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ASYMPTOTIC SOLUTION OF THE PERTURBED FIRST BOUNDARY
VALUE PROBLEM WITH A NON-SMOOTH COEFFICIENT

D.A. Tursunov, M.O. Orozov
Osh State University, Osh, Kyrgyz Republic
E-mail: d osh@rambler.ru

In this paper, we consider the first boundary valueproblem, that is the
Dirichlet problem in a ring for a linear inhomogeneous second-order elliptic
equation with two independent variables containinga small parameter in front of
the Laplacian. The equation potential is not a smdhb function in the field under
study. There exists a unique solution of the firsboundary value problem under
consideration. It is impossible to construct an okhweus solution of the first bound-
ary value problem. We are interested in the influene of the small parameter on
the solution of the Dirichlet problem in the field under study when the small pa-
rameter tends to zero. That is why we need to comstt an asymptotic solution of
the first boundary value problem in a ring. The prablem under consideration has
two singularities (a bisingular problem): presenceof a small parameter in front
of the Laplacian, and solution of a relevant unperrbed equation is not a smooth
function in the field under study. To construct anasymptotic solution, we use a
modified method of boundary functions since it ismpossible to use a classical
method of boundary functions. To begin with, we costruct a formal asymptotic
solution as per the small parameter, and then we aluate the remainder term of
the asymptotic expansion. As a result, we have cdnscted complete uniform as-
ymptotic expansion of the first boundary value protlem in a ring as per the small
parameter. The constructed series of the solutionfahe first boundary value
problem is asymptotic in the sense of Erdey.

Keywords: Dirichlet problem for a ring; bisingulaproblem; asymptotics;
Laplace operator; small parameter.

Consider the partial differential equation of diliptype

Au(p.g.£)~Jp-(p.g£)=T(og), (0#)ID, (1)
with the inhomogeneous boundary conditions of s kind
ulg.e)=¢n @), u(@p £ -y, ¢ ).¢0[ 0,21] )
. 9% 10 1 9°
whereQ < ¢is a small paramete =——+——+—

- 0 = <p<ai -
50 popt a¢2,1‘DC (D),D={(p9)| L<p<ais acon
stant, < ¢ < 273, OC[0, 274, k=1, 2.

Mathematical models of many natural phenomena @sertbed using boundary value problems for
partial differential equations [1-2].

According to the theory of partial differential edions, the solution to considered first boundary
value problem (2) for differential equation of ptic type (1) exists and is unique [3]. We are riasted
in the behavior of the solution, i. e. dependerfciis solution on the small parametgewheres - 0.
We consider the question about the part of the @dorBain which passage to the limit is performed.

The considered first boundary value problem hasfeatures (bisingularity) [2]. The first singular-
ity is the fact that the solution to the limit etjoa (£ = 0) cannot satisfy the boundary conditions, since
the limit equation is not a differential equatidrhe second feature states that the solution tdirtiie
equation is not a smooth function in the doniin

u(e.¢,.0)=-f(0.9)No-1
In order to show how this nonsmooth solution aBdbe asymptotic behavior of the solution to the

Dirichlet problem, we consider the classical ousymptotic expansion of the solution to the first
boundary value problem:
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U(0.0.6)= 3 e (0.6). £ - 0. ©)
k=0

Substitute series (3) into differential equatiorediptic type (1) and equate the coefficientsle t
same powers of, then we obtain:

NP1 (0.9)=f(0.8) VP-4 (0 #)=DuU_y (0 #), KIN.
f(p0.9) _Au4(0.9)
, U (p,¢)=—=—=——,kON.
Jo-1" Jo-1
In the general case, all these functiag(p,$) have increasing singularities of the form
U (0, 4)= o((p—l)‘<5"*1”2),p L LKON,=0,1,2,.

Therefore, asymptotic solution (3) can be reprexeas follows:

Here we determine ali(p,$) as follows:u,y(p,¢) = -

k
> £
U(p.¢.¢)= > F(pg). e~ 0,
NI = o{\/(p 1)° J

where F, 0C”(D),k=0,1,2,..

Hence, series (3) is an asymptotic solution tofitisé boundary value problem only in the domain
{(p@)| 1+ °<p<a, 0< ¢< 274, and does not satisfy the boundary conditiof®, ¢,£) =, (¢) on
the circlep=a, and solution (3) loses its asymptotic charaatethie domain {f, ¢)| 1< p< 1+£*°,

0< ¢<273.

Let us prove the following theorem.

Theorem. The asymptotic solution to first boundary valuelpem (1) and (2) can be represented
in the following form:

U(p,0,6)= stk(p¢) ZA A(19)+ > W w(rg). e 0
Hi=o
wheret = (a- p)/A,A=e, 1= (,0 N7a ,u—\/_

The functionsv, (0,9),z, (t.¢),w, @ ) are specified below, in the proof of Theorem.

Proof. First, construct a formal asymptotic solutiorthe first boundary value problem. As usual,
we look for such a solution in the form [4—6]

u(p..€)=V(p.0.&)+ Z(td A)+ Wi ¢ 1), (4)
where V(p,¢,£):i£kvk(p,¢), Z(t,¢,/l):i/1kq((t,¢), t=(a-p)/A,A=+e,
k=0 k=0

W(r,¢,ﬂ)=%§ﬂ"m(r,¢), r= (o- Dif, u=Ye.

Taking into account conditions (2), we obtain:

WO0,¢, 1) = gn(@) —V(L.45), Tk: lim w(7,4) =0, $0[0, 277]; (5)
Z(0,¢, M) = yu(9) —V(a.g, A%, Ok: tlim z(t¢) =0, ¢0[0, 2r7]. (6)
We write differential equation of elliptic type (i the form [4-6]
ehu(p.@,6) — \p—1u(p,¢.¢) =H(p.¢.e) —h(p,¢.€) + h(p.¢,9), (7)
_ x| a2 ok+1| Noks12(09) - 1 49) )
where h(P'¢’5)—kzo[5 by (0.9)+ & [ \/,0—1 +\/(,0—1)3 H, Noks1,1(0,0).hac1, (@) are un

known functions for the present.
Substituting formal series (4) into differentialuedion of elliptic type (7), we have

aV(p.¢.e)-p-N(ppe)=floge)-hlop£) ¢ 1D, (8)
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W 5, AW oW
Iu(ar ,uc +(ﬂ 29— YE \/_W} f(1+fu2,¢,ﬂ5)v(f,¢)ﬂ B, 9)
0’z 0z 2a z [t
——AC—+(AC -Ja-1 1— Z=0, (t 10
e P (A9) 1 ()00, (10)
where c=—+ L<c<a, D0=KE¢NO<T<@—1MKO<¢52@, D, = {(t.4)| 0 <t <(a—
1+ r,u a
DA 0<b<27 c=— Lercl, W=Wrd ), 2= 2(t.4.1).
a-At'a
From (8), taking into account that(0,4,6)=>" ey (0,¢) and equating the coefficients at the
k=0
same degrees af we obtain:
_f(o.¢)-h(9)

VO(:O1¢)= \/ﬁ

if ho(¢) =f(1, ¢), thenv, OC( D).
In this casev,(0.4) =~/ 0~ 1% (0.8), %O C”( D) and

1 v 1 ov 0%V, 0°V
AV = )3/2 OVp _ /_,0 b b

avo — 0%
4(p- Jp-10p op° p[zJ = J SFY:

Let us determin&y(o,9):

_Av(p.2) + h(p.9)
Vl(p7¢) - \/m y
Vo,0(#) 3\7,(¢)p—2V,(¢) V(1
et h(pig) =~y + = where Too(g) = UL, Vo) = Zu),
Then
Avy(p,9) + hi(p,8) = p -1 (0.8), %O C (D).
Hence,
w(p.p) =202 j)thl(p 0) = 3(0.0).
Continuing this process in a similar way, fat.1(0,¢) we have:
V2k+1(,01¢) — AV2k (pl¢) + h2k+1(10’¢) ’
Jp-1
let
_ Uy 0(@) | BVxo4(@)0—2Vy (@)
T Ay S
where
T o#) = VL), Vi 8= T2,
then

Mo (0, 8) + oy 1(0,8) =N 0~ Wy (0.8), V.0 C” (D).

Hence, we have:

Avy (0, 8) + s (0, 9)

Vor1(0,9) = =y (0.9).
Jp-1
And, forva(po,¢), we have:
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Vo (0,9) = AVZk‘l('O\'/i)_jlhzk (0,9) |
if ha(@) = Avaci(1,0), KON, thenv,, DC(B)_

Note thatvy,; 0C” (D), vy 0 C( D).
Let us determine the functiomﬁ(r @). Rewrite relation (9) as follows:

2 h2k+1 3(¢) +

or
Hence, taking into account (5), we have:

aWk+ 2V\4<+ V\ﬁ( J:m 10(( + .
Z,U( cu’ Jrw kzoﬂ hy (8) + 1 NE

ﬂ4h2k+ 1,1(m.¢))

Jr

I = a;"‘;o —JTw, = hy, We(0,) = 0, lim (7, ) =0, (11)
T T
Iwy = 0,w(0,8) = ¢a(@) —Vo(1.9), T"IQOW_L(Tv $)=0, (12)
ow, . hy3(9) .
W, = —c—2 + =222 Wy(0,4) = 0, lim wy(7,¢) =0, (13)
or \/F oo
W = —c‘z—"f Ws(0.¢) = 0, lim wy(7,$) =0, (14)
I, =—-c a(;"’rz - ‘Z;"‘;O + hl'l(j‘?”m  wi(0.¢) = 0, lim wy(7,¢) =0, (15)
I = —caa"‘f 02‘27‘”1 ws(0.¢) = 0, lim w(7,4) =0, (16)
g = —caaﬂ;‘ ¢ ‘2;”2 W(0,6) = ~vi(1,9), lim we(7,¢) =0, (17)
w,_, ,0°W_,
Iw; =-c P -C 6¢ , W;(0,9) =0, Ilmw(r¢) 0,j=7,8,9, (18)
R S Vi) =LY, M Wy 9) =0, 19)
g = ez 2% 2t u(@), w09 =0, Im wia(r =0, (20

avlek _ 2 6 W10<_2+ h2k+1,3(¢) , Wl(]<+2(0-¢) =0, lim \N_I_Ok+2(T’ ¢) =0, (21)

Iw, =-C C
10k+2 or 6¢2 \/F

OWygye+2 _ 2a Wik Morcsa(TH, ¢) Wiaea(0,0) = 0, lim Wy o(7,8) =0.  (22)

W, g =—C
10Kk+4 ar YE Jr

Let us prove the following statement.
Lemma. The problem

z(t) =tz 9= tJ(0,»), k= 0,1,3,z(0F 2, (lim 2( 8= ¢

\/_

has a unique solution (hergZ’ are constants).

Proof. We know that the corresponding linear homogeneliftesrential equation of the second or-

der Z2"(t) —\/Trz(t) =0 has two independent solutions:
2,(0) =tl5(41°7415), 2,()=/1K, o 467% /9,

wherel,,5(s), K,,5(s) are the modified Bessel functions.
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Solutions to the homogeneous equation have theWiilh property:

1 ﬂt5/4 21 4t5’4 1
z()=0 t8e , 3()= t8ed |, tbow, Z0)=0, Z(0% 0, W,;z,Z— , ¢ ;= cons
G
The solution to the inhomogeneous equation withdtkesponding boundary conditions can be

represented as
(=2 (Zé)°+ oo 300, 2 2 s O 42 ) s)

The asymptotic behavior of the solutiongt) and z,(t) to the homogeneous equation implies that
(1) O(t (k+1)’2)whent_>oo and z(t) = O( tz'k’z), k=0,1,3, whent- 0. This completes the proof of

Lemma.
By virtue of Lemma, there exist unique solutiondtandary value problems (11)—(22). It follows
from the properties ofy(t) andz(t) that Wia(t) = O(LY), Wigea(t) = O(1/?), Wigea(t) = O(Lh), t— o0,
and the remaining solutiomng,(t) are exponentially small when- oo.
Let us consider boundary value problem (10), (®)c&a =At/(a-1), 0<a <1, then the follow-

ing decomposition takes place:
111 1 . ;
l-g =1+ ——(——1}..(—— +1J a).
v JZ_’“,Z 5 S+ yea)
Therefore, homogeneous differential equation (H0) lwe written in the following form

—Ja-1z =0, (t4)0 D, z(0, §) = ¢a(P)-(a.9), t“m 7(t, $) =0,

0’z _ 3 0%z 07,074

5 1 - — l— l— lt ) D

atz Zk Gk[ at a¢2 % 1 at a¢2 ( t¢) Q

and the boundary conditions can be representeg(8sp) = —vn(a,@), zn-1(0,¢) = 0, lim z(t,¢) =0
to00

2
where the functionss, | z, 9% 6_20 6; 1 6 = ,t| depend linearly on the previous solu-
ot " 9g2 ot ' og?
. . . 0z, 0°7_, .
tions and on the derivatives of these solut|0|es,c1t12k_1,7,afﬁ2 and on the variable
These problems have unique solutions which deeregsonentially wheh — o

2(t9) = (#2(#) - vo(a ) €, 2 (19)= e ¥ R(19), ROC (D).

We have determined all terms of formal asymptodxl:mmn (4). Let us estimate the remainder of

this expansion.
Let U(0,0,6)= Vo1 (0,88 )+ Zue 2 (1 A Y+ Wi o0 B 11 Y+ R 1(0 8 £, where
2n+1 4n+2 10n+6
Vorea(0:8,6) = 2" €% (0.8), Zanea(L.0.4)= D A2 (18), Wioneo(7.9, u)—— Z 1w (7.8),
k=0 k=0

Ron1(0,9,€) is the remainder of the series.
Then we obtain the following problem for the resitiunctionR (0,¢,¢):
(¢ YD, (23)

DRy, 11(0,8,6) 0~ 1R 10, £)= O™ ), -
Rona(19.£)=0(6F ), Ryuy(ag £ )= OE?™2 )z - 001 [0,27]. (24)

It is impossible to apply the maximum principleetitly, since\/p-1= 0 for 1< p<a. Therefore,

first of all, we replac® n:1(0,8,8) = (a—F2) ne1(0,0,).
Then problem (23)—(24) takes the form:

45
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4gp  O0rynyy
Dy - | [p—1+
2n+1 Za_pz ap P

Jr2n+1=0(52”*2), (0.4)0D,

2a- p?
r2n+1<1.¢.e)=0(e‘“ﬁ ) L@ )= 0E*™?),e - 0,40 (0,27 .

For this problem, the maximum principle [3] candmplied. As a result, we obtain an asymptotic
estimation:r,,,,,(0,4,£) =0 (™), e - 0, (o $)ID .

Therefore,R,.1(0,8,£) = O(e*™), £ - 0, (0 ¢ )J D.
This completes the proof of Theorem.
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ACUMNTOTUYECKOE PELLEHUE BO3MYLLEHHON NEPBOW KPAEBOU
3A0AYUN C HEMAAKUM KOO PULIMEHTOM

A.A. TypcyHoe, M.O. Opo3oe ]
Ouwickuli eocydapcmeeHHbIl yHUgepcumem, 2. Ow, Kupeusckas Pecrnybriuka
E-mail: d osh@rambler.ru

PaccmaTpuBaeTcss HeomHOpOIHAS TIEpBas Kpaesas 3ajada, T. €. 3agada J(upuxie B KOiblLe AJs Ju-
HEHHOTO HEOJHOPOIHOTO IUIMIITHYECKOTO YPaBHEHHUSI BTOPOTO TOPS/IKa C ABYMSI HE3aBHCHMBIMH TIepe-
MEHHBIMH, COJAEpKAIllero Majibld mapaMeTp mepen JamnacuaHoM. [loTeHnuan ypaBHEHUS! HE SIBISCTCS
raaKoi GyHKIMEH B UCclIeayeMoi obmactu. PereHue necieayeMoil epBoii KpaeBo 3aaun CyIecT-
BYET U €IMHCTBEHHO. SIBHOE pelleHne nepBoil KpaeBo 3ajjauu MOCTPOUTH HEBO3MOXXHO. Hac nHTepecy-
€T BIUSHUE MAJIOTO IMapaMeTpa Ha pelieHue 3ana4yu Jupuxiie B paccMaTpuBaeMoi 001acTH, Korjia mMa-
JIBIY TIapaMeTp CTPEMUTCS K Hyro. [loaToMy TpeOyeTcst MOCTPOUTh ACUMITTOTUYECKOE PEIISHUE TTePBOM
KpaeBoil 3aauu B KoJiblle. Vccieayemas 3aaua IMEET 1B CUHTYJISIPHOCTH (OMCHHTYJISIpHAs 3a/1a4a):
MIPUCYTCTBHE MAJIOTO TIapaMeTpa Nepe]] JAIUTaCHaHOM U PelIeHHe COOTBETCTBYIOIIETO HEBO3MYIIIEHHOTO
ypaBHEHUS HE SBIISETCS TIIAJIKON (YHKIHMEH B paccMaTpuBaecMoin o0nacTu. J[jisi mMOCTpOCHUs aCUMIITO-
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THYECKOTO PEIICHHS MTPUMEHsIeM MOTUPUIIMPOBAHHBIA METOJI IIOTPAHUYHBIX (PYHKITUH, TaK KaK KIIaCCHU-
YeCKHid METOJ TOTPAHWYHBIX (YHKIUH MPUMEHUTh HEBO3MOXHO. [ Hawama ctpouM QopManbHOe
ACUMIITOTHYECKOE PEIICHUE [0 MAJIOMY apaMeTpy, a MOTOM OLIEHUBAEM OCTATOYHBIN YJIEH aCUMIITOTH-
YECKOIo pasjoKeHusa. B pe3ynpTaTe HaMu MOCTPOCHO MOJIHOE PABHOMEPHOE aCUMITOTUYECKOE Pas3io-
JKEHHE PEeIlIeHUs TIEpBOM KpaeBOH 3a/1auu B KOJIbLIE 10 MaJIoMy napaMeTpy. ITocTpoeHHBIN psi peteHust
MIEepPBOI KpaeBoM 3aauu SIBISETCS ACUMIITOTUUECKUM B CMBICTIE DpaACH.

Knioueswie cnosa: 3adaua [upuxne 0na konvya, bucunzyisipHas 3a0a4a; acumMnmomuxda, onepamop
Jlannaca;, manwsiii napamemp.
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