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ON ONE EQUATION OF INTERNAL WAVES
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The Cauchy-Dirichlet problem is considered for theequation of internal
waves. This equation has various applications in ldyodynamics, for example, in
the study of waves in the ocean. The article provabs an analytical study of one
equation of internal waves. This equation charactézes propagation of waves in a
homogeneous incompressible stratified fluid. The etion of internal waves is
reduced to an abstract semilinear Sobolev type eqtian of the second order. The
study of the equation is carried out within the franework of the theory of poly-
nomially bounded operator pencils. In this work, weconstruct propagators for
the equation of internal waves. Also, we present twwmodel examples, where the
domain D is represented in the form of a cylinder and a paallelepiped. The result
of the work is an analytical solution to the considred cases for the equation of in-
ternal waves.

Keywords: internal wave equation; polynomially bded pencils of operators;
Sobolev-type equation; propagators.

1. Introduction
Equation of internal waves in a homogeneous incesgible non-rotating fluid is described
by the Poincare equation

Aty + N (U + U,y ) =0, (1)

where N? is buoyancy frequency. Earlier, the equation wasisiered in the works of
S.A. Gabov and P.A. Krutitsky [1] when working wittme excitation of nonstationary internal
waves in a two-layer model of a stratified fluiletbehavior of the solution at a large time wad-stu
ied. Yu.D. Pletner [2] studied some initial-boungdaalue problems and the fundamental solution to
the equation of internal waves in the case of aroritpressible exponentially stratified fluid.
L.V. Perova and A.G. Sveshnikov [3] generalized warks of the authors devoted to the propaga-
tion of small perturbations in stratified and rotgtfluids. The equation of internal waves can be
written in another form, for example, given in [4fterest in the study of problems with the equatio
of internal waves is still topical. This problemdaite interesting from a mathematical point ofwije
since the solution to the Cauchy-Dirichlet problesrobtained within the framework of the theory of
polynomially bounded operator pencils.

Let D be a bounded domain frof®® with a smooth boundargD . Consider the Dirichlet condi-
tion
u(xy,z9=0(xy, z}00 Dx F )
and the Cauchy condition
u(xyz0)=y,u( %xyz0= gy 3)
The solution to problem (1)—(3) is found in thenfiework of the theory of Sobolev-type equations.
In this paper, we use methods based on the thdosgmigroups (groups) of operators [5, 6]. The
monographs [6, 7] present the results of studyingofv-type equations and equations that are not
solved with respect to the high-order derivativetie paper [7] different classes of Sobolev-typeae
tions are introduced and, by structure, equatidis(tonsidered to be a simple Sobolev-type egunatio
2. (A, p)-bounded Operators
Let U,F be Banach spaces and the operaty®,, B,..., B,_,0 L( F;U). Denote byB a pencil

formed by the operators By. B, B_q- The sets
pA(E) ={u0OC: (,u”A—,u”‘llih_l -~ B - BO)_lD L E U} and aA(E):C\pA(E) are called an

A-resolvent set and af-spectrum of the penciB, respectively. The operator-function of a complex
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variable Rf(TB) = (,u” A-u"™ B -.-uB- %)_l with the domainpA(E) is called amA-resolvent of

the pencil B.
Definition 1. [9] The operator pencilB is called polynomially bounded with respect to

an operatorA (or polynomially A-bounded) if CaOR, Du0C (|4 >a) = ( Rf(TB) 0 Y F;U)) .

Remark 1. [9] If there exists an operatoh™ [ L(F;U)) then the pencilB is polynomially A-

bounded.
To decompose the spacdsF into a direct sum of subspaces, it is necessapphstruct projec-
tors. Condition (4) is necessary for the existesfggrojectors [8].

[#R(B)=0, k=0,1,.. ,n-2 (4)
y

where the circuity ={ #0C: |¢|=r>3g.

Lemma 1.[9] Let the operator pencB be polynomiallyA-bounded and condition (4) be fulfilled.
Then the operators

oo IR o L

are projectors in the spacds and F respectively.
Denote  U°%=kerP,F%=kerQ U= imP,Fl= imQ. According to Lemma 1,

U=U°0UYF=F°0F'. Denote by Ak(ak) a restriction of the operatorA(B) on
U*(F*).k=011=0,1..0- 1

Theorem 1.[9] Let the operator penciB be polynomiallyA-bounded and condition (4) be ful-
filled. Then

(i) A<D L(U", Fk),kzo,l;
(i) B<O L(Uk, Fk),k=0,1,l =0,1,..n— 1
(iii ) the operatou(Al)_1 O L(Ul, Fl) exists;
(iv) the operaton(Bg)_l O L(UO, FO) exists.
-1
Using  Theorem 1, construct  the  operators: H =(Bg) A L(UO) :
le(Bg)'lst L(UO),...,Hn_lz(Bg)_l 82,0 L) and

-1 -1 -1
S=(4) B9 5[ 47 80 (U mie( 47 80 (4,
Definiton 2. [9] Define the family of operators {KZ, Kg,...,Kg} as follows:
Ks=0,s#n K =T,
Ki=HgKf=-Hp .. Ki=-Hg 1,..KI=H_ .
Kg=KgaHo KE =K =KiH . K=K gi-K e H g3 Kg =KIT - KH 1 1,0=1,2,..

TheA-resolvent of the penciB can be represented by the Laurent series

(A8, - - B - Bo)_l=—2oﬂq ()" (1- 9+
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o L _ q
sy (pIS S §) B G

g=1
Definition 3. [9] The point is called
(i) a removable singularity of alresolvent of the pencﬁ, if Kf =0,s=12,...n;
(i) a pole of the ordep LI N of anA-resolvent of the penciB, if [p: Kf, #0,s=1,2,....n, but

Kpa=0,5=1,2,...n;

(iii) an essential singularity of akresolvent of the penciB, if Kg ZOUOgON.

Further, for brevity, a removable singularity of &nesolvent of the penciB is called a pole of the
order 0. If the operator pencB is polynomiallyA-bounded and the point is a pole of the order
p0{0} O N of an A-resolvent of the penciB, then the operator pencB is called polynomially
(A,p)-bounded.

3. Abstract Problem
Consider the Cauchy problem

u(0)=u, 4 (0) =y (5)
for the second-order Sobolev-type equation
=Byu +Byu, (6)
Operator-functions);, , k=0, 1, of the form
jRA (uA-B) &' ¢, @)
u! j R%(B) A" qu (8)

are propagators. Here the circuil C bounds a domaln containing tAespectrum of the operator pen-

cil B. The solution to problem (5), (6) in terms of theory of degenerate groups was obtained in [8],

under the condition that the operator periils polynomially bounded with respect to the oparat
Theorem 2.[10] Let the operator pencB be polynomiallyA-bounded, condition (4) be fulfilled,

and o be a pole of the ordepd {0} N of the A-resolvent of B. There exists a unique solu-

tionuOdC” (R ,U) to problem (5), (6) of the form
u(t) =Uyu + Ugly, )

whereu, JimUL =imUJ,k=0,1,imU? andimU] is a subspace id .
4. Internal Wave Equation

Consider the cases when the domdin is a parallelepiped or a cylinder. Let the domain
D =[0,a]x[0,b] x[0, d O R be the parallelepiped. Problem (1)—(3) can beaeduo Cauchy problem
(5) for equation (6).

Introduce the spacds =W, ?( D), F =W, ( D) and define the operators in the given spaces

92 02 62 02 92
A=+ +2  B=0,
X% ay? a 2 TRz ( ay2
For any 10 {0}ON, the operators A B,BOLU,F). Define

=22 mn=—(7k/a)? = (7Y B* = (771§ §° to be the eigenvalues of the Dirichlet problemtfe Laplace
operator. Denote by, , , =sin(7zky/ &) sin(7zmy B sir(7z n¢ § the orthogonal eigenfunctions that cor-

respond to {42, ,}in the sense of the scalar productlif(D).
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Since{¢y ,+ OC”(D), then

/'IA /'la_ 3) z |: 2Akmn-'- N2/1km:|<¢kmmD>¢ kmn

k,m, r=1
where Bydy 0= —/]ﬁyngb k m n@nd<:,> is the inner product iri_z(D). Construct the equation to deter-
mine theA-spectrum:

NA
_/]kz,m,rﬂz'l'Nz/]lgm:O’ k?nn t 2k,m .
\//]k,m,n
TheA—spectrumaA( ) r} is bounded, becaus‘ m, n‘ < N. Since the operatoA is con-

tinuously invertible in the glven spaces, then ¢oma (4) is satisfied. As a result, the conditionfs
Lemma 1 hold.
Construct propagators by formulas (7), (8) as fadp

00

NA m
U(t)uO: z co 1:<¢kmn’ >¢k,mn=
k,m, =1 1Mkmn

© NAcm | NA
U{Ul= Z 2,m mt <¢k,m,nvu1>¢k,mn'
k,m,nzl\//lkmn \//1I<,mn

By Theorem 2, the solution to problem (1)—(3) Hasform

00

NA
U(X1y’znt)= z co %t<¢k,m,n’l€)>¢k,mn+

k,m, r=1 Kmn
— N/1km . NAkm
+ 2, t <¢k,m,n-ul>¢k,mn'
k,m,nzl\//lk,m n \/AK mn

Now consider the case when the domBiris a cylinder. Similarly, as in the case of theglialepi-
ped, problem (1)—(3) can be reduced to Cauchy prol§b) for equation (6). Use the operaté®, B,

of the form
2 2 2 2 2
_ 07 16+16_ 62Bl 0.8 = Nza 19 126_2
Tor2 ror 209° oz or 2 r6r ¢
Write down the equation to determine points of Abgpectrum:
2( ¢, (M2 2 2(,,(m)?
({7 + (/) N2 =0,
where Byg mn = v&”)qak, mn and(-,» is the scalar product lag (D). We get thed-spectrum of the form
12 =2 (N /D)7 )2
Let us construct propagators according to form(3s(8) as follows:
— N
Uglo = z K
kL J(u(“)) + (7 1)2
> YUY+ ) N

k,m, el NV( ) \/(v(”)) +(rmy1)?
By Theorem 2, the solution to problem (1)—(3) Hasform

t <¢k,m,n’uO >¢k,mn'

t —
Ugu, = t<Oemnh>Pkmn
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(x,y,z,t) z cos NV‘EH)
im0 + (em/1)?
= JoM)? +am/l)’ Ny
kit Ny \/(v(n)) +(zm/1)?2

As a result of the work, we obtain solutions to initial-boundary value problem (2)—(3) in a closed
form on the considered domains for equation of internal waves (1).

ti< ¢’k,m,n’u0 > @k,m,n +

ti< Q’k,m,n yUp > (”k,m,n'
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Ob OOAHOM YPABHEHWU BHYTPEHHUX BOJITH

K.FO. KomnoeaHoe
FOxHo- Yparnbckuli 2ocydapcmeeHHbil yHUsepcumem, 2. YenabuHck, Poccutickas ®edepayusi
E-mail: kotlovanovki@susu.ru

B craThe NpuUBOANTCS aHATUTHYECKOE HCCIIEJOBAHNE OJHOTO YpaBHEHUS BHYTPEHHUX BOJH, B He-
KOTOpBIX MCTOYHHMKAaX MMEHyeMoe ypaBHeHHeM [lyaHkape, BEIBEICHHOE U3 OCHOBHOW CHCTEMBI THAPO-
TUHAMMKH. JlaHHOE ypaBHEHHE XapaKTepHU3yeT paclpoCTpaHEHHE BOJH B TOJIIE OJHOPOJHOW HECHKU-
MaeMoll cTpaTH(QHULUPOBAHHOW M, B OTIMYMU OT ypaBHeHHs CoOojeBa, HeBpallaromeiics KUIKOCTH.
PaccMmotpen cirydaii, korja 4acToTa IUIaBy4eCTH €CTh BEJIMYMHA NMOCTOsAHHAs. [l ypaBHEHUS BHYTPEH-
HUX BOJIH paccMaTpuBaercs 3anaya Komm—/lupuxine. JlanHoe ypaBHEHHE UMEET pa3inyHble PUIIOXKeE-
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HUS B THIPOJUHAMHUKE, HAPUMED, MPH UCCIICIOBAHUN BOJH B OKeaHe. McciemoBanne ypaBHEHUS TIPO-
BOJIUTCS B paMKax TCOPUH MOJIMHOMHUATHHO OIPaHUYCHHBIX ITyYKOB OIEPaTOPOB. Y paBHEHUE BHYTPCH-
HUX BOJIH penynupyercs K 3amade Komm aOCTpakTHOMY MOJYJIHMHEHHOMY ypPaBHEHHIO COOOJIEBCKOTO
TUTIA BTOPOTO TIOPsiAKA. 3aTeM IMOKa3bIBAETCs, YTO PEIIeHNE ITOCTABIEHHOW 3aJ]add YAOBIETBOPSET ab-
CTpakKTHOU Teopuu. Jlajgee paccMOTpEHHI 1Ba mpuMepa. B mepBoM nmpumMepe 00J1acTh OrpaHUYeHA Mapai-
JIENIETIUTIEIOM, @ BO BTOPOM — IMIIMHAPOM. [lJi Kakaoro cirydasi 001acT OKa3aHo, YTO OTHOCHTEIb-
HBIN CTIEKTpP MTy4YKa OMepaTOpOB OTpaHWYEH, YacTOTOH uiaBydecTu. [locne cTposTcs mpomaraTopsl, pas-
pemaromme onepatop-QpyHKIuM, Uisl ypaBHEHUS BHYTPEHHUX BOJH JUTsl Kaxaod u3 obnacreid. [loxcra-
BUB Ha4yallbHBIC JJAHHBIC B MIPOMATraTOphl, MOJyYUM aHATMTHIECKOE penieHne 3anaun Ko s ypaBHe-
HUS BHYTPEHHUX BOJIH.

Knrouesvie cnosa. ypasnenue 8HympeHHux 60.H; NOJUHOMUALLHO OSPAHUYEHHbIU NYYOK ONepamo-
PO8; ypagHeHue coboiescko2o muna; Hponazamopbi.

Jlureparypa

1. T'a6oB, C.A. O ManbIx KoiebaHUsIX OTpe3Ka, MOMEIICHHOTO Ha TpaHMIly pas3jeia OBYX CTpaTH-
¢unmposanubix xuakoctedt / 'abos C.A., Kpyruukwii IT1.A. // XK. Bbrunca. matem. u marem. ¢uz. —
1989. —T. 29,Ne 4. —C. 554-564.

2. IInetnep, 10./]l. ®yHnameHnranbHoe pelleHHE ypaBHEHHs] BHYTPEHHHX BOJH M HEKOTOpBIE Ha-
qanpHO-Kpaesblie 3anauu / FO./1. [nernep // XK. Beraucn. mateM. u MateM. ¢u3. — 1991, —T. 31,Ne 4. —
C. 592-604.

3. [leposa, JI.B. O pacnpocTpaHeHUH BO3MYILCHHM, BO30YKIaeMbIX B KHUIKOCTSIX JIBUKYIIMMHCS
ucroynukamu / JI.B. TlepoBa, A.I'. Cemaukos // XK. Berumcn. matem. u mateM. ¢pu3. — 2010. —T. 50,
Ne 12. —C. 2223-2232.

4. Cobomnes, C.JI. O6 oxHoii HOBO# 3amaue mMaremarndeckoii pusuku / C.JI. Cobones // 3. AH
CCCP. Cep matem. — 1954. -T. 18,Ne 1. —C. 3-50.

5. Bacunbes, B.B. Ilomyrpymnmsl onepaTopoB, KOCHHYC omnepaTop-GyHKUUN U JuHEHHbIe audde-
pennuansusie ypasuenns / B.B. Bacumses, C.I'. Kpeiin, C.H1. ITuckapes // Utorn nayku u texa. Cep.
Mar. anan., BUHUTH — 1990. Bem. 28. — C. 87-202.

6. Ceupumiok, I'.A. Jluneitnbie ypaBHeHus1 coboneBckoro tuna / I'.A. Ceupuatok, B.E. denopos. —
Yenabunck, 2003. — 179.

7. lemunenko I'.B. YpaBHEeHHs B CUCTEMBI, HE pPa3pelIeHHBIC OTHOCUTEIBHO CTapIICH IMPOU3BOJ-
Hoti / T'.B. lemunenko, C.B. Ycnenckuii. —HoBocubupck: Hayunas kaura, 1998. — 436.

8. 3ampimuiseBa, A.A. @a3o0Boe IPOCTPAHCTBO YPaBHEHHUS COOOIIEBCKOTO THIIA BEICOKOTO Mopsiaka /
A.A. BameimusieBa // M3Bectus UpkyTckoro rocymapctBeHHOro yHuBepeutera. — 2011, —T. 4, Ne 4, —
C. 45-57.

9. Zamyshlyaeva, A.A. The Cauchy Problem for thédbev Type Equation of Higher Order /
A.A. Zamyshlyaeva, E.V. Bychkov Bectauk FOVpI'Y. Cepus «MareMaTHdecKOe MOIEIUPOBAHHE U
nporpammupoBanue». — 2018. -T. 11,Ne. 1. —C. 5-14,

10. Cupuamok, I'.A. ®a3zoBble MPOCTPAHCTBA OJHOTO Kiacca JTMHEHHBIX YpaBHEHHH COOOJIEBCKOTO
tuma Beicokoro mopsaka / I'.A. Ceupumiok, A.A. Sambinisesa // Jluddepenn. ypasa. — 2006. —T. 42,
Ne 2. —C. 252-260.

Ilocmynuna 6 pedaxyuro 15 anpensn 2021 2.

16 Bulletin of the South Ural State University
Ser. Mathematics. Mechanics. Physics, 2021, vol. 13, no. 2, pp. 11-16



