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The paper is devoted to the initial boundary value problem for the Korteweg-de Vries- 
Benjamin-Bona-Mahony equation in a finite domain. This particular problem arises from 
the phenomenon of long wave with small amplitude in fluid. For certain initial-boundary 
problems for the Korteweg-de Vries-Benjamin-Bona-Mahony equation, we obtain the 
conditions of blowing-up of global and travelling wave solutions in finite time. The proof of 
the results is based on the nonlinear capacity method. In closing, we provide the exact and 
numerical examples.

Keywords: breaking waves; Korteweg-de Vries-Benjamin-Bona-Mahony equation; 
blow-up of solution; initial-boundary problems.

In troduction

B reaking W aves

In fluid dynam ics, a breaking wave (see Fig. 1) is a wave whose am plitude reaches a 
critical level at which some process can suddenly start to  occur th a t causes large am ounts 
of wave energy to  be transform ed into turbulent kinetic energy. A t this point, simple 
physical m odels th at describe wave dynam ics often becom e invalid, p articu larly  those th at 
assum e linear behaviour.

Fig. 1. Breaking waves

B reaking of w ater surface waves m ay occur anyw here th at the am plitude is sufficient, 
including in m id-ocean. However, it is p articu larly  com m on on beaches because wave 
heights are am plified in the region of shallower w ater (because the group velocity  is lower 
there). T here are four basic types of breaking w ater waves [1]. T h e y  are spilling, plunging, 
collapsing, and surging (see Fig. 2).
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Fig. 2 . T yp es of breaking w ater waves

H istory  o f P rob lem

T h e K ortew eg-de Vries equation and the B en jam in -B o n a-M ah o n y  equation are two 
typ ical exam ples associated w ith  the effects of dissipation, dispersion, nonlinearity and 
also provide a description of the propagation of waves w ith  small am plitude in w ater or 
solution in other liquid medium . T he K ortew eg-de Vries equation is described as follows:

u t +  uxxx +  ux +  UUx — 0 .

T h e B en jam in -B o n a-M ah o n y equation is an altern ative to  the K ortew eg-de Vries equation 
[2 ] which is described as follows:

u t u txx + ux + UUx — °-

Francius, Pelinovsky and Slunyaev introduced the wave dynam ics of the following 
equation [3]:

Ut Utxx +  aUxxx + PUx + UUx — ° , ( 1 )

where а, в  G R . T he equation (1) is so-called K ortew eg-de V ries-B en jam in -B o n a-M ah o n y  
equation.

S tatem en t o f th e  P roblem

In this paper, we consider one of the m athem atical problem  of the breaking w ater 
waves, the K ortew eg-de V ries-B en jam in -B o n a-M ah o n y  equation w ith  initial conditions 
described as follows:

Ut Utxx +  aUxxx + PUx + UUx   0 ,t >  0, X G (0 ,L ) , (2)

u(x, 0) — u 0 (x), x  G [0,L], (3)

where а, в  G R  and u 0 is given function.
T h e K ortew eg-de V ries-B en jam in -B o n a-M ah o n y  equation has im portant application  

in different physical situations such as waves on shallow w ater, and processes in 
sem iconductors w ith  differential conductivity. In [5] K orpusov and Y ushkov obtained 
sufficient conditions for the finite tim e blow-up of solutions of tim e and space initial 
problem s for K ortew eg-de V ries-B en jam in -B o n a-M ah o n y  typ e  equation in the form

Ut Utxx Uxxx +  UUx   0-

T h e y  used the powerful m ethod of nonlinear capacity, developed by S.I. Pohozhaev [10].
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W e also note th a t the blowing-up of solutions of the initial problem s for the K ortew eg- 
de Vries and critical K ortew eg-de Vries equations are investigated in [6 -9,13-15]. R ecently  
Li and Liu [4] studied the global and local (w ith respect to  t >  0) solvability of the problem  
(2), (3) w ith  boundary conditions

u (0 , t) =  h i(t), 

u(L,t)  =  h2 (t) ,

Ux(L,t) =  h3(t), t >  0 .

T his paper is devoted to singular solutions of the problem  (2), (3), more precisely, to 
solutions th at blow up in a finite tim e. T h e approach to the problem  is based on the m ethod 
of nonlinear cap acity  [1 0 , 1 1 ], more precisely, on the choice of test functions corresponding 
to  in itial and boundary conditions under consideration.

Here, we give a sim plest case of the analysis of a “rough” blow-up, i.e., the case where 
the solution tends to  infinity as t >  T  on [0, L] of values x, more exactly, when the integral

L

/ u ( t ' x )p (x )d x
0

tends to  infinity as t >  T  for the given test function p.

1. M ain  R esu lt

W e consider a test function p  G C 3 ([0,L]) and m onotonically nondecreasing:

p '(x )  > 0 for x  G [0, L],

and let the function p  satisfy the following properties:

L
f  (a p '' +  j p ' ) 2

9\ :=  ---------- ;-------- dx <  oo;

(4)

p
(5)

''\2
02 (<P ~ < / )

P
-dx <  oo.

Suppose the classical solution u(x,t) G C£’x ((0 ,L ) x  (0 ,T )) .
M u ltip ly  the K ortew eg-de V ries-B en jam in -B o n a-M ah o n y  equation (2) by a test 

function p  we have

L L

—  (u(x,t) -  uxx(x,t))ip(x)dx =  -  a uxxx(x ,t)if(x )d x -
dt

0
L L

-  - J  ux(x . t)u (x . t )p (x )d x .

0 0

Integrating by parts the last equation we obtain

0
L

0

0
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f u(x, t)(ip(x) — ip"{x))dx =  a f u(x,t)ip'"(x)dx +  (3 f u(x,t)ip'(x)dx+

(6 )

+  -  u2{x, t)ip'(x)dx +  B{u{x, t), <p(x))
x=L

x=0

where

B(u(x,t),<p(x)) =  utx(x,t)<p(x) — ut(x,t)<p'(x) — auxx(x,t)if(x) +  aux(x,t)<p\x) — 

— au(x, t)ip"(x) — (3u(x,t)ip(x) — - u 2(x,t)tp(x).
2

Then, using properties (4), we find

(2 u (x , t) (a.<p"'(x) +  e^ '(x))  +  u 2 (x, t)^ '(x ))  dx

u (x , t) +
aip'"(x) +  /3lp'(x) 

L1(x)
tf'(x)d x  —

(aip'"(x) +  j3(p'{x)y 

(x)
dx.

W e denote by w (x,t) the following function

w(x, t) =  u(x, t) +
aip'"(x) +  (3<p'(x)

(x)

Let

F  ( t )=  w (x,t)(tf(x) — p"(x))dx.

B y  using the Holder inequality for F(t), we obtain  the following estim ate

l  \ 2 l l ,, 2

w(x,t)(ip(x) — <p"(x))dx ) <  J w2(x,t)ipl(x)dx J ^   ̂ ^   ̂ ^ dx.

Therefore, using the properties of the test function (5) for the expression (6 ), we obtain  
the following first order differential inequality

F'{t) >  % - F 2(t) +  T (f) -  %
2 2 (7)

w ith  initial condition

cvm f  f  < \ , <X4>"'{x) + P<p'(x)\ ( w
J V v ' (x) J
0

where T (t) =  B (u (L ,t) , tf(L)) — B (u(0 ,t), tf(0)). T hen  the following results are true

T heorem  1. Let u 0 (x) G L : ([0,L]) and the solution u G ((0 ,L ) x  (0 ,T )) of the 
equation (2) be such that there exists a function p  satisfying conditions (4), (5) such that

T (t) >  o, fo r all t > 0 ,

L L L

0 0 0
L

0

L

L L0 2

0 0

L

0

0 0 0
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where a  is a some constant. Then
(A ) i f  a > 6 2 , then F (t) ^  fo r t ^  T f ,  where

T1
\J (7 — 6*2

n F  (0)
-----a r c ta n ----- . =
2 2v /6>i(cr -  в2)

( B )  if a =  6*2 and F ( 0) >  0, f/ien F (t)  —> T o o  for t —> T f , where T 2* =  -рщ]

(C ) i f  cr < 6 2 and F (0) >  2 6 1 ( 6 2  — cr), then F(t )  —> + 0 0  fo r t —> T f , where

\J6 2 — (7
ln

F ( 0) + 2 \J  6 1 ( 6 2  — cr) 
F ( 0 ) - 2 x/ 6 ^ 6 ^ ) '

A p p lyin g  the theory of ordinary differential inequalities, T heorem  1 can be proved.

1.1. E xam ples

E xam ple 1. N ote th a t the tria l function m ethod has great p ractical convenience. For 
exam ple, if in problem  (2), (3) on the interval [0,1] are given boundary conditions

u (0 , t) =  0 , u ( 1 ,t)  =  0 ,

Uxx(1, t ) -  Utx(1 ,t )  -  5 u x (1 ,t)  =  0, t >  0.

Then, if < (̂x) =  x 5 we obtain  91 :=  741, 92 := 
follows from T heorem  1 th at, under condition

1

/ U o ( x ) x 5  d x >
0

^  and T (t)

2V1330095

5

the solution of problem  (2), (3) blows up in finite tim e.

0 , for all t >  0 . Hence it

E xam ple 2. Let a  =  0 in problem  (2), (3) on the interval [0,1] and let the solution of 
problem  (2), (3) satisfy  the boundary conditions

Ux(0,t) =  0, U x(1,t) =  0, 

u 2 ( 1 ,t)  +  2 ,hu( 1 ,t)  =  0 , t >  0 .

Then, if (p(x) =  x  we obtain  6\ :=  /32, 62 :=  |  
follows from T heorem  1 th at, under condition

1

u 0 (x )x d x  >

and T (t)

3
0

the solution of problem  (2), (3) blows up in finite tim e.

0 , for all t >  0 . Hence it

E xam ple 3. Let in problem  (2), (3) on the interval [0,L] are given boundary conditions

u (0 ,t)  =  0 , u x (0 ,t)  =  0 ,

Uxx(0 ,t)  +  u x(0 , t) +  ut(L , t) =  0 , t >  0 .
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Then, tak in g  a function <p(x) =  (x — L) we obtain  :=  L, 02 :=  
0, for all t >  0. Hence it follows from  T heorem  1 th at, under condition

L

u 0 (x )(x L )d x  >
2y/3L‘2

3
0

the solution of problem  (2), (3) blows up in finite tim e.

E xam ple 4. Let в  =  0 in the problem  (2), (3) w ith

u 0 (x ) =  A x, A  = 0

on the interval [0, 1]. T he solution of this problem  is the function

x
u(x, t) =  —------ ,T  * _t

^  and Ф(£) =

where T * =  1 /A .
Thus, for A  >  0 the solution of this problem  becom es as t ^  T *. O n the other 

hand, for A  <  0 there exists a global (for all t >  0 ) sm ooth solution of problem  (2 ), (3).
W e built the graph of the solution for A  =  1/66. A s can be seen from  Fig. 3, the 

solution of the problem  (2 ), (3) w ith  A  =  1 / 6 6  has a discontinuity at t =  6 6 .

Fig. 3 . G raphs of u(x,t)  for A  = 1 / 6 6

2. Singular Travelling W ave Solutions

W e consider the traveling wave typ e  solutions of the K ortew eg-de V ries-B en jam in - 
B o n a-M ah o n y equation (1) w ith  a  =  — 1, в  =  1:

u ( x ,t)  =  u (£),

where £ =  x  — ct and c is the wave velocity. T hen  u(£) satisfies
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(c — 1)u"' — (c — 1 )u' — uu ' =  0 . (8 )

E quation (8 ) adm its the following integrals:

u 2
(c — l)u" — (c — 1 )u — -—  Co =  0. (9)

Here C 0 is an arb itrary  constant. A  solution of (9) is a function u G Lfoc(I), I  C  R  th at 
satisfies the integral identity

J  u2<pd̂  =  2 (c

I

1 ) J  и(ф"
I

фш  — 2 Co J  фde
I

ф G C 2( I ). ( 1 0 )

2.1. N on ex isten ce  o f Travelling W ave Solu tions

T h e following results are true

T heorem  2. The equation (8 ) with support L > 2, satisfying the inequality

(c — 1 )2b
Co > 2dL2

( 1 1 )

does not admit a solution.

Proof. W e m ultip ly  equation (9) by a nonnegative test function ф G C2 (R) w ith  com pact 
support. T hen after integration we obtain  (10). Hence, by the Y ou n g inequality w ith  
param eter a > 0 , we find that

J u2фd£ <

I

—----- - [  u 2(f)d£ +  a{c
a

I
!)  / t f " ф Ф>2<% -  2C« J  ( 1 2 )

I I

W e now take the test function:

Ш ) =  ф0(п), n
i
L  ’

where L  >  2 is a free param eter and the function 0 <  ф G C 2 (I) such that

фо (П)
1 , if |nl <  1 , 
0 , if |nl >  2 ,

b

2

- 2

m v ) - L * M v ) \ 2
M v )

dn <

Then, if a c — 1 the inequality ( 1 2 ) implies

(c l ) 2 —  
4  L 2

> 2Cod, d

2

j  фо(n)dn- 

-2

(13)

(14)

From  this it d irectly  follows th at if there exist C 0 such th at the inequality 
( 1 2 ) holds, then there is no such bounded traveling wave solution of
equation (1 0 ). □
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Fig. 4 . G raphs of u(£)

2.2. N um erical E xam ples

In this subsection we consider some num erical exam ples for equation (9) w ith  different 
viscosities. Suppose th a t we know some initial d ata  for a traveling wave. T hen  it can be 
seen from Fig. 4, th a t the tim e for the blows-up of traveling waves increases if the wave 
velocity  is decreasing.

C onclusion

T h e present paper is devoted to  the initial problem  for the K ortew eg-de V ries- 
B en jam in -B o n a-M ah o n y equation in a finite interval. T h is particular problem  arises 
from the phenom enon of long breaking waves w ith  sm all am plitude in fluid. For certain 
in itial-boundary problem s for the K ortew eg-de V ries-B en jam in -B o n a-M ah o n y  equation, 
we obtain  conditions of blow ing-up of local solutions in finite tim e. P roofs of the results 
are based on the nonlinear cap acity  m ethod. W e also proved the existence of the singular 
travelling wave solutions. M oreover, we provide some exam ples.
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0  Н Е Л И Н Е Й Н О Й  З А Д А Ч Е  Л О М А Ю Щ И Х С Я  В О Д Н Ы Х  В О Л Н

М . К и р а н е 1 , Б .Т . Торебек2,3
1 У ни верситет Л а  Рош ель, г. Л а  Рош ель, Ф ранция
2 К азахски й национальный университет имени А л ь-Ф араби , г. А л м аты , К азахстан
3 И н сти тут м атем атики и м атем атического моделирования, г. А л м аты , К азахстан

Настоящая работа посвящена начальной краевой задаче для уравнения Кортевега- 
де Фриза -  Бенджамина -  Бона -  Махони в конечной области. Эта задача возникает из- 
за явления длинной волны с малой амплитудой в жидкости. Для некоторых начально­
краевых задач для уравнения Кортевега-де Фриза -  Бенджамина -  Бона -  Махони мы 
получили условия разрушения глобальных решений и решений типа бегущей волны за

Вестник ^ЮУрГУ. Серия ^Математическое моделирование
и программирование» (Вестник Ю УрГУ ММП). 2019. Т. 12, № 2. С. 37—46 45



M. Kirane, B.T. Torebek

конечное время. Доказательство результатов основано на методе нелинейной емкости. 
В заключение мы приводим точные и численные примеры.

Ключевые слова: разрушающие волны; уравнение Кортевега-де Фриза -  Бенджа­
мина -  Бона -  Махони; разрушение решение; начальные граничные задачи.
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