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CAUCHY FRACTIONAL DERIVATIVE
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In this paper, we introduce a new sort of fractionaderivative. For this, we
consider the Cauchy's integral formula for derivatves and modify it by using
Laplace transform. So, we obtain the fractional deiwative formula F“(s) = L{(-
1)“L{F(s)}}. Also, we find a relation between Weyl's fractbnal derivative and
the formula above. Finally, we give some examplesrf fractional derivative of
some elementary functions.
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Introduction
Cauchy's integral formula for derivatives is ginmnthe following relation

I o F(w)dw
FWs)zlel, sdint ), rON.
2 c (W— S)n+
It calculates the derivative of order of an analytic function whem is a nonnegative integer.
Also, it seems to calculate the derivative of fi@tal order when we writer > 0 instead ofn:

(G)S:r(a+1) F(W)dW
(9 =HE AP

However, it is not as simple as it looks. Becaus® ¢ontour integral in the formula (1) is so

sO int( ©). (1)

complicated. Moreover, the functicfiw - s)‘”1 is multi-varied. Hence, the value of the contauegral

in (1) is not independent of the choice of closadre C . Formula (1) is an unpractical one to calculate
the fractional derivative of a function. Therefoiteneeds a modification. Here, we modify the fotanu
(1). By making some calculations, we return itlte tformula

F(s)={(-9" (A}, @

where L is the Laplace transform.
Weyl's fractional derivative is given by the followg formula

(-1)” d_“"j’ F(t)dt
M(n-a)ds’ ¢ (t-s)""™"
where s>0, n-1<a<n, nON, a>0 [1]. Raina and Koul [1] proved in 1979 that theplace

MWIF(9=

(3)

transform of the functior{-x)? f(x) is equal toa™ derivative, in the sense of Weyl, of the Laplace
transform of f . This means that the fractional derivative of action F with the inverse Laplace
transform can be calculated by the following foranul

WeR(9= U (-¥7 8}, )
In this work, we move the contour integral in tenfiula (1) to an infinite vertical line, and thee w
prove the relation (2). Finally, we give some ex&ap

Laplace Transform and Cauchy's Integral Formula for Derivatives
Let f be a continuous function frofd,+e0) to C and satisfy the inequalityf (x)| < Me™ for

somea, M [OR . Then, its Laplace transform is defined by théofeing
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{1} = [ (x) &> ax

whereRe( § > ¢andalR . We denote the Laplace transform of a functforby F(s), i.e.
F(s)=[f(x) &> dx (5)
0

For example, the Laplace transform of the functiofx) = (-x)* " is
F(s)=- M(a+1)

(W_ S)a+l ! (6)
wherea >0, Re[ 9> R¢ Jandr is the gamma function given by

r(z)=[x¥"e*dx
0

Laplace transform forms an invertible linear oparaMellin's inverse formula for Laplace operator
is given by the line integral:

C+ico

f(x)=-= | F(w)e™dw (7)

wherec is a suitable real constant [2].
Now, we recall Cauchy's integral formula for detiva. Assume thaD is a region in the Complex

plane C, F is an analytic function irD, sOO D, C is a curve satisfying the conditicsi] int( C) and
nON; then then™ derivative of F is given by the following formula [3]

F(”)(S):L!J'M

277 2 (W_ S)n+1 ’

(8)

Cauchy's Integral Formula for Derivatives on an Infinite Vertical Line
Lemma 1. Assume thatF and f are two functions satisfying the condition (5).efhF is an

analytic function in the regiorRe( § > ¢ and it is bounded in the regioRe( §= ¢ for eachc>a.
Besides, the improper integral in (5) is uniforrabnvergent on the regioRe( s)z [2].

Definition 1. If a function F is the Laplace transform of a function, then watestthat it is a
Laplace type function.

Ims Ims
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Fig. 1. Infinite vertical line Fig. 2. Half circle
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Lemma 2. Let F be a Laplace type function amJN. Then, Cauchy's integral formula for
derivatives (see (8)) can be written as follows:
I ¢ F(w)dw
F(g)= 1] Flwdw
T i (W)
where a<c< Re( 9 Note that the integral above is taken on thenitdivertical line L shown in

Figure 1.
Proof. By Cauchy's integral formula for derivatives (8)daby the structure of the cun@ shown
in the Figure 2, we obtain

F(n)(s):l! F(W)dw :LIM‘@L j m

ch(w_s)ml 271 LR( _ $n+1 MCR( W $n+1

By Lemma 1, there exists a positive numbérsuch thallF (W)| <M. Then, we have

n I dW| I'F )ldv _ “ =1 M
‘277i & (W n+l n+1 < n.Rn+1
The last relation shows that the value of the mbgn the half cwcle(:R vanishes whemR - +o .
This ends the proof.

Cauchy Fractional Derivative
Definition 2. Let F be a Laplace type function an@d be a positive real number. We denote

Cauchy fractional derivative of order by SCo‘c,’F(s) and define as the following relation

Ma+1)° F(w)dw
271 )a+1 ! (9)

sCaF(s)=
c+ioo( -
wherea< c< R § (see Fig. 1).

Remark. Since the functionF in the formula (9) is a Laplace type function,rtht@ere exists at

least one real numbea such thatF is analytic in the regiorRe( W) > a. Furthermore, the function
(w-35)"" has
inf {k ON| ka ON}
analytic branches in the region
c\{w=¢&+im(s)|E= Re 3.

So, there arénf{kDN| kaDN} values of Cauchy fractional derivative for anydtion F . And
also, one can simply see that these values arg@éndent of the choice of the real numlmeiin the
interval (a, Re( 9).

Theorem 1. Let F be a Laplace type function amd be a positive real number. Then the Cauchy
fractional derivative,CJ F(s) holds the following relation

CIF(9)= U(-¥" L A} = W A §.

Proof. We begin by writing the definition of the Cauchgdtional derivative:
e M(a+1)

CIF(9 =5 [ F(v) -

C+ico (

dw

-s a+l
By the formula (6), we obtain

CAF ——ij F(w (-5 &) dv——CT (Z ) dv9)x d% dw

C+ioo C—ioo
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By using the uniform convergence of the Laplaceiproper integral and the boundedness of the
function F (see Lemma 1), we can change the order of iniegtate.

__ICT (=X &9 dwd = j x)” ‘SX[—CT V\)é'“xvq

By the inverse Laplace formula (7), the fractiodetivative CS F( ) can be written as

CIF(9=[(-9" e (B o= {(- ¥ T{ §. (10)
0
The formulas (4) and (10) completes the proof.
Example 1.By using well-known formula

1 _T(r)
L{Xr }—S—r, r>0,
we have

al _ a1 a g-1 _(_1)a a+r-1 _(—1)ar(a+r)
L o R (AR B e O
In a similar way, we can obtain the following
co 1 _()r(a+r)

T (s-d r((s-a™"

wherealC.
th
A table of some functionsjzi derivatives is given in the following:
1th
E derivative of some functions
] th 1
Function, F (s) 5 derivative, ;C2F ()
ol «/71(\/s+i—\/s— i)
arctan- +
S Vs’ +1
13 23
. +J71N(s+ )°-(s- ) j
2 B 3
s+l a,)(s*+1)
. \3 43
S +I\/7_T(\/(S+I) +\/(s— i) j
2 B 3
s+l a)(s*+1)
Ins |\/_(Ins+2ln2 2)
0g32
o (e J?Terfc(\fs)
- H| —+— o0 —*
s s 2532
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Example 2.We can use the Dirac Delta function, which is aeggelized function denoted hy(x)
and defined by the equalitﬁl_oo d(x-b) f(x)= f(b), to calculate the Cauchy fractional derivativet Le
F(s)=¢e", b>0. Then, the inverse Laplace transform of itix - b) and we have

e = (-3 O{ e} = {(- ¥ o( x Y=(- ' @

To illustrate,

N -

W2e®s=z+ije’

[oe]

S
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Broautcst HOBBIN BHI IpoOHOMN Tpon3BoHON. PaccMarpuBas naTerpanpayo Gopmyny Komm mis
NPOU3BOIHBIX, U MOAUMUIMPYsI €€ ¢ MOMOIIbI0 peodpa3oBanus Jlamtaca, aBrop nonydaet Gpopmyiy
npobHoii mpoussoxHoit B Buxe F(s) = L{(-1)“L™{F(9)}}. Vcranosnena cBs3p Mex Iy ApoGHOi mpo-
u3BoAHON Beins u mpusegeHHO#R Bhilie (Gopmyiioil. B 3aBepiieHre pabOThl MPHBEACHBI MPUMEPHI
JPOOHBIX MPOM3BOIHBIX HEKOTOPHIX dJIEMEHTAPHBIX (PYHKIIHIA.

Krouesvie crosa: opodouas npouzeoonas Beiins;, Opodnoe ucuucienue; npeobpasosanue Jlannaca;
unmeepanvras opmyna Kowu 0ns npouzeoomnwix.
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