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We investigate the Cauchy-Dirichlet problem for a system of Oskolkov equations of
nonzero order. The considered mathematical model describes the flow of an incompressible
viscoelastic Kelvin—Voigt fluid in the magnetic field of the Earth. The model takes into
account that the fluid is subject to various external influences, which depend on both the
coordinate of the point in space and the time. The first part of the paper presents the known
results obtained by the authors earlier and based on the theory of solvability of the Cauchy
problem for semilinear nonautonomous Sobolev type equations. In the second part, we
reduce the considered mathematical model to an abstract Cauchy problem. In the third part,
we prove the main result that is the theorem on the existence and uniqueness of the solution.
Also, we establish the conditions for the existence of quasi-stationary semitrajectories, and
describe the extended phase space of the model under study. In this paper, we summarize our
results for the Oskolkov system that simulates the motion of a viscoelastic incompressible
Kelvin—Voigt fluid of zero order in the magnetic field of the Earth.
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Introduction

The Oskolkov’s system of equations

K
1 1
(1—3V?) v = vV20— (v - V)U+Zﬁlv2wl—;Vp—QQ x v+—(V x b) x bt f1

PR
=1
Vu=0, V-b=0, b=0Vb+Vx(vxb)+[? W
%U‘FOZ;MZ, ayeR., feRy, =1 K,

simulates the flow of an incompressible viscoelastic Kelvin—Voigt fluid [1] of non-
zero order K in the magnetic field of the Earth. Here the vector functions v =
(vi(z, ), va(x, t), ... v (x,t)) and b = (bi(x,t),ba(x,t),...,by(x,t)) characterize fluid
velocity and magnetic induction, respectively, p = p(x,t) is the pressure, s is the
coefficient of elasticity, v is the coefficient of viscosity, €2 is the corner velocity, ¢ is the
magnetic viscosity, p is the magnetic permeability, p is the density, and the parameters
B, | = 1, K determine the time of pressure retardation (delay). The absolute terms
=t rh, =t ), f2 = f(x,t) correspond to external influences on the
fluid.
Consider the first initial boundary value problem for system (1):

v(x,0) = vo(x), b(x,0) =bo(x), wi(xr,0)=wyp(r) ze€D,
v(x,t) =0, b(x,t) =0, w(r,t)=0 (xr,t)edDxR,, =1, K
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under assumption that 4 = 1 and p = 1. Here D C R” is a bounded domain with the
boundary 9D of the class C*.

Problems that are similar to problem (1), (2) take place, for example, in mathematical
modelling in geophysical sciences [2].

Note that degenerate models of magnetohydrodynamics were previously studied by
the authors in the papers [3-6]. A distinctive feature of the present paper is the presence
of the vector-functions f' = (f{,...,fY, fI = fHx,t), /> = f?(x,t) in the right hand
side of equation (1). The paper [7] considers the model of magnetohydrodynamics, which
takes into account various external influences for K = 0. The case of K > 0 is investigated
for the first time.

Problem (1), (2) is investigated in the framework of the theory of semilinear Sobolev
type equations [8,9|. The main tool of the study is the notion of a relative p-sectorial
operator and a resolving degenerate semigroup of operators generated by this operator
[10, 11]. We prove the theorem on the existence and uniqueness of the solution to this
problem, and describe the extended phase space of the problem.

The article consists of three sections. Section 1 gives the known necessary results of
the theory of semi-linear Sobolev type equations [10,12|. Section 2 reduces problem (1),
(2) to the Cauchy problem for the semi-linear Sobolev type equation. Section 3 presents
the theorem on the existence and uniqueness of the solution to the considered problem,
shows that the solution is a quasi-stationary trajectory, and describes the extended phase
space of the problem.

1. Semi-Linear Non-Stationary Sobolev Type Equations

Let U and F be Banach spaces, the operator L € L(U;F), i.e. L is linear and
continuous, the operator M : dom M — F be linear, closed and densely defined in

U, ie. M € Cl(U; F). Denote Uyy = {u € dom M : |u| = ||Mulr + ||u|u}. Let the
operator F' € C*°(Uy; F). We suppose that the operator F' € C*®(Uy; F), and the function
feCE(Ry; F).
Consider the Cauchy problem w(0) — ug (3)
for the semi-linear non-stationary Sobolev type equation
Li = Mu + F(u) + f(1). (4)

By a local solution (hereinafter, solution) to problem (3), (4) we mean the vector
function u € C*((0,T'); Uys) that satisfies equation (4) and such that u(t) — wug for t — 0.

Let the operator M be strongly (L, p)-sectorial [12]. It is well known that, under this
condition, problem (3), (4) can have several solutions [13]. Therefore, we are interested in
only such solutions to problem (3), (4) that are quasi-stationary semitrajectories.

Definition 1. Suppose that the space U splits into the direct sum U = Uy & Uy such that
ker L. C Uy. A solution uw = v + w to equation (4), where v(t) € Uy and w(t) € Uy for all
t € (0,7, is called a quasi-stationary semitrajectory, if Lo = 0.

Also, it is known [12] that problem (3), (4) can has no solutions for some o €Uy,.
Therefore, we introduce another definition.

Definition 2. The set B C Uy x Ry is called the extended phase space of equation (4),

if for any point ug € Ups such that (ug,0) € BY there exists a unique solution to problem
(3), (4), and (u(t),t) € B".
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We consider problem (3), (4) under the condition that the operator M is strongly
(L, p)-sectorial [12]. In this case, the problem can have no solution for some ug € Uy, and
even if there exists a solution for all uy € Uy, then the solution can be non-unique.

It is well known that if the operator M is strongly (L, p)-sectorial, then U = U° ® U1,
F=F@F whereld’ ={pcld Ulp=0 HeR, },FP ={peF:Fp=0 FHtecR,}
are the kernels, and U' = {u € U : limyo, Ulu = u}, F' = {f € F : limyoy F'f = [}
are the 1mages of the analytic solving semigroups

1 1
t— — [ RE(M)e'd Ft—/LLM“td 5
r r
of the linear homogeneous equation
Li = Mu, (6)

where I' C S§ (M) is a contour such that argp — £© for |u| — +oo0.

Denote by L, and M, the restrictions of the operators L and M on U* ({U* N
dom M), k=0, 1, respectively. Then Ly : U* — F* M, : U*Ndom M — F* k=
0, 1, and the restrictions My and L; of the operators M and L on the spaces U° N dom M
and U are linear continuous operators and have bounded inverse operators.

Therefore, problem (3), (4) is reduced to an equivalent system, which we call the
normal form of problem (3), (4):

Ri® = u® + G(u) + g(t), u°(0) = ud, )
= Sut + H(u) + h(t) u'(0) = uf,
where ©* € U*, k= 0,1, u = u® + u', the operators R = My 'Ly, S = L7'M;, G =
My (I =Q)F, H=L7'QF, g=M;'(I-Q)f, h=L7'Q/.

Here Q € L(F)(= L(F; F)) is the projector that splits the space F as required.

Further, we study only the quasi-stationary semitrajectories of equation (4), for which
Ri° = 0. To this end, we assume that the operator R is bi-splitting , i.e. the kernel ker R
and the image im R are completed in the space . Suppose that U = ker R. Denote by
U = U S U™ a complement of the subspace U, Then the first equation of normal form

7) is reduced t
(7) 1s reduced to Rt = u® + 1 + Gw) + g(b), (8)

where © = u” + u°! 4+ .

Theorem 1. Let the operator M be strongly (L, p)-sectorial, and the operator R be bi-
splitting. Suppose that there exists the quasi-stationary semitrajectory w = u(t) of equation
(4). Then v = u(t) satisfies the following relations:
0= u” +u” +Gu) + g(t), u” = const. (9)

It is known that if the operator M is strongly (L, p)-sectorial, then the operator S
is sectorial. Therefore, on ", the operator S generates an analytic semigroup, which we
denote by {U{ : ¢ > 0}, since the operator U} is a restriction of the operator U* on U!.

Since U = U° @ U, then there exists the projector P € L(U) corresponding to this
splitting. It is easy to see that P € L(Uy,). Then the space Uy, splits into the direct sum
Uy = U, © UL, such that the embedding Uy, C U*, k=0, 1, is dense and continuous.
Further, denote by A’ the Frechet derivative at the point v € V of the operator A defined
on the Banach space V.

Theorem 2. Let the operator M be strongly (L, p)-sectorial, the operator R be bi-splitting,
the operator ' € C=®(Un; F), and the vector-function f € C®(Ry; F). Suppose that the
following conditions are fulfilled.
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(i) In the neighborhood O, C Uy of the point ug, the following relation takes place:
0=y + (I — Pp)(Gu™ +ug" +u") + g(1)). (10)
(i) The projector Pr € L(UY), and the operator I + PrGiy U — U is the

topological linear isomorphism (U = Uy NUY).
(iii) For the analytic semigroup {U} : t > 0}, the following condition is fulfilled:

/ VU g dt < oo ¥r €Ry. (11)
0

Then there exists the unique solution to problem (3), (4), which is the quasi-stationary
semitrajectory.

Remark 1. Condition (11) is not satisfied for ordinary analytic semigroups having the
estimate ||Uf | z@ge,) < const/t. Denote by Uy = [U'; Uyfla, a € [0, 1], some interpolation
space constructed by the operator S. Complete the condition ' € C*®(Uj,; F) of Theorem 2
with the condition H € C*®(Uj};;UL), and replace Condition (11) with

J 10 e < o 7 e Ry (12)
0

Then the statement of Theorem 2 is the same.

Let Uy and Fi be Banach spaces, the operators Ay € L{Uy, Fi), and the operators
Br ' dom Bp — F be linear and closed with domain of definitions dom By, which are
dense in U, k = 1,2. Construct the spaces U = U; x Uy, F = F; X F, and the
operators L = A; @ Ay, M = By} ® By. By the construction, the operator L € L(U; F),
and the operator M : dom M — F is linear, closed and densely defined, dom M =
dom31 X domBg.

Theorem 3. Let the operators By be strongly (Ag, pr)-sectorial, k = 1,2, and p; > ps.
Then the operator M is strongly (L, p)-sectorial.

2. Reduction to Abstract Cauchy Problem

In order to reduce problem (1), (2) to problem (3), (4), we transfer from system (1)
to the system

K
(1—%V2)vtzuv2v—(U-V)erZﬁlVle—p—QQ><v+(V><b)><b+f1,
=1

V(V-0) =0, V(V-b) =0, b—05Vb+Vx(wxb)+f2 (13)
Owy
ot
We are interested in solvability of problem (13), (2). Following the
paper [12], we introduce the spaces HZ, H2, H,, and H,. Here H2? and
H, are subspaces of the solenoid functions in the spaces (WZ(D))" N
N (V?/%(D))” and (Lo(D))*, respectively, and H2 and H, are their orthogonal (in the
sense of (Ly(D))") complements. Denote by > both the orthoprojector on H, and its

=v+tauw, agqeR_, [ eR, [=1, K.

Bectuuk FIOYpI'Y. Cepusi <MaTeMaTudeckoe MoOde/IMpoOBaAHUE 45
u nporpamMmuposanues (Becruunk IOYpI'Y MMII). 2019. T. 12, Ne 3. C. 4251



A.O. Kondyukov, T.G. Sukacheva

restriction on the space (W2(D))* N (V?/%(D))” Suppose that II = [ — 3. The equality
A=V?E,: H2®H? - H, ® H,, where E,, is a unit matrix of order n, defines a linear
continuous matrix operator with discrete finite-multiple spectrum o(A) C R that tends
only to —oo. The formula B, : v — V(V-v)(By: b — V(V-b)) gives the linear continuous
surjective operator B,(Bp) : H2 @ H2 — H, with the kernel ker B, = B, = H2. We use
the natural isomorphism of the direct sum and the Cartesian product of Banach spaces
in order to introduce the spaces U;o = H2 x H2 x H, , Fjo = H, x H; x H,,, where

H,=H,;U;=H*NH'=H2 xH2 | and F1; = Ly = H, x H,, i = 1, K. Then spaces
L[lz@l[iouu, Flz@l[iofll- R
The operators A; and B, are defined by the formulas A; = diag[A4; , £ , where

, <A1 o)) A1<Z(1—)\A)E EA(I—AA)H)

'\ 0o o (I — AA)Y TIA(I — AA)T )
B, = (Bij)ijzl , where
vNA A O BiXA ... PrYA
Bi' = | vIIA vIIA —I |, B?=| /llA ... BgllA
O B O o ... O

In the matrix B!, B=V(V-v)—V(V-b) = B, — By. The matrix B#' contains K rows
of the form (I, I, O), B¥ = diag|ay,...,ax].

Remark 2. Denote by A, the restriction of the operator XA on HZ. According to
the Solonnikov—Vorovich—Yudovich theorem, the spectrum o(A,) is real, discrete, finite-
multiple, and tends only to —oc.

Theorem 4.
i) The operators Ay, By belong to LU, ; Fy), and if 571 & o(A), then the operator A,
is bi-splitting, ker Ay = {0} x {0} x H, x {0} x ... x {0}, im A, = H, x H; x {0} x F} x

-~

K

Fox ... X Fk.
i) If \=1 ¢ o(A) Uo(A,), then the operator By is (Ay, 1)-bounded.

Proof. The statement of the theorem is the direct corrolary of the results obtained in [12].
a
Remark 3. The (L,p)-bounded operator is defined, for example, in [12].

Suppose that Uy = Fo = Lo(D). The equality By = 6V? : def By — F, defines the
linear closed and densely defined operator By, dom By = W2(D) N V?/%(D) Let Ay = 1.

Theorem 5. The operator By is strongly As-sectorial.

Proof. The statement of the theorem follows from the sectoriality of the operator By [14].
(I

LetL{:Lﬁ XZ/{Q,.F:.Fl XFQ.

The vector u of the space U has the form u =col(uey, Ur, up,wn, ..., Wk, up), where
col(tg, Uy Up, W1, . . ., wi) € Uy, and uy € U, up = (by, br), by € H2, b, € H2Z. The vector
f € F has the similar form. Define the operators L and M by the equalities L = A; ® A,
and M = B;® By. The operator L belongs to L(U; F), and the operator M : dom M — F

is linear, closed and densely defined, dom M = U, x dom Bs.

46 Bulletin of the South Ural State University. Ser. Mathematical Modelling, Programming
& Computer Software (Bulletin SUSU MMCS), 2019, vol. 12, no. 3, pp. 4251



MATEMATUYECKOE MOAEJTMPOBAHUNE

Theorem 6. Let »~ ! ¢ o(A), then the operator M is strongly (L, 1)-sectorial.

Proof. By virtue of Theorem 4 and the results of Paragraph 3.1. [12], the operator B
is strongly (Aj, 1)-sectorial. Therefore, taking into account Theorems 3 and 5, we obtain

that the statement of the theorem is true. -

Let us construct the nonlinear operator F. Represent the operator as

F=F® kF,
where

Fy = Fi(tg, tr, b) = col (= ((tg +tr) - V){te + tr) — 20 X (uy + 1) + (V x b) x b+ f1),
—TH{(((tg + tr) - V) (g + 1) — 200 X (U + uz) + (V X b) x b+ f1),0,...,0),

K41
Fy = Fy(ug, ur,b) = V X ((tg + ur) x b) + f2.
In our case, Uy = U; x dom By, since the operator By is continuous.

Theorem 7. The operator F belongs to C=(Un; F).

Proof. The statement of the theorem follows from the fact that for any w € Uy, the
operator F! belongs to L{Uys; F), the second Frechet derivative F”,, of the operator F' is
the continuous bilinear operator that belongs to Uy x Uy in F, and F,' = O (similarly
to [12]).

(I

Therefore, we have reduced (1), (2) to (3), (4), and we can consider these two problems
to be equivalent. Let us verify the conditions of Theorems 1 and 2.

3. Theorem on Existence and Uniqueness of Solution

By virtue of Theorem 6 and the results of Paragraph 3.1. [12], there exists the analytic
semigroup {U':t€R,} of the resolving operators of equation (6). In this case, U’ is
naturally represented as U' = V' x W* where V/(W?') is the restriction of the operator
Ut on U, (Usy). Since B, is sectorial, then W* = exp(tB;), and, therefore, the kernel of this
semigroup is W° = {0}, and the image of this semigroup is W' = U,.

Consider the semigroup {V*: t € R, }. By virtue of Theorems 4 and 6 and results of
Paragraph 3.1. [12], this semigroup is extended to the group {V*: ¢ € R}. The kernel of
the semigroup is VO = U @ UM, where U = {0} x {0} x H, x {0} x ... x {0}(= ker A,
due to Theorem 5), and ¢ = NAZ AZIHZ] x HZ x {0} x ... x {0} . Here A, = I — 5A,

K1
A, is the restriction of the operator [TA! on H,. It is known that if 71 ¢ o(A)Uc(A4,),
then the operator A, : H, — H2 is topological linear isomorphism [12]. Denote by U
the image of V. Then, since the operator B is strongly (A, 1)-sectorial, then the space
U, decomposes into the direct sum of the subspaces U; = U & U & U

Construct the operator R (see (5), (6)). In our case, R = Byg Aip € LUY & U),
where Ayo(Big) is the restriction of the operator Ay(B;) on U @ UPL. Note that the
operator By exists due to Theorem 6 and the corresponding results obtained in [12].
By construction, ker R = U{°, and the paper [15] shows that im R = U{!. Therefore,
the operator R is bi-splitting. Denote by Pg the projector of the space U & U on UM
along UM Taking into account the structure of the space Uy, we obtain that the projector
Pr belongs to L(UY,), where UY, = Uy N(UYP ©UM) (= UP oUP). Therefore, the following
lemma is valid.
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Lemma 1. Suppose that =t ¢ o(A) Ua(A,). Then the operator R is bi-splitting, and
PREAC(Z/{](\)/[)

Consider the projectors
By, = diag [Py, 0], Q= diag[Qs,0], k=0, 1,

see [12] for a detailed description of these projectors. Taking into account the results of [12]
and the fact that the kernel W° = {0}, we obtain that I — P = (P + P1) x O, Q =
(I-Qo—Q)xI, P:U—-U, Q:F — FL) Then, apply the projector IP to
equation (4) in our situation and obtain the equations

K
(W A(us + ttr) = (g + 1) - V)t + 1) + Y BV — 1 — 20 X (U + uz) +
=1
(Vxbyxb+ fi(t))=0, Bu,=0, Bb,=0.

Hence, by virtue of Theorem 1 and the properties of the operator B, we obtain the
necessary condition for existence of the quasi-stationary trajectory u, = 0, by = 0, i.e.
all solutions to problem (2), (13) (if they exist) necessarily belong to the plane B = {u €
Z/{MI UW:O, bW:O}

Since Ilu, = u,, we obtain relation (9) from the first equation of (14), i.e. in our case,

K

(14)

up = (v Ay — (g - Vg + Y BV w — 20 X up + (V X by) X by + f1(1)). (15)
=1
Lemma 2. Under the conditions of Lemma 1, any solution to problem (1), (2) belongs
to the set

K
M={uecly: u =0, by =0, up:H(VAU—(uU-V)ug+ZﬁzV2wl—29xug+

HVXb) xb)+ 10y
Remark 4. Relation (15) gives condition A,) of Theorem 2 for any point u) € UL (=
U x {0}). Therefore, similarly to [12], we obtain that the set 9 is a simple Banach
manifold that is C*-diffeomorphic to the subspace U] x Uy, and can be the extended
phase space of problem (1), (2) ((13), (2)).

Let us verify conditions (11), (12). Construct the space U, = U; X V([)/é(D) Obviously,
this space is the interpolation space for the pair [U,Uprlq, and a = 1/2. As noted above,
the semigroup {U*: t € R} is extended to the group {V{ : ¢t € R} on U}, where V} is the
restriction of the operator V* on U]. Since Uy; = Uy N U] by construction, the operator
By is continuous by virtue of Theorem 4, and the semigroup {U*: ¢ € R} is uniformly
bounded, we obtain the inequality

/HVltHE(L{ll;L{]}/I) dt < const X || By ;7)) / ||V1t||ﬁ(u11) dt < oo, Te€R,. (16)

Accotding to Sobolev’s inequality [12], the sémigroup {W' : ¢ € R,} satisfies the
estimate

t
/||W |t i oy & < 50 (17)
0

Suppose that U! = U, NU', where U' = U] x U,. Then inequalities (16) and (17) give
the following lemma.

Lemma 3. Under the conditions of Lemma 1, relation (11) takes place.
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Taking into account condition (12), we obtain the operator H as follows. The operator
H is naturally represented as H = H,® Ha, where H; = A7NI —Qo— Q1) Fy, and Hy = Fy
(Aq1 is the restriction of the operator A; on U}). For the operator H, there is the statement
that is similar to Theorem 7 for the operator I, i.e. H € C®(U};UL), where UL = U, NU.

Therefore, all the conditions of Theorem 2 are satisfied. Therefore, the following
statement is valid.

Theorem 8. Suppose that >~ 1 ¢ o(A) Uoc(A,). Then for any uo such that uo € M, and
some T € Ry, there exists the unique solution u = (u,, 0, uy,, up) to problem (1), (2), which
is a quasi-stationary trajectory, and u(t) € M for all t € (0,T).
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HECTAIIIOHAPHA S MO/JEJIb HEC2XKIMAEMOM BSA3KOVYIIPYTI'OI
KNJIKOCTU KEJIBBUHA — ®OUT'TA HEHYJIEBOT'O ITOPSAIKA
B MATHUTHOM ITIOJIE SEMJIN

A.O. Konowxos', T.I'. Cyxauesa'?

"Hosropozxcxuit rocynapersennsiit yausepeurer uM. Spoctasa Mymaporo,
r. Bemukuit Hosropoy, Poccutickass @eneparius

2FOzxH0- Y PaIbCKHit TOCYIAPCTBEHHELIH yHIBepCHTeT, T. YeasaOuHcK,
Poccutickast Penepariust

B pabore uccrnenyercs 3amaga Komu — Jlupuxire mis cucremsr ypasrenuit OCKOIKO-
Ba HEHYJIECBOTO TIOPAIKA. PaCCManI/IBaeMaH MaTeMaTH4YeCKad MOOECIb OIINCBIBACT TCUCHUIEC
HEeC:KUMaeMO Ba3Koynpyroi kuakocru Kenbpuna — Qoiirra B MArHUTHOM TIOJIE 3€MJIH.
HpI/I ITOM YHUIUTBIBACTCA, 9TO Ha KHUIAKOCTH OKa3bIBAIOT BJAUAHUEC DA3JTUYIHLIC BHEITHUEC BO3-
JeiicTBUSI, 3aBUCAIINE KaK OT KOOPAWHATHI TOUKHM B MPOCTPAHCTBE, TaK W OT BpeMmeHu. B
epBoit YacTu pabOTHI M3JAATATCS M3BECTHBIE PE3YJIBTATHI, IOy YEHHBIE ABTOPAME DAHEE,
U3 TEOPHUH Pas3pemuMocTu 3aJaun Komm Jis MomyTuHEeHHBIX HeaBTOHOMHBIX YpaBHEHUIt
cobosteBCKOTO THMA. BO BTOPOI 9acTl MPOBOANTCS PEAYKIHS PACCMATPUBAEMON MaTEMATH-
9ecKOl MOZe N K yKasaHHOW abcTpakTHOM 3amade Komm. B Tperweil qacTn HoKa3bIBaeT-
¢ OCHOBHOI pPe3yIbTaT — TeopeMa CYIeCTBOBAHNS U eINHCTBEHHOCTH perenns. HaxonsT-
¢ YCJIOBHA CYIIECTBOBAHUA KBA3UCTALMOHADHBIX IIOJIYTPACKTOPHIH, & TAKXKE OINUCBEIBACT-
¢ paciupenHoe (ha30BOe MPOCTPAHCTBO uccaeyemoit mogenn. IlpeacraBaeHnbie B CTaThe
nccaen0BaHus 0000IMAT PE3y/IBTATHL ABTOPOB i cucTeMbl (OCKOIKOBA, MOJIETUPYOIIEH
JBUKEHNEe BABKOYIPYTOil HecxKnMaeMol kuakoctn Kenppuna — Poifrta Hy/I€BOTO OPSIKA
B MATHUTHOM TI0JIe 3€MJIH.

Karuesve crosa: maenumozudpodunamura; YpasHERUS COO0AEBCK020 TMUNA, DACUIU-

pernoe Pasosoe NPOCTPAHCINGO; HECHCUMAEMAS BAZKOYNDYLUA HCUIKOCTL.
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