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MATEMATUNYECKOE MOJAEJIMPOBAHUE BJINAHNA
CXEMHO! BA3KOCTHU YNCJIEHHLIX METO/I0B
HA BEJINMYNHY NMIIVJIBCA, ITEPEJABAEMOI'O
YAAPHBIMUJ BOJIHAMU

FO.M. Koeaxnes, E.E. ITuzacos

B namnoii paboTe npuBOAUTCA AHANN3 BIUSHUS IMTUPUHBL (PPOHTA YIAPHON BOJHBI HA
BeIMIWHY UMITYJIbCA, TIEPEIaBAEMOr0o HEMOABMKHON TBepaoil noeepxuocTu. [Ipoduns yrap-
HOH BOJTHBI OB PACCUYUTAH MOAU(DUITMPOBAHHBIM METOIOM KPYITHBIX YACTHIL, KOTOPBIH 03~
BOJISIET TPOBOIUTH PACYETHI PACHPOCTPAHEHUS YIAPHBIX BOJH O€3 sBHOIO BBEIEHUS WHC-
KyccTBeHHO# BaA3kocTh. [lokazano, 4To muprHa «Pa3Ma3aHHOrO» (DPOHTA YIAAPHON BOJIHBI,
paccanTaHHasd MOAMMUINPOBAHHBIM METOJOM KDPYIIHBIX YACTHI], HE 3aBUCUAT OT MHTEHCHUB-
HOCTH yIapHO# BoiHBL. [logo0Hast KapTuHa HADIIOIAETCS, €CJIU B YUCJIEHHBIX METOIAX s
pacueTa IOBeJEHNA YIAPHBIX BOJIH UCIIOJIB3YETCA B ABHOM BHJe KBaJIpaTHYHASA UCKYCCTBEH-
Had BI3KOCTb. JI1s IpoBeieHnsi CEPUIHBIX PACIETOB TI0 UCCAEA0OBAHUIO EPEIAYN UMITY/IHCA,
YIapHBIX BOJH TBEP/IOH HETOJBUKHON CTEHKE, B JAHHON paboTe MOIyvYeHO aHATUTHIECKOe
pertierne i TPOMUIIA JABJIEHUS B yIaDHOM IEPEXO/IE B CJIyIae KBAIPATUIHON HCKYCCTBEH-
HOM BSI3KOCTH B IEpPEMEHHBIX JDilyiepa. JIist y1apHoil BOJHBI C TPEyroJbHBIM MPOoduIeM ObLTO
MTOKA3aHO, YTO BeJUYNHA UMIIY/IbCA, IIepeJaBaeMOoro TBEPJOi CTeHKe, He 3aBUCUT OT IITHUPU-
HBI YJI@QPHOI'O IEPexo/ia.

Karouesvie cao6a: wuciennvili Memood; Mamemamuteckas MoOeAb; 3aKOHbL COTPAHERUS;
ydapuwvie oanni; wucao Kypanma.

BBenenue

AKTHBHOE IpUMeHEHHe OBICTPOIPOTEKAIOIINX MPOIECCOB B PA3INYHBIX 00JIaCTAX HAY-
KU 1 TeXHUKHU TpebyeT MOBBIIEHHOT0 BHUMAHUSA K 00eciedeHnio 0e3011acHoCTH Ipu padore
Ha CO3/IaBaeMbIX yCTaHOBKaX. Pa3Burue MaTeMaTwdecKux Mojeseil u yBejudeHue ObICTPO-
JIeCTBHST BBIYUCIUTEIbHON TEXHUKHU MO3BOJISIET IPOCYUTHIBATH MHOTHE aBapUITHBIE CHTYa-
muu. [losgBieHre HOBBIX MaTeMaTHIECKUX MOJIEEl, ¢ OJHOM CTOPOHBI, CBA3aHO C TOSIBJICHH-
€M HOBBIX CJIO2KHBIX IIPaAKTHYCCKUX 3a/da4. C ,ZprFOfI CTOPOHBI, pa3BUTHUEC BBIYUCJJIUTEJIbHOI
TEXHUKHW IMMO3BOJIAET HOJY4YaTh YUCJIEHHBIE pEIIeHud [AJid BCE 6OJIee CJIOZKHBIX MaTeMaTu-
YeCKUX MoJie/Iell MeXaHUKH CILIOMIHBIX CPeJ.

[Ipobsiema onpeeeHust UMITYJIbCA, IIePeIaBaeMoro yIapHbIMU BOJTHAME TBEPIOi CTeH-
Ke, 3aK/JII0YaeTCs B TOM, YTO CYIIECTBYIONINE YHCJICHHBIE METOIBI Pa3Ma3bIBalOT (DpOHT
VIAPHON BOJIHBI 33 CYET CXEMHOH BSI3KOCTH PA3HOCTHOI'O METO/1a JUOO IIyTeM BBEICHHS
HUCKYCCTBEHHON BA3KOCTH B YpaBHEHHS COXPAHEHUs MMITYJILCA U dHEpTruu. Kcam mupuna
yIapHOI BOJIHBI JIJI PEAJHHOTO ra3a MMeeT TOPSI0K IJIWHBI ¢BOOOIHOrO mpobera B rase,
TO HIMPHUHA YJIapHO#l BOJIHBI, IOJydYaeMasd B pacdeTax, MoxkeT ObITh 5 — 10 gdeek. DTo
3HAYUTEILHO OOJIbIIe JJINHBI ¢BOOOAHOrO mpobera. IlosgBiasercsa mpobieMa 10CTOBEPHOCTH
PEe3yJbTATOB PACYETOB 110 OIPEJIEJEHUI0 UMILYJIbCA, HEePEIaBaeMOr0O yIapHbIMU BOJHAMHE
TBepAO#A CTeHKe, U aJeKBATHOCTU UX PEasbHON CUTYaIUN.

Vcrnernrnoe perieHne MHOTOYNCJIEHHBIX 38124 Ta30BOM JUHAMUKHA W a9POJIMHAMUKHU Me-
TOZIOM KPYHIHBIX yacTuil [1| u ero mogudukamusamu [2—4| mo3BoJisieT HaIEATHCS HA TO, ITO
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IIpuMeHeHue MeTOJa KPYIHBIX 4YaCTUILl IIO3BOJIUT PEIIUTL 3a/Ja4y O llepejavde HUMITYJIbCa
yAapHOil BOJTHO¥, pacipocTpaHsoleiics mo rasy, Teepaoit crerke. [lenpo qanHoit paboTbi
SBJISETCS aHAJIU3 Pe3yAbTaTOB PACUeTOB B3aUMOIENHCTBUA YAAPHBIX BOJIH, PACIPOCTPAHS-
IOIAXCA B ra3ax, ¢ HEIMOJABUZKHOU TBEPIAOW CTEHKOM.

1. Anaju3 npoduis ysapHOl BOJIHBI

PaccemorpuMm onoMepHBIH ITOCKUi cirydail Tedenus rasza. CucreMa 3aKOHOB cOXpaHe-
HUST MaCChl, UMIIY/JIbCA U YHEPTHU B IepEeMeHHBIX Dilepa UMeeT CAeIyIONnil BI
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Cucrema ypasrenuii (1) — (3) 3aMbikaeTcst ypaBHEHUSAME COCTOSTHUSI

. p
- @

B nannoit pabore He paccMaTpuBaloTcs 0osiee CJIOKHBIE ypaBHeHus cocTosinust |5, 6].
3necy p,v,p,e, B, x,t — MWIOTHOCTDb, CKOPOCTb, HaBJIeHHE, BHYTPEHHSAS W IOJHAs dHED-
s, 3iiIepoBa KOOPAMHATA, BPEMsI COOTBETCTBEHHO; k — moka3aresh aanabars [Tyaccona.
Vpasaenus: (1) — ypaBHeHHe Hepa3pbIBHOCTH; (2) — ypaBHEHHe COXPAHEHUs MMILYJIbCA;
(3) — ypaBHeHUE COXpaHEHHs MOJTHON SHEPIHUH.

Jl1s onpenenenns CTPYKTYPBI YAAPHOTO MePeXo1a BOCIOIb3yeMcs MonuduKaueii me-
TOJIa KPYIHBIX 9acTHIl [2]|, KoTopas 03BOJIsIeT IIPOBOJAMTD PACYETHI MO PACIPOCTPAHEHHIO
yAapHBIX BOJH Ge3 SIBHOTO BBEJIEHHsI HCKYCCTBEHHOI BSI3KOCTH JazKe JJIsi Ta30B3Beceit |3,
4] mpu Gosbiiux 3Havenusax gucia Kypanra. Ha puc. 1 mpubenena cTpyKTypa CTaimo-
HAPHBIX YJIAPHBIX BOJH [T TpeX 3HadYeHWi GeapasmepHoro jgaeienus p/py = 5, 10,20
COOTBETCTBEHHO, dr — IIar mo mpocTpaHcTBy. Ha pucyHKe BHIHO, UTO IMIHPUHA YIAPHOTO
ePEexo/a He 3aBUCUT OT MHTEHCHUBHOCTH CTAIIMOHAPHON yaapHO# BosHbBL. CJiea0BaTe/1bHO,
CXeMHasl BSI3KOCTh MOJAMMUKAIMI MeTONa KPYIHBIX dacTuIl [2] paboraeT TakuM o6pa3om,
YTO IMHPHHA YIAPHOIO IePexo/1a ABISeTCI BeIUINHON MOCTOSHHON, He 3aBUCAIIEH OT HH-
TEHCHBHOCTH YIAPHON BOJIHBI.

Kpectukamn Ha puc. 1 0603HAYEHB TOYKHU Mepernba KPUBLIX B 30HE YIAPHOTO Hepe-
X0J1a, KOTOPBIE COBNAIAIOT ¢ TOIHOCTBIO 10 dx/2 ¢ MOJOKEHUEM CTAIMOHAPHBIX YIAPHBIX
BOJIH B COOTBETCTBYIONTHI MOMEHT BDEMEHH, DACCUYUTAHHBIM U3 ycjaoBust [ toronno |7, §.
ITomobHast kKapTuHa HaOIIOAAETCsI, €CJIM B YUCAEHHBIX MeTO/aX I pacdera MOBeIeHUs
VAApHBIX BOJH HCIOJIB3YeTCsI B IBHOM BHJIe KBaJIpATHYHAS UCKYCCTBEHHAs BSI3KOCTH [8].
Jl1sT mpoBeneHMsI CEpUHHBIX PACYETOB 110 HCCIEIOBAHUIO Mepeaadr HMIYIbCa YIAPHBIX
BOJIH TBEPJION HEIOJBUKHON CTeHKe, MOJyYUM aHaJMTUYECKOe pelieHue Jijis npoduiis
JABJIEHUS] B yJIADHOM IepexoJie B cydae KBa/IPaTUYHON NCKYCCTBEHHON BS3KOCTH B Iiepe-
MeHHBIX Ditnepa. B ciydae nmepemenunrx Jlarpan:ka aHAJIOTHYHOE peIleHne ObLIO MOy de-
1o B MoHorpadun A.A. Camapckoro, FO.II. Tlonosa [8]. C 310il 1e1b10 BBIIETUM B IBHOM
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Puc. 1. CtpykTypa cTanuoHapHoii ynapaoii Bosiusl (x/dx)

Buze B ypapHenusax (2) u (3) BblparKeHusl, CBS3AHHBIC C KBAIPATHIHON HCKYCCTBEHHON
BA3KOCTHIO. 1oJyunM cieyioniue ypaBHeH st
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KosddbunuenT BA3koCcTH (1 cauTaeM MOCTOAHHBIM. CUuTaeM, 4TO yAapHas BOJHA PACIpO-
CTPAHAETCSI 110 T3y C MOCTOSTHHON cKopocThio D. Hagambroe cocTosiHne ra3a omnpeIe/sieTcs
W3BECTHBIMU ITapaMeTpaMu pg, Vg, Po, €0, KOTOPBIE PACTIOJOKEHBI CIIPaBa OT YAapHOH BOJIHBI
1 MPOCTHPAIOTCSA B HOJOKHUTETHHOM HAIIPABJIEHUN OCH T J0 +00. ByneMm caurarh, 9T0 ras
mepes yaapHoit BostHoit mokoutes vy = 0. IToaraem takxke, 9To Ha 00enx 6€CKOHETHOCTIX
HMEeeT MECTO YCTAHOBUBIIEECS TeUCHUe

of

oz

rae f — ar000it U3 mapaMeTpoB: p, v, p, €.
Bynem uckath perenne 3a/1a4qu 0 CTPyKType (OpoHTA yAapHOil BOJHBI B BU/JIE

flz,t) = f(s), s=uz— Dt. (8)

=0, (7)

r—Fo00

BameHa mepeMeHHbIX (8) M03BOJISeT BBIPA3UTH IPOU3BO/IHbIE [0 T U  Yepe3 MPON3BOIHY 0

o s 1o popmyJiam
0 d 0 d

9__pt 2_242 9

ot ds’ Oxr ds 2
M CBECTH CHCTeMY ypaBHeHHil B dacTHbIX mpomssoanbix (1), (5), (6) kK cucreme 06BIKHO-
BEHHBIX (D PepeHITUATbHBIX YPaBHEHUIA:

d
——(plv = D)) =0, (10)
ds
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d dp dg

— —-D)=-—=-= 11

ds(pU(U )) dS dS’ ( )
d v? dpv  dgv dv dv
@(““—DWF+5))——E;—zg’9—“65@" (12

PapenctBo (7) urpaer posib IPaHUYHBIX YCJIOBHIA W HMeeT CJIeyfoIuii BiI

4

= ~0. (13)

s—+oo

Unrerpupyst ypasrenus (10) — (12) ot s = 400 70 HEKOTOPOTO TEKYIET0 3HAYCHUSI, MOJTY-
YUM CHCTEMY ajredpanvdecknX ypaBHEHUN /I OpeIesieHust CTPYKTYPhl (DPOHTA yAAPHOIT
BOJIHBI

p(v—D) = —poD, (14)
pv(v — D)= —p—g — po, (15)
’U2
p(v— D) (6 + 5) + pocoD = —(p + g)v, (16)
dv dv D
9= as ST oy (17)

[lepexons B cucreme ypasuenuii (14) — (17) ot mwrorHoctn K yaeapHoMy oobemy V =
1/p u ucka09ast U3 CUCTEMBI YPABHEHUI BCe HEM3BECTHBIE KPOMe YJeIbHOTO obbeMa V u
AUCCUIIATUBHOI'O YJl€Ha ¢, IIOJIYyYUM DaBE€HCTBO

DV (k41D (k=1 2hpoV/2
g@—n‘zw—nwWBL”V (%+D%+%+DDJ} (18)

YauTpiBag TOT (hakT, YTO 38 VIAPHON BOJIHON JIMCCUIIATUBHBIN YJIeH ¢ (HCKyCCTBeHHaH
BHSKOCTB) paBeH HYJII0, TO 3HAUEHHE VAETHHOTO 00beMa, 3a YAaPHO BOIHOM J0IKHO OBITH
paBHO
(k—1) 2/<7190V02
k+1) °" (k+1)D*

[Moncrapsiss JaHHOE Bhipazkenue B papeHcTBO (18), momydnm

"/'1:

DV (k+1)D
o = s VIV W) (19)

Ecau B ypaBuenuu (19) nepeiiTu Kk nepeMeHHbIM Jlarpanzka st JUCCATTATUBHOTO U6~
Ha M MAcCOBOI CKOPOCTH yJapHOI BOJIHBI, TO ypaBHenue (19) coBmajer ¢ ypaBHeHUEM s
JHCCHIATHBHOIO 4jieHa, noiydeHabiM B MoHorpadun A.A. Camapckoro, FO.I1. TTonosa [8].
[Moxcrapasst B paBeHcTBO (19) BRIpakeHue st HCKyCCTBEHHON BsizkocTr ¢ (17), mo-
JayauM jguddepennranbHoe BhIpazkKeHue JJisd olrpeaeaeHuss Npodpuis yiaeabHoro obbemMa

V(s)
av |kt
— = Vo =V)(V —=W). 20
. ¢ S e = V)V 1) (20)
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Nurerpupyst ypasuenue (20), mosydnM BbipazkeHue jijist 1poduiist yaeabHoro oobema

V@FJ%;%XN%;%hm @iﬁﬁ4h’ (21)

rjpe C) — MOCTOSIHHAST MHTErPUPOBAHUS, OIPEIEISIONAsA MOJIOKEHHe HAYaIa CHCTEMBI KO-
opaunatr. 3HadeHussM C7; = u s = (0 cooTBeTCTBYeT TOUKA Imeperuba mpoduis yaeJabHOro
oowema V(0) = (Vo + V1) /2, a 3nauennam C; = 0 n s = (0 — HAYAABHOE 3HAYCHHE YIEJbHO-
ro oobema Vp. 3nast mpod b yaeapHoro obbema, n3 papeHcTsa (21) Jerko onpeseaaercs
IMTUPUHA YIAPHOTO TIePexo1a

24
0= —(k+1) - T (22)

1t M3BECTHOW TOJIMHBL YAAPHOrO Tepexojia d U3 BhipazkeHus (22) ompeesisercst
3HadYeHre KO3 puiimenTa KBaIpaTHIHON BASKOCTH

0= %(k+1) (Q)Q. (23)

™

CretoBaTeibHO, IPOGUIB YAeJIbHOr0 00beMa s N3BECTHON TOIIIMUHBL YIAPHOIO IIe-
pexona 0 u C) = 0 uMeeT CIeIyIOIIMA B

V(s) =

<V0+V1)+<%_V1)cos(”). (24)

2 2 57

Bnasg mpoduib yIeJbHOTO 00beMa B 30HE YIAPHOIO Iepexoja, Jerko MOJyIUTh pac-
npeje/ieHne CKOPOCTH U JaBJeHus 10 (pOpMyJiam

v=D(1—poV(s)), p=po+DpoV(s). (25)

2. llocTaHOoBKAa 3aJa4n

PaccmorpuM 3aady o mepefade WMIYIbca TBEPJOH CTEHKe yIApHOW BOJHON ¢ Tpe-
YT OJIbHBIM HpOCbI/I.HeM, COCTOAIIUM M3 YAapHOI'O0 CKa4dKa " HpI/IMbIKaIOH_[eIU/I K HEMY BOJIHBbI
paspe:xenns. [Tapamerpsl ra3a Ha GpoHTE yAAPHON BOJIHBI CBSI3aHbI C MapaMeTpaMu ra3a
nepe 1 GpoHTOM cooTHOUmeHUsIMH ['foronno. B nHagaibubiil MoMeHT Bpemenn ¢t = 0 B obJia-
ctu 0 < z < xp napaMmeTphl ra3a 3a (GpoHTOM yIapHOil BOJHBI B 30HE BOJIHBI Pa3PerKeHHSI
3a7a10TCA Ha OCHOBE M309HTPOMMICCKUX 3aBUCHMOCTeH JIJIT MTPOCTOH BOJIHB PuMana ¢ n-

HEHHBIM TPOGUIEM CKOPOCTH I'a3a
x
v=uvg|— ). (26)
B

OcTajbHble BeJINYHHBI OIIpeae/IAI0TCd U3 YCI0BU A a,ZLI/Ia6aTI/I‘IHOCTI/I TeYeHUd YpaBHEHUAMUA

k-1
C'=Cp— = 03(1—é>, C2 = 7;—2, (27)

C\F1 A%
p—pB(C—B> : e—es(C—B), p=(k—1)pe, (28)

rie C' — CKOpOCTb 3ByKa, a WHAEKCOM B 0003Ha4YeHbl ra30InHAMUYECKHe TapaMeTphl B
Touke B.
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[Tpu t > 0 na upaBoii rpanuie © = T4 3a/jaH0 ycjaosue v = 0, Ha JIeBOH IpaHUIE LPU
x = (0 ycjaoBue cBOOOIHOI'O NIPOTEKAHUS Ta3a.

B nannoit pabore ObLIN pacCMOTPEHbBI JBa CJIydas Mepeiadd UMITY/IbCa ITPU B3aUMO-
JAeficTBUM YIAPHBIX BOJIH CO CTEHKOM:

1. VaapHbIil CKAYOK PACHOJIATAETCS HEIIOCPEJCTBEHHO y CTeHKH (puc. 2);

2. VimapHbiii mepexoj uMeeT Mpodiib, onpegeseHHblil dhopmynamu (24), (25), mpe-
CTaBJIEH Ha pHUC. 3.
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Puc. 2. HauasbHoe nosoxkenue yaapHoii Boaubl (caydaii 1)
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Puc. 3. [Ipoduib napienns B HAYAJILHBIT MOMEHT BpeMeHH (C/Iydaii 2)

Jlns mepBoro ciydasi 3HadeHus r4 U rpg copuajaior. Ha puc. 3 mrrpuxoBoil auHueit
0003HAYEHO UCTUHHOE PACIIOJIOXKEHHUE YIAPHOIO CKAYKA.
Bennuwna mmmyabca, mepefaBaeMas yJIApHBIMH BOJTHAMHU CTeHKE, BBIUHUCJISIACH IO

dopmy.te

1= /0 "(p — po)t. (29)
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Pacuernsl uMmiryjibca, 1epejaBaeMoro CreHkKe yJIapHbIMU BOJHAME, HPOI0JIZKAJIUCH J10
TeX II0p, IIOKa JdaBJieHHe Ha CTeHKe HE CTaHOBUJIOCH PaBHBIM HA4YaJ/JIbHOMY 3HAYCHHIO. B
pe3y/bTare MPOBEJAEHHBIX PACUYETOB OBLIO MOKA3AHO, YTO BEJNYMHA UMITYJIbCA, Mepe/laBa-
eMOr0 HelOJABUKHOI CTeHKe, 1id caydaeB 1 n 2 pazmmuaerca menee 2%. Crenosarenbno,
MOYKHO CJIeJJaTh BBIBOJ, O TOM, UTO BeJIWYWHA UMIYIbCa, MepeIaBaeMOro HeIOIBUKHOM
CTeHKe, He 3aBHCHT OT IMMPHUHLI U MPOPUIT YIAPHOTO Iepexoa.

Aemopui suipastcarom ceoro baazodaprocmo npogeccopy B.D. Kyponamewnxo sa noses-
Hble 00CYNHCOEHUA U UHMEPeEC K pabome.
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Mathematical Modelling of Influence of Circuit Viscosity

of Numerical Methods on a Value of the Impulse Transferred
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The analysis of influence of width of the front of a shock wave to the size of the impulse
transferred by a motionless firm surface is provided in this work. The profile of a shock
wave has been calculated by the modified method of large particles which allows to carry
out calculations of distribution of shock waves without obvious introduction of artificial
viscosity. It is shown that the width of the "smeared" front of a shock wave calculated by
the modified method of large particles doesn’t depend on intensity of the shock wave. The
similar picture is observed if in numerical methods for calculation of behavior of shock waves
square artificial viscosity is used in an explicit form. For carrying out serial calculations for
research of transfer of an impulse of shock waves to a firm motionless wall, in this work
the analytical solution for pressure profile in shock transition in case of square artificial
viscosity in Euler’s variables is received. For a shock wave with a triangular profile it has
been shown that the size of the impulse transferred to a firm wall doesn’t depend on the
width of the shock transition.

Keywords: numerical method; mathematical model; conservation laws; shock waves;

Courant’s number.
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