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We consider a problem on the image processing and computer vision. A wide range of 
methods allows to solve problems of this type. The methods of partial differential equations 
are the most useful and interesting ones. A non-linear diffusion takes special place in 
these studies. In this context, fundamental theoretical foundation is a central part of this 
approach. Therefore, we introduce a new functional class of spaces, formulate and prove the 
lemma on the equivalent norms in anisotropic Stepanov spaces. Another important result 
of this study is the lemma that the anisotropic Stepanov spaces are Banach. In addition, we 
obtain the theorem on the solvability of the equation of anisotropic diffusion in anisotropic 
Stepanov spaces. The results can be applied to the image processing and computer vision. 
Also, the obtained results open the new view to this problem.
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I n t r o d u c t io n

As is known, partial differential equations (PDEs) have led to an entire new field 
in image processing and computer vision [1, 2]. The PDE-based methods play a central 
role in hundreds of papers published during the last decade, and are discussed in several 
conferences and workshops. The success of this method is not really surprising, since PDEs 
have proved their usefulness in several areas such as physics and engineering sciences 
during a very long time. A non-linear diffusion takes a special place in these studies. Note 
a method of this type proposed by Perona and Malik in 1987 [3]. In order to smooth an 
image and, simultaneously, to enhance important features such as edges, Perona and Malik 
apply a diffusion process, where diffusivity is controlled by derivatives of the formed image. 
These filters are difficult to analyse mathematically, because the filters should act locally 
like an inverse diffusion process. This gives rise to issues on well-posedness. On the other 
hand, non-linear diffusion is widespread method with very effective results. Therefore, this 
method needs for a theoretical foundation. We consider a new class of functions, which 
opens a new view to this issues. This class is formed by the anisotropic Stepanov spaces. 
The proofs of some statements for these classes are based on non-linear analysis of partial 
differential equations and functionals.

1. P r e l im in a r ie s  o n  M e a n  D e r iv a t iv e s

Let p =  (rp i, . . . ,  rpn) and l =  ( h , . . . , l n) be vectors with coordinates 1 < p; <  oo, 
0 < k < oo, where i =  1, ,n.  Consider the parallelepiped Ij =  /q  x • • • x @n С R™ with
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the edges f f  =  {ay : 0 < Xi < Iff. Following Nikol’skii [4, p. 9; 5, p. 30], by Lfflj) we 
denote the space of measurable functions f ( x ) =  f ( x i , . . .  ,x n) on Ij such that the norm

p ,i

n 2

I \f ( x )|Pl dx i

P 2
PI

dx 2

P3
P2

Pn
Pn-1

1
Pn

dxn (1)

is finite. Note importance of the order in which the norms are taken with respect to 
different variables. If p% =  V if =  1, • • •, n), then ||/||р,/г =  ||/||Р,/г

The spaces Lfflj) are called the Lp-anisotropic Nikol’skii spaces. As is known, these 
spaces are Banach with norm (1). Nikol’skii began the study of these spaces in relation to 
the theorems on embeddings of spaces of functions having generally different behavior in 
different directions. If norm (1) is considered for functions defined on unbounded sets, in 
particular, on the entire space Rn, then the corresponding anisotropic Nikol’skii spaces lose 
many important properties, such as embedding properties with respect to the parameter 
p, existence of important classes of bounded functions, etc.

Therefore, there is an interest in extension of classes of such spaces under which these 
properties are preserved. From this point of view, the Stepanov spaces SP(R ) [6, p. 110; 
7, p. 40] of locally integrable functions with the norm

ll/llsp,i =  SUP
t€ Rn

\f(x +  t)pdx
l
p

sup \\T(t)f\\LpJl
t€ Rn

(2)

are the spaces closest to the anisotropic Nikol’skii spaces. In order to investigate various 
properties of such functions with respect to different variables by Nikol’skii approach, we 
introduce the anisotropic Stepanov spaces Sp j as the sets of locally integrable functions 
on with the norm

s.p sup ||T(t)/||W r  
te Rn

(3)

Obviously, these sets of functions form normed linear spaces. Moreover, in this article, 
we consider the question on the close relationship between such spaces and anisotropic 
Nikol’skii spaces, as well as the problem on solvability of anisotropic diffusion in these 
spaces.

2. M a in  R e s u lt

As is known [6, p. 99], various equivalent norms can be defined on the classical Stepanov 
spaces Sp(Rn). The same is true for the spaces S^j.

Lemma 1. Norms (3), corresponding to different I*'1'* =  . . . ,  In'*), are equivalent.

Proof. Suppose that l

Let us show that 
On the one hand, we have

the
(ll , . . . , ln) , l0 — max1<i<n li, and 1° = (lo, . . .  , l0) .

norms n / k i and WfWs-j arePA o equivalent.

i i / k i < n / k v (4)
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On the other hand, suppose that l0 =  mili +  Oi; where 0 < Oi < 1 and are positive 
integers. Then we have __ i

lo /  lo P2

\f(x +  t)\Pldxi I dx2
0 \0

Pn
P n - 1

dxn <

(m„ + 1)1„

<
(rri2 + l)l2 /  (mi+l)li \ pi

f  \f(x +  t)\Pldxi | dx2
0 0

dxn

1Pn

(kn + l)1n

e
kr=0 knln

m2 (k2+1)l2

••• E X

mi (mi + 1)1i

k̂2=0

P2
pi

k2l2
P3
P2

X \f(x +  t)\Pldxi 1 dx 2
k=0 kili

Pn
P n -  1

dxn

1Pn

(mn + 1)1n
P3

(m2 + 1)l2 /  (mi+1)1i
|f ( x  +  t)\pidx\ I dx2 dxn

1Pn

l2 /  mi
P 2 PIp I "</2 л I "°i л XE E E |/(ж +1 + fc/)|pihxi J cir2 • • •

Ik =cd k=0 0 yki=0 0 '

1Pn

dxn

where kl =  kiU.
i=1

Apply the inequalities

n
S a  < < na-1 Sia), if a > 1;
a-1Sla) < Sa < Sna) if 0 < a < 1

and obtain

X
mn mi f rin

E - E

Of IT- r < C (p ,m )x
t J  U ^ p , I lQ —  O ')  ^

»  /  f li

0 0
|/(ж + 1 +  fc/)|pihxi . . .  dx.

P 2 PI
1Pn

(5)

(6)

kn=0 ki=0
where m =  (mi , . . . ,  mn). Take the supremum over 1 G R" and obtain the inequality

\\fh,lo <C(p,m).\\f\\s¥r (7)

The statement of the lemma follows from (4) and (7). ^

Based on the results of Lemma 1, we assume that l =  (1 , . . . ,  1) and consider the norm 
slt . Let К  be the unit cube 0 < ay < 1, (г =  1 , . . . ,  n), and K m be the cube К  shifted

0

Pn-i

0

Pn-i

0 0 0

Pn-i

n
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by the vector m. Therefore, Кш [)К р  =  0, if m ф r and \jK m =  E™. In the spaces Spj,
fn

we use the cover of E™ by the cubes К ш in order to dehne the equivalent norm on the 
spaces Spj as follows:

’ (8)

(9)

% ,o =  SHP \\Л\ь¥,кш

Indeed, on the one hand,
Sp ,о < SP,r

In order to prove the reverse inequality, we use (6) and obtain

mi

, , ,kn= 0 ki=0 I t/[tn]

'[tn \+2

1*п.k < C iP, m ) X

| f ( x  +  kl)\pidx\

P2
pi

i
Pn

. dxn

p,k

гЫ+2 / r [ti] + 1

'M  \J[ti]

In (10), we represent the corresponding integrals as

Г [ti + 2] Г [ti +1] r\ti + 2\
/  =  +  >J[ti\ J[ti\ »/[ti\ + 1

where i =  1 , . . . ,  n, once more use (6), take the supremum over t G E™, and obtain

™ ) ' ll/IISp.o-

(10)

S - J  <p,l (11)

The statement follows from (9) and (11). Hence, since the spaces Lpyk are separable on each 
cube Km, then the spaces Spyо are separable and, therefore, the spaces Sp j are separable.

Lem m a 2. The spaces S^j are Banach.

Proof. The proof is based on the following fact about vector-valued function defined on 
some abstract set and taking values in the Banach space E . This fact was developed by 
Hille and Phillips [8, p. 103]. If f  (a) is strongly measurable on G and Ц/(ct)||e is bounded 
everywhere except for some set having zero measure, then the space L ^ (a ,E ) is Banach 
with the norm ||f ||те =  ||f (a)||e . If ||f (a)||e is continuous, then ||f || =  sup ||f (a)|| and

L ^ (a ,E ) becomes C (a ,E ). The statement of Lemma 2 follows from this statement, if 
E =  L -i and (3 =  E™, since the spaces L -j are complete.

□
Let Kjf С  E™ be the cube with the edges 0 < ay < l, and К™г be the cube K'f shifted 

by the vector t =  (П, . . . ,  tn). Consider the biconvex functional

(12)

The functional B i(f,g ) is finite, if /  G Spj, g G Spj. The proof of this statement is based 
on the Holder inequality for the norms on Lp(П) and Lp/(П) [1, p. 19]:

Bi( f , g ) =  sup f { x  +  t)g(x +  t)dx =  sup /  f (x )g (x)dx
t€Rn Jk? teRf jK h

f(x )g(x )dx
K?

< IM**) (13)Lp
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Hence, take supremum over t E R™ and obtain

\Bi{f,g)\ < \\f\\sw • I M I s ^ r

It is easy to see that (14) implies also the inequality

\ B i { f , g ) \  <  WfWsp^ ■ IIS'IILp/(Rn) •

Therefore, the following theorem is valid.

Theorem  1. The following equalities are valid:

ll/ll%,i= sup \Bi{f,g)\,
lbllv=1

\\д\\ь¥ =  sup |Д(/,#)|.
\\f\\s¥, r i

(14)

(15)

(16)

(17)

Proof. Let us prove (16). If 1 < p < to, the function f ( x )  is measurable on R and satisfies

\Bi{f,g)\ <  M||̂ ||L_/(Rn) (18)

for any function g G L^ (Rn), where L^ (Rn) is a set of measurable essentially bounded 
and finite functions, then /  G Sp j and

М =\\/Ц , г (19)

Following the proof of the similar statement proposed by Nikol’skii [1, p. 19], we assume 
that s is the number of infinite components of the vector p, 0 < s < n, while the remaining 
components are finite.

Suppose that the statement is false and the inequality /  ||s > M  holds for some 
function f (x) .  In this case, there exists t0 G R™ for which

И Л »  ,, > M -LQ ,1
(20)

and we can find a positive integer k such that the function

( \f(x ) 1, if \f(x ) \ < k  and х е К ы - 
<p(x)=\ k , if \f(x ) \ > k  and x E K lo>i] 

( 0, if x ( f  K w
(21)

satisfies the inequality
M l » ( » 0,d > M -

Next, we use the Nikol’skii functions [1, p. 20], which are defined as follows. For pi <  to, 
we assume that

ifi (xi m, )
0̂,l (Pi>~>Pi)>K*oj

Pi- 1
,
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(for i =  1 we suppose that \[р\\ь 
assume that

■p._1 M ), then ipi =  0, if ||<p||Lp. =  0. For p =  oo, we

XF, (Xi,...,Xn)
(Xim, . . . ,Xn) if miFi =  0;m, F, ’

0, if mi Fi =  0,

where Fi { ( x i , - - - , Xn) : ||̂ |(pi,...,pi-l)>1l x — x/,-1 > ||̂ ||(pi,...,pi),/iX — x/i} , mi Fi is the
measure of the one-dimensional section of the set Fi over xi for fixed xi+i .. ,xn, and 
XFi is the characteristic function of the set Fi.

It is easy to see that g G L00(Wn), ||<jf|| ,̂ =  1 and

/  \ip{x)g{x)\dx =  I \p{x)g{x)\dx>\\p\\L- l(Kno i ) > M .
' KF - to,l

Hence, we take into account (20) and obtain

lBi(f , g ) 1 =  sup
teRn J Kn

f  (x)g(x)dx |f (x)g (x)|dx >
>KF - to,i

> \<p(x)\\g(x)\dx > \\<p\\L t > M.
Jk " —to,i

Therefore, we obtain the estimate

\Bi(f,g)\ > м\\д\\ь-,(ж™),

which contradicts to (18). This completes the proof.

Therefore, on the one hand,
□

On the other hand,

S-J< sup \Bt(f,g)\.

sup \Bt(f,g)\ <  ||/||s_r

(22)

(23)

The proof of equality (16) follows from inequalities (22) and (23). Equality (17) is proved 
in the same way.

Theorem  2. The partial differential equation

du(t, x)
dt

div (DVu(t,  x)),

u(x, 0) =  p(x)

is solvable in the spaces Spj (Rn), and there exists the estimate

llu(t, x ) lbp,r(Rn) < IMI,Spir(R") •
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А Н И З О Т Р О П Н А Я  Д И Ф Ф У З И Я  В А Н И З О Т Р О П Н Ы Х  
П Р О С Т Р А Н С Т В А Х  С Т Е П А Н О В А

В.А.  Горлов, ВУНЦ ВВС <ВВА имени профессора Н.Е. Жуковского 
и Ю.А. Гагарина:», г. Воронеж, Российская Федерация

В статье рассматривается задача, связанная с обработкой изображений и компью
терным зрением. Многие методы помогают решить такой тип задач. Наиболее полез
ными и интересными из них являются методы уравнений с частными производными, 
и особое место в этих исследованиях занимает нелинейная диффузия. Фундаменталь
ная теоретическая основа в текущем контексте является центральной частью данного 
подхода. Итак, в статье введен новый функциональный класс пространств, получе
на и доказана лемма об эквивалентности нормировки в анизотропных пространствах 
Степанова, получена лемма о том, что рассматриваемые пространства являются ба
наховыми. Получена теорема о разрешимости уравнения анизотропной диффузии в 
анизотропных пространствах Степанова. Результаты могут быть применены к обра
ботке изображений и компьютерному зрению и могут дать новый взгляд на решение 
данных задач.

Ключевые слова: диффузия; пространства Никольского; анизотропные простран
ства Степанова; анизотропная диффузия; дифференциальные уравнения.
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