
M S C  91B38, 91B74 DOI: 10.14529/mmp190113

B A L A N C E  O N  N A S H  IN "SOFT" C O N T R O L  P R O B L E M S  
F O R  SYSTEMS OF T H E  H I E R A R C H A L  T Y P E
V.V.  M enshikh1, D .E . Orlova2
1Voronezh Institute of the Ministry of Internal Affairs of Russia, Voronezh, 
Russian Federation
2Voronezh Institute of Federal Penitentiary Service, Voronezh, Russian Federation 
E-mails: menshikh@list.ru, dashken10091991@gmail.com

This paper discusses the hierarchical system, which includes the Center, symbolizing 
the global interests of the system and control objects (CO), perform guidance Center, but 
at the same time pursuing its own local interests. In the first phase, the Centre produces 
a decision, taking into account global interests, and in the second stage CO chooses a 
specific version of the decision, taking into account their own administration and their local 
interests. It is anticipated that decision is consistent if the interests of each of the parties are 
counted so that a departure from it cannot improve the performance of any of the parties, 
i.e. it is balance on Nash. "Soft" control suggests that for each pair of "Center-facility 
control" global and local interests are taken into account in varying degrees. The method 
of finding equilibrium solutions depending on the extent of the accounting of interests and 
levels of reflection is found.

Keywords: "soft" control; hierarchical type system; Center; facility control; balance on 
Nash.

Introduction
An important circumstance accompanying the decision making in hierarchical systems 

is their two-stage [1]. In the first phase, the Centre produces a decision, taking into 
account global interests, and at the second stage of the control objects (CO) opt for a 
specific version of the decision, taking into account their own administration and their 
local interests (for example, preserving and enhancing its capacity).

The paper deals with the situation of "soft" control, according to which, depending on 
the conditions of the environment in which the system operates, the relationship between 
global and local interests can vary in a fairly wide range. So, in a critical (freelance) setting 
an absolute priority, as a rule, serves the global interests of the system, and local interests 
of CO go by the wayside. In situations where the Centre is losing control due to a number 
of circumstances, CO can focus exclusively on their own interests, ignoring global interests.

In the usual (regular) environment, the parties tend to seek sustainable compromise 
solutions, a departure from the implementation of which can’t improve the efficiency of 
any of the parties [2]. Such solutions are called resilient or equilibrium, in the sense of 
Nash [3, 4]. The search for such solutions is usually based on parity of interests of the 
parties, regardless of the conditions of the situation, which does not cover those situations 
where the balance of interests of the parties may vary in different directions [5, 6].

In this regard, there is a need to find formal conditions that, being implemented in 
the control process in the organizational and technical systems of a hierarchical type, in 
themselves ensure the stability of control decisions in the conditions of "soft" control.
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1. The Wording of the Problem
Denote by R =  {r\, r2, r | R|} a set of many potential control decisions in the 

control system. Each control decision is formed on the basis of the following sets: N =  
{u\, n2, n|N|} is a set of many potential decisions of the control body; L =  { l 1 , l2 , ..., I|L|} 
is a set of potentially many possible solutions to the control body. Thus, r  =  (nj, lk) and 
R C N x K .

We will consider the given:
-  Q : R ^  Re is a set of functions characterizing the effectiveness of control decisions 
(wins) from the center’s point of view (Re is set of integers);
-  q : R ^  Re is a set of functions characterizing the effectiveness of control decisions 
(wins) in terms of CO;
-  f  (Q,q) : R »  Re is a set of complex functions, taking into account the interest of both 
sides.
It is natural to assume that this function is a linear combination of functions Q and q, 
that is

f  (Q , q) =  v ■ Q(r) +  (1 -  v) ■ q(r).

2. The Problem of Choosing Optimal Options 
for Control Decisions
Will designate an optimal variant of r* =  (n*, l*). The following situations are possible:

1) if only takes into consideration global interests center, then r* =  (n*, l*) must meet the 
condition

VnVl Q(n*,l*) > Q (n,l); (1)
2) if only the local CO, then r* =  (n*,l*) must meet the condition

Vn Vl q(n*, l*) > q(n,l); (2)
3) if equally taken into account the global interests of the Centre and the local interests 
of CO, then r* =  (n*,l*) must meet the conditions of Nash equilibrium

Vl Q(n*,l*) > Q(n*, l); 
Vn q(n* ,l*) > q(n, l*).

Unfortunately, the Nash equilibrium has a significant drawback. It may not be the 
only one. In this case, you need some mechanism, allowing you to delete multiple options. 
In the present case, such an instrument could become a distinction of ranks reflection 
players. Let K  is a center reflection rank, k is a the rank of reflection of CO.

If it should be taken into account to a greater extent the interests of central, then R =  
0, r = 1  and should maximize its payoff. In this case, the Nash equilibrium r* =  (n*, l*) is 
found as a solution to the problem

r* =  (n*,l* ) =  Argmax Q(n* ,l*), (4)
satisfying the system of inequalities (3).

If it should be taken into account to a greater extent the interests of CO, then K  =  1, 
k =  0 and should maximize its payoff. In this case, Nash equilibrium r* =  (n*, l*) is

r* =  (n*, l*) =  Argm axq(n*,l*), (5)
satisfying system of inequalities (3).
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3. T h e  S it u a t io n  t h a t  O c c u r s  w h e n  t h e  C o n t r o l  is " S o f t "

Let us now consider situations where it is necessary to take into account the interests 
of the parties to varying degrees. To do this, all the situations that arise in the process of 
system control, will be divided into two classes:

a) situations where collective decisions when choosing appropriate to focus on the 
global interests of the Centre and to a lesser extent, take into account the local interests 
of CO;

b) situations where collective decisions when choosing appropriate proceed from local 
interests of CO, but take into account the global interests of the Center.

If evaluate the parameter v =  [0,1] a situation where one of the parties may, to some 
extent, function in the interests of the opposite party up to the complete disregard of its 
own interests (v =  1).

If the CO is partially or fully operational for the centre, then instead of the system of 
inequalities (3) consider the system of

Vl Q(n*,l*) >  Q (n*,l);
Vn Q(n*,l*) +  (1 -  v)q(n*,l*) > vQ(n,l*) +  (1 -  v)q(n,l*). (6)

In this case, the solution of the problem of finding Nash equilibrium r* =  (n* ,l*) is problem
(4), (6).
Indeed, if v =  0 this problem is reduced to problem (4), (3). Show that if v =  1, the 
solution to this problem is equivalent to running condition (1). In substitution in (6) 
v =  1 the system of inequalities (6) turns into a system

Vl Q(n*,l*) > Q(n*,l); 
Vn Q(n*, l*) > Q(n, l*).

Obviously, if r* =  (n*,l*) satisfies condition (1), that it satisfies both of system (7), 
determining weaker conditions. However, in accordance with (4) Q(n*,l*) should be the 
maximum among all possible solutions of system (7). Therefore, it coincides with one of 
solutions (1). If the Centre operates partially or totally for CO, instead of a system of 
inequalities (3) consider the system of

Vl (1 — v)Q(n*, l*) +  vq(n*, l*) > (1 — v)Q(n*, l) +  vq(n*, l); 
Vn q(n*, l*) > q(n, l*). (8)

In this case, the problem of finding Nash equilibrium r* =  (n*,l*) is found as a solution 
to problem (5), (8). Indeed, if v =  0, this problem is reduced to problem (5), (3). Show 
that if v = 1  the solution to this problem is equivalent to running condition (1).

When substituting in (8) v =  1 system of inequalities (8) turns into system

Vl q(n*,l*) > q(n*, l); 
Vn q(n*, l*) > q(n, l*). (9)

Obviously, if r* =  (n*,l*) satisfies condition (2), that it satisfies both of system (9), 
determining weaker conditions. However, in accordance with (5) q(n*,l*) should be the 
maximum among all possible solutions of system (9). Therefore, it coincides with one of 
solutions (1).
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4. Algorithm for Finding Solutions
The above considerations allow to develop an algorithm for finding sustainable 

compromise solutions in the "soft" control in organizational and technical systems of the 
hierarchical type. The essence of it is in the next:

Step 1. Form the source data: define multiple

R =  {r\,Г2 , ...,r|R|}, N  =  {n i,n 2 ,...,n|N|}, L =  { h , l 2 ,...,l\L\} 
set function Q and q.

Step 2. Set the class of the control situation: a) or b).
Step 3. The expert method, determine the value of the coefficient of

z /= [M ]-

Step 4. Solve problem (4), (6) (for situation 1) or problem (5), (8) (for situation 2) 
define r* =  (n*,l*).

Step 5. If the set of these solutions is not empty, then we carry out the output of the 
results, the algorithm is completed. Otherwise, go to step 1 to adjust the original data.

5. A Numerical Example
Consider the choice decision if many potential solutions Center

N =  {n i,n 2 ,Пз},

control object
L =  { l1, l2, ^  l4} .

We assume that many potential managerial decisions in the system of control R C N x L 
include the following elements:

Г1 =  (ni ,li), Г 2 =  (ni,l2), Гз =  (n2 ,ll), Г 4 =  (щ , 1з ), Г5 =  (пз ,1з), Гб =  (пзЛ );

-  function efficiency of managerial decisions in terms of the Center

Q(R) =  (20,16,14,10, 8, 4);

-  function efficiency of managerial decisions in terms of control object

q(R) =  (3 ,15, 7,11,15,17).

If only takes into consideration global interests, the centre, as it can be seen from 
formula (1)

*r =  ri ,

and if only takes into consideration global interests of control object, as can be seen from 
formula (2)

*r =  r6.

If we take into account both global and local interests, there are solutions that meet 
condition (3) Nash equilibrium. The analysis shows that there are two such solutions:
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r* =  r3 , since Q ( n , /1 ) >  Q ( n , /3); q(n2 , /1) > q(ni , /1);

r* =  Г5 , since Q(n3, /1) > Q ( n ,/4); q(n3,h)  > q(n2 , k ).

If a greater degree of interests are taken into account, i.e. the rank of the reflection of 
the control object anymore, then in accordance with (4) it should be chosen the solution

r* =  Г3 , since Q(n2 , /1) > Q (% , /3).

If it is taken into account to a greater extent the interests of control object, since the 
rank reflection Center more in keeping with (5) the solution

r* =  r5 , since q(n3 , /3) > q(n2 , /1).

Conclusion
The proposed method finds sustainable compromises when managing the logistical 

systems of a hierarchical type which is different from the classical model of Nash 
equilibrium that is supplemented by conditions that reflect the nature of the situation 
decision-making and the ratio of global and local interests of the parties. This addition 
is done by introducing a special function that characterizes a tendency of parties to 
compromise. This method and the algorithm can find practical application as a decision 
support tool in the control of complex dynamic systems of technical-organizational type 
in which the human factor plays a significant role.
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Рассматривается иерархическая система, включающая центр, олицетворяющий 
глобальные интересы системы, и объекты управления (ОУ), выполняющие указания 
Центра, но одновременно преследующие и собственные локальные интересы. На пер­
вом этапе Центр формирует решение, учитывая глобальные интересы, а на втором 
этапе ОУ выбирают конкретный вариант исполнения этого решения, учитывая соб­
ственные возможности по его исполнению и свои локальные интересы. Предполагает­
ся, что решение устойчиво, если учтены интересы каждой из сторон так, что отход от 
него не может повысить эффективность функционирования ни одной из сторон, т.е. 
оно является равновесием по Нэшу. «М ягкое» управление предполагает, что для каж­
дой пары «центр-объект управления» глобальные и локальные интересы учитываются 
в разной степени. Найден метод нахождения равновесного решения в зависимости от 
степени учета интересов и ранга рефлексии.

Ключевые слова: « мягкое»  управление; системы иерархического типа; центр; 
объект управления; равновесие по Нэшу.
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