

B cayaae ycnosus loyoarepa — Cunoposa (39) — ycaosuem

/ (A= A) (@m(5,0) — 20(5))2i(s)ds — 0, (43)

Q

a B caygae ycaosust Ko (40) — yemosuem

/ (2m(5,0) — 20(5)) 01(s)ds — 0. (44)

Q

VYpasuenus (42) npeacTaBiagior coboil BEIPOXKIEHHYIO CUCTEMY OOBIKHOBEHHLIX Jud eperiualib-
HBbIX YPaBHEHUI.

Teopema 11. [38] Tyemv A > —Aj, 0 €Rp un>2,2<p<2+4 -4 uaun=2,p € (1, +00),
mozda npu mobux xo € M, T € Ry, u € Ly(0, T H*) maxuz, wmo eunoaneno (12), cywecmsyem
eduncmeennoe pewenue x € X sadawu (1), (2), (40).

Teopema 12. [38] Tycmo A > —Aj, a €Ry un>2,2<p <2+ wmn=2,pe (1, +o0),
mozda npu aobwx xog € H, T € Ry, u € L(0,T;H*) cywecmeyem e@ummeeHHoe peusere
x € X1 sadavu (1), (2), (39).

B mumurape Qr = Q x (0,7") 3amaaum PpyHKIIMOHAT KauecTBa

/||:E—zd||2 i+ Y /||u||2 dt — inf (45)

U IepeiiieM K PACCMOTPEHHIO 33Ja4y OITHMAILHOTO yupasenus aig Mogenu OCKOIKOBa Hen-
neitnoit punprparmu (1), (2) ¢ yerosmem Komm (40). BeiGepenm L, € Lo (0, T; W, () — memy-
cToe, 3aMKHYTO€, BBILYK/I0€ MHOXKECTBO, [Jist KOTOPOI'O BBIIOJIHEHO (]I — Q)u = 0.

Teopema 13. [38] Hyemv A > —Aj, a €R, n>2u2<p<2+ - uaun=2,p€ (1, +00),
mozda npu mobuz xo € M, T € Ry cywecmeyem onmumasbHoe ynpasienue PEUeHUAMY 30004

(1), (2), (40), (45)-

IepeiimemM K pacCMOTPEHUIO 3aja9M ONTUMAJBHOIO yIpapaeHus g Mojgenn OCKOMKOBa
neuueinoii dbunsrpanun (1), (2) ¢ yenosuem Iloyonrepa — Cunoposa (39). Beegem npocrpan-
creo ympasrennit 4 = Lo(0, T; W51 (Q)) u BeiGepem memycToe, 3aMKHYTO®, BBIIYKIOE MHOXKCCTBO
$l,q, TOTIA CIIpaBEIUBA CIEIYIOMAsd TEOPEMa.
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Teopema 14. [38] ITyemv A > —Aj, a €Ry, n>2u2<p <2+ waun=2,p € (1, +o0),
mozda npu aobwx g € H, T € Ry cywecmeyem onmumarvioe ynpasienue peuenuimu 3a0auu

(1), (2), (39), (45).

[Ipusenem Tenepb HEOOXOAUMBIE YCJIOBHH, KOTOPBIM YIOBJIETBODHET JIEO00€ ONTHMAJIBLHOE
ylpas/IeHue u pemenaamu 3agadu (1), (2), (39).

Teopema 15. [37] Hycmo A > —A,a € Ry un >2,2 <p <2+ waun =2, p € (1, +00), ec-
AU U — onmumaabroe ynpasaenue 3adawu (1), (2), (39), (45), mo cywecmeyem eexmop-Pynryus
Y € Loo(0,T;coim L) N La(0,T; ) maxas, wmo

(A — Ay — aAx + |z|P~%x = u,
(A 4+ A)ye — aly + (p — D]y = (=A)(x(u) — 2a), (,1) € Qr,
x(s, 1) = y(s,t) =0, (s,1) € 92 x (0,7),
(A= A)(x(s,0) —20(s)) =0, (=A+A)y(s,T) =0, s € Q,

/(y + N(=A)"Hw) (v —w)dsdt > 0, Yv € Uyy.
Qr

4. O600menHaa mareMarudeckas (PUIBTPAITMOHHAS
Moesib byccunecka

B mummaape 2 x Ry paceMoTpuM MaTeMaTHIecKyio (DHIBTPANIOHHYIO MOAe b Byccumecka
(1), (3). Jna momenu (1), (3) pacemorpum Hauanshoe ycnosue loyonrepa — Cugoposa

(A= A)(2(s,0) —a0(s)) =0, s € Q (46)
wim yciaosue Korn
x(s,0) = xzo(s), s € Q. (47)
omoxum H = W5 1(Q), $ = L2(Q), B = Ly(2). Onpesenum B H cKanapHOe IPOH3Be,ICHIE
dopmysoit
(@) = [ aids vy e (13)
Q

rie §j — 0600menHoe pemenne oMHOPOAHOH 3aauu Tupuxre ayisa omeparopa Jlamnaca (—A) B 06-
aactu Q. Homozxum B* = (L,(Q))* u H* = (L2(2))*, rme (Lp(£2))* — conpsizkeHoe OTHOCUTEILHO
asoiicrBennoctu (48) npocrpancreo. IlocTponmM MHOXKeCTBA

coim I, — H, ecam A > —Aq;
C {z€eH:(x,91) =0}, ecm A = —)\q,

B, ec A > —Aq;
m {weB: [|xfP2upr ds = [u@y ds}}, ecnm A = —\q,
Q Q

U IIPOEKTOP
- I A> =M\
Qi { I— <’7901>7 A= _)\1-
ITocTpoum mpocTpamcTBO

d—i € Lo(0,T;coim L)}.
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Omnpepenenne 8. Caabvoim ob6obwernnvim pewenuerss ypasuenns (3) nazosem dynknuio & € X,
V/IOBJIETBOPSIIONIY IO YCJIOBHIO

Pewenne ypasnenus (3) nazsosem pewenuem sadauu Kowu, eciu ono ygposnersopsier (47).

ITocrpoum mpocTpamcTBo

d
X1 = {2] @ € Loo(0, T;coim L) N Ly(0, T; Ly()), d—f € L(0,T;coim L).
Omnpepenenne 9. Caabum obobuenmvm pewenuesm ypapienud (3) uazosem dyukuuio € X,
yaosseTpopstomyio yciosuto (49). Pemenne ypapuenus (3) nHazosem pewenuem sadawu Lloyon-

mepa — Cudoposa, eciu oHO yiosjaersopser (46).

Cucrema {@r} coberennbix BeKTOpoB omeparopa L B cuity sioxenuii (25) obpasyer 6a-
suc B npocrpanctee Wy H(Q). Bribepem B W, ' (Q) opronopmambiyio cucremy {p;} Tak, 4ro6ni
span{1, Y2, ..., 1} = ker L, dimker L = [. TlocTpoum rayepkuacKue TpubInzKeHAs PEIIEHAs 3a-
naan (1), (3), (46) u 3amauau (1), (3), (47) B Buge (15), rae kooddunmentsr a; = a;(t), i =1,...,m
OLIPE/ICJIAIOTCA CHCTEeMON YpaBHeHUH

JOxeps + xepi + alzP2wd)ds = [ u@ids, (50)
0 0

B caydaae ycaosug Hloyonrepa — Cugoposa (46) — ycaosuem

/ [(A (2 (0) = 20) Pi + (2m(s, 0) — 2o(s)) pi(s)] ds = 0, (51)
Q

a B caygae yeosust Ko (47) — yeiosuem

/ (2 (5,0) — 20(5)) Bi(s)ds — 0. (52)

Q

Ypasuenust (50) npescraBiasior co60l BEIPOXKIEHHYIO CUCTEMY OObIKHOBEHHBIX sudpepeHiinalib-
HbIX ypaBHeHui.

Teopema 16. [39] ITycmo p > nQ—J’:Q, A > —\j, mozda npu mobwx r9 € B, T € Ry, u €

Ly(0,T:8*) cywecmeyem eduncmeennoe pewenue x € X1 3adawu (1), (3), (46).

Teopema 17. [39] Ilyemv p > n2—}:2, A > —A1, moada npu mobwz xo € M, T € Ry, u €

Ly(0,T;8*) maruz, wmo sunosneno (26), cywecmeyem eduncmeennoe pewenue © € X sadanu

(1), (3), (47).

IlepeiiiemM K paccMOTPEHUIO 33,1241 ONTUMAJIBHOTO yiIpaB/ieHusd jajd 0000IeHHol dpunbrpa-
muonnoit Mogemu Byccumecka (1), (3) ¢ yemoBuem Komu (47). B muwmunape Qr = Q x (0,7)
PacCCMOTPHUM 33,18y ONTUMATBLHOTO YIIPABICHHST

T
1 N .
T = Sl = zall )+ o [ Tl et TG = . (53)
0
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Haxkowuerr, Beibepem taqg C Lg(0,7; (Lp(€2))*) — 3aMKHyTOE, BBIIYKJIOE MHOMKECTBO, JJisi KOTOPOIO
puimosneno (I — Q)u(t) = 0.

Teopema 18. [39] ITycmov p > n2—j:2, A > =)\, moeda npu awbur xg € M cywecmsyem onmu-
masvhoe ynpasaenue 6 sadave (1), (3), (47), (53).

TlepeiijieM K pPacCMOTPEHUIO 33/1a9i ONTUMAJILHOIO YIIPAaBJeHUs /s 060bmenHol huib-
rpanuonnoii moyxesnu Byccunecka (1), (3) ¢ ycaosuem loyonrepa — Cunoposa (46). BribGepem
Uoq C Ly(0, T (Lp(€2))*) — memycroe, 3aMKHYTOE, BBIIYKIOE MHOKECTEO.

Teopema 19. [39] Hycmo p > 2f2, A > =X, moada npu mobux xo € B cywecmsyem onmu-
Mmasvhoe ynpasaenue 6 sadave (1), (3), (46), (53).

Ilpusenem rTenepb HeOOXONUMBIE YCIOBHHA, KOTODPBIM VA0BIETBOpPsieT J000€ ONTUMAJIbHOE
yIpaBJjeHue U pelreHusaMu 0600IeHHoN (puibTpannoHHoit Moienun byccunecka.

Teopema 20. [37] [Tycmo p > +2, A > =), ecau u — onmumasvroe ynpasaerue sadavwu (53),
mo cywecmeyem eexmop Yy € Lo (0,1 coim L) N L,(0,1;B) makot, wmo

A=Ay — Alz|P~22) = u,
(=A+ D)y — Al(p — Dl ~2y) = (=A)(|a — zal"~ 'sign(ax — za)), (5,1) € Q,
x(s,t) = y(s,t) =0, (s,t) € 902 x (0,7,
(A= A)(x(s,0) —2x0(s)) =0, (A—A)y(s, T) =0, s € Q,

/(v —U)ﬂdet+/N||U|| Yl ). ) (0 — w)dt = 0, Yo € Hqg.
Qr 0

5. O606mieHHasgs MaTeMaTniecKas MoOJesb gedopMaliun
KOHCTPYKIVMHN M3 ABYTaBPOBbIX 6a.HOK
Iycts G = G(V; €) — KOHeUHBIH CBA3HBIN OPHEHTHPOBARHBIT rpad, rae V = {Vi}M | — mmo-
KecTso Bepummy, a & = {1 };V: 1 — MuOKecTBO 1yT. Ha rpade G paccmorpum Mojens gedopmanun
KOHCTPYKIMH 13 AByTaBpoBbIx 6amok (4) — (6). Haa momenu (4) — (6) paccMoTpuM HadaIbHbIE
yeaopusa Ko
J: x;(s,0) = xoi(s), nna seex s € (0,15), (54)

unu HadasbHble yeaopus loyonrepa — Cumoposa
J A+ A)(a;(s,0) —xo;(s)) =0, mna seex s € (0,15). (55)
IIycte H = Lo(G) = {9 = (91,92, ---,9j,---) : g5 € L2(0,1;)}. Muoxecrso Lo(G) asiagerca

UJIBOEPTOBBIM IIPOCTPAHCTBOM CO CKAJAPHBIM [IPOU3BE/IEHHEM
I

< g,h>= Z dj/gj(s)hj(s)ds.

E;e€ 0

Honoxmm § = {x = (21,22, ..., ), ...) : ¥; € W(0,1;) u Bommonmreno ycnosue (6)}, By, = Lon(G).
Dopmynoi

L
<Cur,z >= Z /x]s 8)zjs(s) + ax;(s)z;(s))ds,
E;e€ 0
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rme a > 0, x,2 € §, 33JaIUM OIEPATODP, ONpeleTeHHblil Ha mpocTpancTse §). CIekTp omeparo-
pa C BermecTBeHeH, TUCKPETEH, KOHEUHOKPATEH U CTYIAETCS TOJTBKO K +00, & ero cOOCTBeHHDIE
dbyuximn obpasyior 6azuc B upocrpancrse §j [40]. O6osumaaum gepes {@;} mocienosarebHoCTh
cobcreennbIx (byHKIIiT onnopoanoii samaan Jupuxne ana oneparopa C' ma rpade G, a aepes { i}
— COOTBETCTBYIONIYIO TMOCTEOBATEILHOCTL COOCTBEHHBIX 3HATCHUH, 3aHYMEPOBAHHYIO M0 HEYOBI-
BAHWIO € YIeTOM WX KparHocTH. [locTponM MHOMXKeCTBA

comL ={ren:(x,p)=0, Vo eker L\ {0}},
Lop(G), A+ a < p;

b
r € Ly (G) : dj [(daj + a2 + fad + . ok la?kdy
o) IO 3 [l : »

Iy
+o ;C ?kJrl)gpli ds = Z d]fujgplz dS},’i — 1,7’, Ata= H,
E;el 0

U IPOEKTOP

I- Z <’7901i>'

I A a < pr;
Q
Aa=p1

IToctpoum mpocTpamcTBo

X ={x| v € Loo(0,T;coim L) N Lag(0,T;90)), Ccll—zf € L2(0,7;98)}.

Omnpepenenne 10. Caabum obobujernvim peweruem ypasaerus (4) HazoBeM BeKTODP-(PYHKIIUIO
T € X, yJIOBJIETBOPSIONIYO YCIOBUIO

T
[0 [EzejEd Of( A= D)%l a2ed + akets 1) wjds] dt —

l
f[ > dj fu]wjds] dt,Yw € §,Yp € L2(0,T).
Ej€E " 0

Pewenne ypasuenus (4) nazosem pewenuem sadauu Kowu, eciu ono yposnersopsier (54).

ITocrpoum mpocTpamcTBO

dx
X1 = {2 € Lo(0,T;coim L) N Lok(0,T; Lop(G)), I € L2(0,7T;coim L)}.
Ounpepenenne 11. Crabum o6obuernnvim pewenuesm ypasaerus (4) HazoBeM BeKTOP-PYHKIIUO
x € X,, ynosaersopstontyto ycaosuto (57). Peuenune ypasrenus (4) HazoBeM peweruem 3a0a4u
Hloyoamepa — Cudoposa, eciu oHo ynosaersopger (55).

Cucrema {@r} cobcrBenHbIx BeKTOpOB oneparopa L B cumy Biaoxkenuii (11) obpasyer 6azuc
B mpocrpanctee Lo(G). Bribepem B Lo(G) opromopmambyio cucremy {pt = (i, ¢b, ..., goz., )}
tak, arobsnr spanip!l, ©?, ..., ¢!} = ker L,dim ker L = [. TlocTpoum rajiepKHHCKEE IIpUCTHKeHE
pemtennit samaan (4) — (6), (54) u zamaum (4) — (6), (55) B Buge (15), rae xKoapduruments a’ =
a’(t), i = 1,...,m OIpeegIOTCa CHCTeMON ypaBHeHHil

ly m
> djf((—)\— dm — =+ oax" + aa(a] )+a3( ™5t

ooy (@)2R73 4 o () ?R 1) ghds = 3 d; fu]gojds
E,eE 0
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B cayuaae ycnosug loyonrepa — Cugoposa (55) — yeioBuem
L
S 4, / (At A) (27(5,0) — 205(5)) 0 (s)ds = 0, (59)
E;el 0
a B cayuae yerosus Komm (54) — yeiosuem

I

Z d; / (27(s,0) — 205(s)) gpé(s)ds =0. (60)

E;el 0

VYpasuenus (58) npeacTaBiasioT coboil BEIPOKIEHHYIO CUCTEMY OOBIKHOBEHHBIX Juddeperiuaib-
HbIX YpaBHEHUI.

Teopema 21. [41] Ilyemv A +a <y u af € Ry, n = 1,...k. Tozda npu amobuz vy € M u
we L o (0,T;85) cywecmsyem eduncmeennoe pewenuve © € X sadavwu (4) - (6), (54).
2k—1

Teopema 22. [41] Ilyemv A +a < 1, a; € Ry v af € Ry, n = 1,..,k. Toeda npu aobwvix
X0 EH uUE ink((), T;9B}) cywecmsyem eduncmesennoe pewernue x € X sadawu (4) — (6),
2k—1

(55).

IMepeitneM K pacCMOTPEHHIO 3391 ONTUMAIBHOTO YIIPABIEHU I MATEMATHIECKOH MOIe
JedopManun KOHCTPYKIUA U3 JIBYTaBpoBbIX 6aioK (4) — (6). PaccMorpum 3a1a4y OnTUMAIBEHOTO
yIpaBIeHus

1 k 2k 2k—1 )
J(LE,U) - %HLE - Zd”%zk(O,T;sz(G)) + m”uHngk (0,T;L 2 (G)) — inf. (61)
2k—1 2k—1

Omnpenesnenne 12. Ilapy (Z,1) € X X L,q 1azoneM pewernuem 36004t ONMUMAAILHO20 YNPas.ae-
nua (4) — (6), (55), (61), ecomn
J(Z,0) = inf J(x,u),
(2,u)
rje napel (x,u) € X x Uyg yaosrersopsior (4) — (6), (55); Bexrop-dyHKIUIO U HA30BEM ONMU-
MAALHBM Ynpasaenuem B 3anade (4) — (6), (55).

Beibepem og C L 2 (0,75 L _or (G) — HemycToe, 3aMKHYTO€, BBITYKJ/I0€ MHOXKeCTBO. Toraa
2k—1 2k—1
CIIpaBEIUBA, CIYIOMAsd TEOPEeMa.

Teopema 23. [41] ITyemv A < Ap, af € Ry, n=1,..,k, moada npu awbuzx xg € § cyuecmsyem
onmumanvroe ynpasaenue 6 sadave (4) — (6), (55), (61).

IMepeiimeM K pacCMOTPEHHIO 3391 ONTUMATBHOIO YIIPABIEHUS I MATEMATHIECKOH MOIe I
JedopMarnun KOHCTPYKIMU U3 AByTaBpoBbix O6asnok (4) — (6) ¢ ycinosuem Komn (54). Boibepem
UL, C L s (G) - nemycroe, 3amkiyToe, BbIITYK/I0€ MHOMKECTBO, i KoToporo soinosmeno (I —

2k—1

Q)u=0.

Teopema 24. [41] ITyemv A < Ay, af € Ry, n=1,.... k, mozda npu 400wz 2o € M cyuecmeyem
onmumanvroe ynpasaenue 6 sadaue (4) — (6), (54), (61).

Aemop ewvipasicaem c6010 uckpennion npusnamesvrocms npopeccopy I A. Ceupudioxy 3a
NOCMAHOBKY 3adayuu, unmepec k pabome u npedocmasAeHHBIE B03MOHCHOCTNAL,
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MATHEMATICAL MODELS AND OPTIMAL CONTROL
OF THE FILTRATION AND DEFORMATION PROCESSES
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manakovana@susu.ac.ru

The article presents a review author’s works on study of optimal control problems for
semilinear Sobolev type models with s-monotone and p-coercive operators. Theorems of
existence and uniqueness of weak generalized solution to the Cauchy or the Showalter —
Sidorov problem for a class of degenerate non-classical models of mathematical physics are
stated. The theory is based on the phase space and the Galerkin — Petrov methods. The
developed scheme of a numerical method allows one to find an approximate solution to the
Cauchy or Showalter — Sidorov problems for considered models. An abstract scheme for
study of the optimal control problem for this class of models is constructed. On the basis of
abstract results the existence of optimal control of processes of filtration and deformation
are obtained. The necessary conditions for optimal control are provided.

Keywords: Sobolev type equations; optimal control; phase space method; Galerkin —
Petrov method.
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