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In this paper we prove some new results on complete operational second order
differential equations of elliptic type with coefficient-operator conditions, in the framework
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Introduction and Hypotheses

In this work we study the following operational second order complete elliptic
differential Problem

u'(x) + 2Bu/(z) + Au(x) = f(z), ae. z€(0,1), (1)
' (0) — Hu(0) = dy, u(l) = uy,

where A, B, H are closed linear operators in X (X being a complex Banach space), do, uy
are given elements in X and f € LP(0,1; X), 1 < p < oc.
We seek for a classical solution u to (1), i.e. a function u such that:

i) u e W2P(0,1; X) N LP(0,1; D(A)), v € LP(0,1; D(B)),
ii) u(0) € D(H), 2)
i11) u satisfies (1).

This optimal LP-regularity is very important to solve many quasilinear parabolic
equations corresponding to (1). In fact, the use of the fixed point theorem to solve these
nonlinear problems requires necessarily optimal regularities such (2).

The Robin boundary condition u/(0) — Hu(0) = dy arises in many concrete situations
and generalizes, for instance, the well known impedance boundary condition in 0. In fact
we will see in the applications that we can take H = —A or some fractional power of —A.
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We first study the Problem

u'(z) + (L — M)u'(z) — LMu(z) = f(x), ae. z€(0,1), 3)
u'(0) — Hu(0) = do, u(1l) = uy,

where L and M are some closed linear operators in X. Then, in order to solve (1), we
solve (3) with L and M satisfying moreover

L —MC2B and LM C —A. (4)

Here, when P, Q are two linear operators in X, P C @), means that D(P) C D(Q) and
P =Q on D(P).
By classical solution u to (3), one means that

i) w € W2r(0,1; X) N LP(0, 1; D(LM)), o' € L*(0,1; D(L — M)),
i1) uw(0) € D(H), (5)
i11) u satisfies (3).

Note that in virtue of (4), a classical solution u to (3) will be, a fortiori, a classical
solution u to (1).
In order to solve Problems (1) and (3) for any f € LP(0,1;X),1 < p < oo, we will
assume in all this paper that
X is a UMD space. (6)

We recall that a Banach space X is a UMD space if and only if for some p > 1 (and
thus for all p) the Hilbert transform is continuous from LP(R; X) into itself (see [1,2]).
Many authors have studied the equation

u"(x) + 2Bu/(x) + Au(z) = f(x), ae. x€(0,1),

with the Dirichlet boundary conditions u(0) = ug, u(l) = u;. When f € LP(0,1; X),
1 < p < 400 (see for example [3,4]); when f € C?([0,1]; X), 0 < 6 < 1 (see [5-9]).

Here we deal with the following operational Robin boundary condition in 0, u/(0) —
Hu(0) = dp, which contains a general linear closed operator H. Therefore the situation
is more complicated because of the different domains for instance. In the particular case
B = 0, Problem (1) has been considered in [11] when f € LP(0,1; X), 1 < p < 400 and
in [10] for f € C%([0,1]; X), 0 < 6 < 1. We recall also the study [12] where B is supposed
generating a group.

In this paper we will consider more general situations (see Subsection 2.1). Our
techniques are based upon the Dore — Venni Theorem [13], on the sum of two closed
linear operators, on the results in Priiss — Sohr paper [14] and on the reiteration Theorem
in the interpolation theory, (see [15,16]).

Let us mention that all the papers quoted above and also our study, deal with the
commutative case (A, B or L, M commute in some sense).

A recent paper [17] treats one interesting non-commutative framework, for the
boundary Dirichlet following problem

{ u'(x) + 2Bu/ () + Au(z) —wu(z) = f(z), ae. z€(0,1),
u(0) = up, u(l) = uy,
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(with w > 0 large enough). This new approach will lead us to develop a future work, solving
the same equation with operational Robin boundary conditions in non-commutative
situations.

The plan of the paper is as follows.

Section 2 is devoted to Problem (3); we first give our assumptions on operators L, M
and H, we then give a representation formula of the solution and conclude by analyzing
this representation.

In Section 3 we apply the results of section 2 with

L=B— (B>~ A)"Y? and M =-B—(B*>- A)'?,

to solve Problem (1). We also specify the assumptions on A and B.

In section 4 we study some interesting particular situations in which our assumptions
on L, M and H are satisfied.

Finally in section 5 we give some concrete examples of partial differential equations to
which our theory applies.

1. Study of Problem (3)

1.1. Preliminaries

First, define the class BIP(X, a) where a € [0,7) (see [14, p. 430]): U €BIP(X, a) if
U is a closed linear densely defined operator satisfying

{ (—00,0) C p(U), N(U) = {0}, R(U) = X
<

and 3C > 1: YA > 0,||(U + AI)~ C/\, (7)

IHL(X)

(N(U), R(U) and p(U) are respectively the kernel, the range and the resolvent set of U)

and ‘
{ For all s € R, U € L(X) and

0> 1: Vs € R, [UP] 4y < Ceoll (8)

We recall that operator verifying (7) admits a complex power U? for any z € C (see [18, p.
70]).

On the other hand, let § € (0,1),q € [1,+0oc],m € N;u € R and V a closed linear
operator in X satisfying

I, +00) C p(V) and sup ||A(V — AI)~ < +o0.
A>p

1
o)
Then we consider the interpolation space (X, D(V)), , and define

(X, D(V)),i0y = {¢ e D(V™): VMg e (X, D(V))M} .

When 6 # 1/2, we can use the well known following reiteration result

(Xv D(Vz))aq = (Xv D(V))ze,q . (9)
We recall moreover that (D(V), X), = (X, D(V)), g4, so using (9) we get
(D(V),X),, = (X, D),y = (X, DOV));s0, (10)

(for details on interpolation spaces and reiteration see for instance [19]).
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1.2. Hypotheses on Operators

Our assumptions on L, M and H are the following. L, M and H are linear closed
operators such that

D(L) = D(M) and D(ML) = D(LM), (11)
ML = LM, (12)
3401, 0, E]O,W/Q[: —L € BIP (X, HL) and — M € BIP (X, QM) , (13)
L + M is boundedly invertible, (14)
VE&e D(H), VA e p(L), (L—N)"'¢ e D(H) and .
(L—XN)""Heé=H(L—-X)""¢, (15)
and
Vé € D(H), Y e p(M), (M —pI)" ¢ € D(H) and "
(M —pI) ™ HE = H (M — pl) ™ € (16)

The previous assumptions allow us to build e¥™ € £ (X) (see Lemma 1 below) and then
we can consider the linear operator A defined by

D(A) = D(L)ND(H) and A = (M — H) + "™ (L + H).

We will suppose that
A is closed and boundedly invertible. (17)

This last assumption signifies exactly that the determinant, in some sense, of (3) is
invertible. It generalizes the hypothesis (16) (used in the paper [12, p. 526]), since when
B = 0 they coincide. This will be discussed further (see section 3).

Our main result in this work affirms that under the above assumptions on L, M, and
if f € LP(0,1;X) with 1 < p < oo, then Problem (3) has a unique classical solution u in
the sense of (5) if and only if

Ay, uy € (D(LM), X)

1/2p,p

1.3. Consequences of Assumptions

Remark 1. Assume (11) and (12). Then
1. D(L?) = D(M?) = D(ML) = D(LM).
2. for 6 € (0,1),q € [1,+00) we have (X, D(L)),, = (X, D(M)),, and

(X.D(1?),, = (X.D(M?),, = (X. D(LM)),, = (X, D(ML))

0,97

and also

(X, D(L)) 1494 = (X, D(M))

1+0.,q 1+6,9°

(for the last equality see [17, Remark 5, p. 4970]).
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3. YA€ p(L), Y€ p(M): (L—X)""(M —pul)™ = (M —pI)™ (L—X)"".

Remark 2. Due to Priiss — Sohr [14, Theorem 2, p. 437|, assumption (13) implies that
L and M generate uniformly bounded analytic semigroups in X : (e**) _ . (e"™) _ .

We then detail some properties of the sum L + M and the product LM.

Remark 3. Under (6) and (11)~(13), we can apply Theorem 4, Theorem 5 and Corollary
3 in [14, p. 441, p. 443 and p. 444]. We obtain the following important results.

1. Operator —L — M with domain D(L) = D(M) is closed and satisfies (7). Moreover,

if L or M is boundedly invertible then L + M is boundedly invertible and in this
case (14) is satisfied.

. We can choose € > 0 (arbitrary small) such that

—(L + M) € BIP(X, 0) with § = max(,60,) + ¢, (18)

(if 0, # Oy, it is even possible to take ¢ = 0). It follows that L + M generates a
uniformly bounded analytic semigroup in X, but this can be proved in a another
way, without applying the BIP operator theory see Lemma 1, statement 6.

. LM is closable and LM belongs to BIP(X, 01, +60,). The closability is obtained by a

direct application of Corollary 3 in [14], but here, due to the fact that D(L) = D(M),
we can apply [4, Lemma 1, p. 168], to show that LM is closed, so LM €BIP(X, 0+
Onr).

We now study some commutativity properties.

Lemma 1. Assume (6) and (11)~(17).

1. Let C € {M,L,L+M},C € {M,L,H},z >0 and & € D(C), then

¢"¢ € D(C)) and Ce*C¢ = e*CCE.

. LetCG{M,L,L+M},6’E{M,L},x}(), ze€X andAEp(é), then

1

e (5— )\I>_lz = (5— )\[)_ e*C 2.

. Let C € {M, L}, then for £ € D(A), A € p(C) we have

(C—=X)""¢ € D(A) and (C—=A)""AE=A(C =) "e.

. Let C € {M,L} and ¢ € D(C) we get CA™1¢ = A71C¢ .
. For¢ € D(A) = D(H)ND(L) we get HA™'¢ = A~1HE.

. Let x > 0 then L + M generates a uniformly bounded analytic semigroup in X

z(L+M) aL oM _ aM L

satisfying e =e""e e"Me

60
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Proof.

1. Assume z > 0 and £ € D(H). Operator C generates a Cy-semigroup, so we can
apply the exponential formula (see [20, Theorem 8.3 p. 33]):

Ce _pm (P (P— )
eri= nh—rélo (:E (a:j C) ) & (19)
and from (12), (15), (16) we deduce that

“cCe=tm (5 (3r-0) ") ce=mme (5 (5r-0) ) &

then, since C is closed, we deduce that e*C¢ € D((::’) and Ce*C¢ = *CCK.

- -1
2. Setting £ = (C — )J) z, we deduce, from statement 1, that

(5—>\[> C¢ = ¢oC <5—>\[> 13
o(é’—k[)e’”c<5—)\[) ! =

3. Since £ € D(H), from (15), (16) we deduce that (C'— A\)~' & € D(A) and
AC=M)T"¢ = (M—H)+e"™M(L+H)(C—-AN)""¢
(M —H)(C =) &+ e"™M(L+ H) (C— A7,
now from (12), (15), (16) and statement 2, we deduce
AC=X)'e = (C=X)'(M—H)E+(C =)™ (L+H)¢
= (C—=X)"Ac

4. We fix X € p(C) and set y = A~1(C — AI)&, then from statement 3 we have
(C=X)""Ay=A(C—=II)""
that is € = A (C'— M) "' A~Y(C = M€, so
(C—=ADAT'E=ATH(C = Mg,

thus
CA_IS = A_le.

5. If £ € D(A) we have AA71E = A7AE, that is
(M —H)+e""™M(L+H))ANE=A"(M-H)+""M(L+H))E,
SO
MA'E+ " ™LA — (I — ") HAT'E
=AT"ME+ AT TMLE— AT (T — M) H,

then
(I—e"™)HA ¢ =N (I —e"™M)HE = (I —"TM) AT HE,

But I — e**M is boundedly invertible so HA™'¢ = At HE.
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6. Applying statement 2, we get that, for x € (0,4+00),n € N

e:cL (2 (E[ _ M) _1) — (2 <2] _ M) _1) e:z:L7
x \x r \x
and by (19), we deduce that e*le®™ = e"Me®L, Then, (exLe’“"M)pO
continuous semigroup (see [21, paragraph 5.15, p. 44]). We notice, that due to (14)
L + M is closed, then from paragraph 2.7, p. 64 in [21], we deduce that L + M is

the generator of the product semigroup (e*%e™™

is a strongly

>0"
O

1.4. Representation of the Solution

We assume here (6) and (11)~(17). Suppose that Problem (3) has a classical solution
u. Then
u € WP(0,1; X) N LP(0,1; D(LM)),u' € L*(0,1; D(L — M),
up :=u(0) € D(H) and one can write

{ u'()+ (L —M)(.)+ LMu(.) € LP(0,1; X), ae. z€(0,1)
u(0) = up, u(l) = u.

Thus
u(0),u(l)e (D (LZ) ,X)%’p = (D (M2) ’X>i’7” (20)

see (|4, Statement 2, Theorem 5, p. 173]). On the other hand, using (10), one obtains

(D(L7),X)

2p”

= (X, D(L)); 1, = {¢ e D(L): Lo € (X, D(L))l_%ﬂ} .
Then
u(0),u(1) € D(L) = D(M). (21)
As in [3], u satifies, for a.e. x € (0,1)

u(x) = ™M + "I + I + T, (22)

where
1

e@IM f(5)ds and J, = (L + M)l/ eI f(s)ds.

xT

T

I = (L+M)1/

0

Now, to obtain the final representation of wu, it is enough to determine the constants &g
and & taking into account the boundary conditions of problem (3):

v (0) — Hu(0) = do, u(l) = uy. (23)
It is clear that &, & € D (L) = D(M) due to (21), so
u(0) = & + €& + Jo.
We have, for a.e. z € (0,1)

W' (z) = Me™¢y — LeV ™™ g + M1, — LJ,; (24)
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SO
UI(O) = M& — LeLfl — LJy;
therefore
A_IU(O) = A_lgo + A_16L§1 + A_ljo
Aflu’(O) = AilM&) — AilLeLgl — AilLJQ.

Since A= (X) = D(H) N D(L) = D(H) N D(M) ( due to (17)), we get

HA_lu(O) = HA_1§0 + HA_16L€1 + HA_1J0
Aflu’(O) = AilM&) — AilLeLfl — AilLJ().

Then

Atdy = A'[W(0) — Hu(0)] = A1/ (0) — HA 1u(0)
= (M —-HANY% - (L+H) AN el — (L+H)A T,

here we have used HA 'u(0) = A~'Hu(0) (see Lemma 1, statement 5 and (21) and
MA'=A"'M on D(M),LA™" = A~'L on D(L) (see Lemma 1, statement 4).
Now, from u; = e™&, + & + I, one obtains

Aldy = [(M—H)+e"™M(L+H)|AN " —(L+H) AN e (v —1)— (L+H)A ",
= 50 — (L+ H)A_leL (U1 — Il) - (L+H)A_1J0,

SO
fo=A"tdo + (L+ H) A" [efuy — e I+ Jo] (26)

and
51 = —eM (L + H) Ail (eLu1 — €L[1 + Jg) — eMAildO + Uy — [1. (27)

Finally, we deduce the following representation of u
1

u(z) = eM[A Mg+ (L+ H)A ey —e™ (L+ H)A e (L + M) / 1M £ (5)ds

0
1

+ e M(L+H)AN L+ M) /eSLf(s)ds
0
+ Aok [(I — (L + H)A—16L+M) uy — A—16Md0}
1
— IHL 4+ H)eMATH L+ M) / e f(s)ds

0
1

_ o)L [[ —(L+ H)A_leL“LM} (L + M)—l /e(l_s)Mf(s)ds

T

0

1

+ (L+M)! /e(xs)Mf(s)dS +(L+ M)t /e(sx)Lf(s)ds,
0 T
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which can be written as

U(Ilf) = S(xafmf?M)_'—S(l_Imflaf(l_>7L) (28)
+ R(x,Tf, M) — R(1 -z, fo+Te"fi, L),
where
T=(L+HAN'eL(X), (29)
1
fo=Atdy+T(L+ M) [ eLf(s)ds, (30)
0
1
frmu = (L) [0 sy (31)

0
and for g € X and C =L or M

x

S(z, ¢, f,C)=e"Cop+ (L+ M) 10fe“>cf (32)
R(z,$,C) = e*Cel+M=Cy
This shows that if Problem (3) has a classical solution w then it is unique and
determined by (28).
1.5. Technical Lemmas
We recall an important consequence of the Dore — Venni sum theory.

Lemma 2. Assume (6) and let —C € BIP(X, a) with o € [0,7/2) and 1 < p < +00.
Then

1. For any g € L*(0,1; X)

ch/ (@=9IC g(5)ds € (0, 1; X). (33)

2. For any g € L*(0,1; X)
1
T — C’exc/escg(s)ds e LP(0,1; X). (34)
0

Proof. Statement 1 is proved in [13] when C' is boundedly invertible and in [14] otherwise.
Statement 2. is a consequence of statement 1 (see [3, p. 200, property (26)]).
([

Concerning interpolation recall that if C' generates an analytic semigroup, then for all
€|l, +oc], m € N\ {0}

¢ € (D(C™), X)) jmpg == &= C"e™ ¢ € L(0,1; X); (35)
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it follows, for example, that

¢ € (D(0), X),,,, = Ce“p € LP(0,1; X) 26
1ie (D(C?), X), ., = C%C6 € 12(0,1; X), (36)

(see [16, p. 96]).

Lemma 3. Assume (6) and (11)~(14). Then, for C = L or M and Xy € p(C) we have
1. ¢ € (D(C?),X), )5y, == (C = XoI) Ce“p € LP(0,1; X).
2. ¢ € (D(C?),X), 5, <= (L+ M —C)CeC¢ € LP(0,1; X).

3. ¢ € (D(C?),X),,, < (L+M—C)eCp e LP(0,1;X).

Proof.
1. For the proof, see Lemma 3, p. 171, 172 in [4].

2. We assume that C' = L (the proof for C' = M is similar).

If ¢ € (D(L?), X))y, then since M(L —I)~" € L (X), we obtain by statement 1

MLet¢p = M(L—1)"" (L —1)Letp € LP(0,1; X).
Conversely, if M Let¢ € LP(0,1; X) then
Let¢p = L(M—1)(M—1)"elg
= (M—I)"LMetp—L(M—-1)"eto,
so Let¢ € LP(0,1; X), then from

Lt = LM~ 1) (M~ 1) e*o
= L(M~—1)""LMet¢— L(M — 1) Leto,

we deduce that L?e"¢ € LP(0,1; X) and by (36) we get ¢ € (D(L?), X), 5, ,-

3. We assume that C' = L.
If ¢ € (D(L?),X), ), ,, then Me™¢ € LP(0,1; X) since

Met¢ = M(L—-1)"'(L—1)etg
= M(L-1)""Le*¢ — M(L—1I)"eto,

by statement 2, we deduce that M?ef¢ € LP(0,1; X) since

M?*etp = M(L—-1)"'M(L—-1I)e*¢
= M(L-I)"'MLe*¢— M(L—1)"Me"g.
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Conversely, if M2el¢ € LP(0,1; X) then Mel¢ € L?(0,1; X) since

Mely = MM —-1)(M—-1)"ely
= M—-D""M*top—M(M—-1)"ely,

but

LMet¢ = LM(M—-1)(M—-1)""eto
L(M—-1)"M*ty—L(M—-1)"Melg,

so LMet¢ e LP(0,1; X), and statement 2 gives ¢ € (D(L?), X)

1/2p,p
O
We are now in position to study the regularity of the terms R, S appearing in (28).

Lemma 4. Assume (6), (11)~(17). Let C = L or M and ¢ a given element in X. Then
for the regular term defined above R(.,¢,C) we have

LMR(-,¢,0), L*R(-,¢,C), M*R(-,¢,C) € L*(0,1; X).

For the proof of this lemma see Lemma 2, p. 170, 171 in [4].
Now concerning the singular term S(-, fo, f, M), we have:

Proposition 1. Assume (6) and (11)~(17). Let f € LP(0,1;X), 1 < p < 400 and
P e {LM,M?* L?} then

PS(, fo, f,M) € LP(0,1; X) <= A 'dy € (D(LM), X) 1

2p 7p )

(here fo is given by (30)).

Proof. We set, for a.e. z € (0,1),C € {L, M}

L(z,9,C)=LM(L+ M) [7e®C f(s)ds (37)
M(x,9,C) = LM(L + M)~ te™® fol SEFM=C) g (s)ds,
in virtue of the commutativity of L, M, one can write for y € D(L) = D(M)
LM(L+ M) 'y=(L+M—C)(L+ M) 'Cy,
from which we get
L(z,9,C)=(L+M—-C)(L+ M) 'C fox e=9)C f(s)ds
M(z,9,C) = (L +M — C) (L + M)"'Ce™@ [} esE+M=0) g(5)ds.
Since (L+ M —C)(L+ M)™' € L(X), one has
L(-,9,C) € LP(0,1; X), (38)
and )
r— (L+M—C) eI(LJrM_C)/ S IHM=O) g(s)ds € LP(0,1; X),
0
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thus

see (36) and again
1
xr—> C’emc/ M=) g(s)ds € LP(0,1; X),
0

from which it follows that
M('7 9, C) S LP(07 L; X)

For example if P = LM then we write, for a.e. z € (0,1)

T

PS(z, fo, f,M) = LMe™ fo+ LM(L+ M)™! / e IM f(5)ds

0
x

— LMeMA "y + LML+ M) / =M £ (5 ds

0
1

+ LMe™ (L+H)AN YL+ M) [ el f(s)ds

0

= Me™™M LA Ydy+ L(z, f, M) + (L + H) A" M(z, f, M),

and since LA™, HA™! € £ (X)), from (38), (39) and (36) we deduce that

PS(-, fo, f, M) € LP(0,1; X) MeMLA=\d, € LP(0,1; X)

A—ldo € (X,D(L)), 1
A-ldy € (X, D(L2)),

A~'dy € (D(L?),

A~'dy € (D(LM), )

%\H S

P

)i
X

MMM

%"\H w

The cases P = L? or M? are similarly treated.

For the term S(1 — ., fi, f (1 —.), L) we have

LA™Yy € (D(M), X) 1, = (D(L), X)

1
P

P

Proposition 2. Assume (6) and (11)~(17). Let f € L*(0,1; X) and P € {LM, M? L*}

then
PS1—- fi,f(1—=.),L)e LP(0,1;X) <= u; € (D(LM), X) 1

2p7p7

(here f1 is given by (31)).
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Proof. Assume P = LM (the cases P = M? and P = L? are similarly treated), one has

PSA—uz fi,f(1—.),L)

= LMYl f 4 LM(L+ M)t [ 1279 (1 — 5)ds

= LMYy + LML+ M)~ [ eU72=9Lf(1 — 5)ds

1
— LM(L+ M)-le“-f)L/estu — 5)ds
0
= LMLy + L1 -2, f(1—),L)—MQA—z.,f(1—"),L),

then by Lemma 3, statement 2

PSA— . fi,f(1—=),0)€Lr(0,1;X) <= LMty € [P(0,1;X)
<~ ui € (D(L2),X>2i7p

1.6. Main Result for Problem (3)

Theorem 1. Assume (6) and (11)~(17). Let f € L?(0,1; X) with 1 < p < co. Then
Problem (3) has a classical solution u if and only if

Ady,uy € (D(LM), X)

1/2p,p *

In this case, u is uniquely determined by (28).

Proof. From subsection 1.4.we know that if (3) has a classical solution u then

U(ZL‘) = S($,f07f,M)+S(1—I’,fl,f(l—)7L) (40)
+ R(z,Tfi,M)—R(1—=x,fo+Te"f, L),

where fo, fi and T are given in (30), (31) and (29). To conclude it is enough to study the
regularity of (40). From Lemma 4, one has

LMR(x,Tf,, M) — LMR(1 —z, fo + Te" f1, L) € L*(0,1; X),
and Lemmas 1 and 2 give
LMS(., fo, [, M) € L*(0,1; X) <= A~"'dy € (D(LM, X) .,
LMS(1—. fi,f(1—.),L) € L?(0,1; X) <= wi € (D(LM), X), 5, , -

Summarizing, we obtain

LMu € LP(0,1; X) <= A *dy,u; € (D(LM), X)

1/2p,p -
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On the other hand

(L—M)u'(zx) = (L—M)MS(z, fo, f, M)+ (L—M)LR(1 -z, fo+Te"f1,L)
L— )LS(l—xfl,f( )7L)+<L_M)MR(vaflaM)
LM — M2) S(z, fo, f,M)+ (L* = LM) R(1 — z, fo + Te" f1, L)

(
- (L*-LM)S(—=a fi,f(1—.),L)+ (LM — M?) R(z, T f1, M).

(
(

Using again Lemma 4 and Propositions 1 and 2 we obtain

(L — M)u'(.) € LP(0,1; X) <= A" 'dy,u; € (D(LM), X)

1/2p,p *

So u have the desired regularities.
Now we will conclude by showing that the fonction u given by (28), satisfies (3). One
has

'LLH(Z') = MZS(,CE’ f07 f7 Mw) - LQR(l -, fO + TeLf17L> (41)
+ L*S(1—a, fi, f(1—=),L) + M*R(x, Tf,, M) + f(x),

using the fact that M? + (L — M)M — LM = L? — (L — M)L — LM C 0 and (28), (41)
and (41), we obtain

(z) + (L — M)u/(z) — LMu(z) = [M*+ (L — M)M — LM] S(z, fo, f, M)
—[L*—(L—-M)L—LM] R(1 -z, fo+ Te"f1,L)

[L? = (L—M)L—LM|SQ—ux, fi,f(1—.),L)

[M?+ (L — M)M — LM] R(z,Tf1, M) + f(z) = f(x).

From (28), we have
u(1) = S(, fo, f, M) = R(0, fo +Te" fr, L) + S(0, fi, f (1 =), L) + R(1L, T f1, M),

SO

1
u(l) = e fo+ (L+ M) /e“‘s’Mf(s)ds — M [fo+ (L+ H) A el f]
0

1
A+ (L+H) A M = f (L + M)_l/e(l_s)Mf(s)ds = uy,
0

and

U(O)=5(0,fo,f7M)+5(1,f1,f(1—-),L)+R(0,Tf1,M)—R(lafo+TeLf1,L)
=fot+elfi+ (L+ M) feSLf )ds + (L + H)A™rel fy — XM (fo + (L + H) A~ tel fy)

— (I — ™M) fot [T+ (I — ™) (L+ H) A " fy + (L + M)~ feSLf
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SO

1
w(0) =A™ (I —e"™)dy+ A (L+ M) e |uy — (L+ M) / e1=9M £ (5)ds
0

+ A+ (I =) (L+H)]| A (L+M)" [ e f(s)ds.

0

Moreover, we have A + (I — e*™) (L + H) C L+ M and

(I—e"")(L+H)A ' +I=(L+MA",

w(0) = AH(I—e"M)dy

1 1
+ AL+ M)er |uy — (L+M)™! /e(l_s)Mf(s)ds + AT / el f(s)ds,
0 0

from which we notice a good surprise: u(0) € D(H) and

UI(O) = MS(07f07f7M)+LR<17f0+T€LflaL) _Ls(lvfbf(l - )7L)+MR(O7Tf1>M)

Therefore
w'(0) — Hu(0) = (M — H) S(0, fo, f, M)+ (L + H) R(1, fo + Te* 1, L)
—(L+H)S(L, fi, f(1—), L)+ (M — H)R(0,Tf,, M)

= ﬁ/[—H)fo+(L+H)eL+M (fo+ (L+H)A e f1) — (L+ H)e- fy
—(L+ H)(L+ M) fl e=9Lf(1 —s)ds+ (M — H) (L+ H)A el fy
=Afo+ (L+H) [(MO— H)+ ™ (L + H) — A] A~el fy

L+ H) (L4 M) 0} -9 (1 — 8)ds

=do+ (L+H) (L—l—M)_ljeSLf(s)ds— (L+H) (L—I—M)_lfleSLf(s)ds = dp.

Remark 4. Assume (6) and (11)~(17). If

dy € (D(M), X) uy € (D(M?), X)

1/pp? 1/2p,p’

then
Ao, uy € (D(M?), X)

1/2p,p’

since A™' (X) € D(L) = D(M). So Problem (3) admits a classical solution w.
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2. Go Back to Problem (1)
2.1. Hypotheses on Operators A, B and H

Our essential assumption on operators A, B (which means the ellipticity of our
equation) is the following

B? — A is a linear closed operator in X, |—o00,0] C p(B* — A) and

’)\ (A + 82— 47| (42)

sup
A>0

< 400,
(X)

(it follows that the operator —(B% — A)'/2 is the infinitesimal generator of an analytic
semigroup on X, see for instance [22]).

D((B?> — A)Y?) c D(B), (43)

Now, set
L=B—(B>-A)Y? and M= -B—(B*-A)"2,

then, we will assume that

EWL,QM 6]0,71'/2[2 —L € BIP (X, QL), —M € BIP (X, 9]”) s (44)

vy € D(B), (B> —A) ?By=B(B>— A)"*y, (45)

{ Vé € D(H), YA e p(L), (L—X)""¢ € D(H) and 46

(L—=XN)""He=H(L—-X)"'¢, (46)

{ VE € D(H), Ve p(M), (M —pI)"' € € D(H) and (47)
(M —pul)™ HE = H (M — pl) ™€,

In addition, setting D(A) = D(L)ND(H) and A = (M — H) + ™ (L + H), we will also
suppose that
A is closed and boundedly invertible. (48)

Remark 5. Assume (42)~(46). Then
1. D(L) = D(M) = D((B> — A)'/?) so
D(L— M) = D(L+ M) = D((B*-A)"Y*) c D(B),
thus L — M C 2B, L+ M = —2(B*> - A)Y? and 0 € p(L + M).

2. D(ML) = D(LM) = D(B>— A) and ML = LM C —A.

For the proof, see Lemma 7 in [4].
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2.2. Main Result for Problem (1)

Theorem 2. Assume (6) and (42)~(48). Let f € LP(0,1;X) with 1 < p < oo. Then
Problem (1) has a classical solution u satisfying moreover

u < Lp(O, 1; D(32 — A)) and u' € LP(O7 1; D((BQ _ A)I/Q),
if and only if

A~y € (D(B? - A)), X) and uy € (D(B? - A), X)

1/2p,p 1/2pp”

In this case, u is uniquely determined by (28).

Proof. If we assume (42)~(48), then hypotheses (11)~(17) are satisfied with L, M, A
defined as in subsection 2.1.Thus we can apply Theorem 1.

O
3. Some Cases in Which Assumption (17) or (48) are Satisfied
3.1. New Assumptions Implying (17)
Proposition 3. Assume (6) and (11)~(16). If
M — H is closed and 0 € p(M — H), (49)
and
|(r=e=n T mran et (-7 <, (50)

L£(X)

then assumption (17) is satisfied and we can apply Theorem 1.
Proof. Since I — e“™ is boundedly invertible (see [19, p. 60]), we can write

AN = (M—H)—e"M[(M—-H)- L - M]
= (I - P [1+(1 el M) (L+M)eL+M(M—H)*1}(M-H):G(M—H),

where G i= (I = e4#) [T 4 (1 = e#H) ™ (L4 M) e (M — 1) € £(X).
Now, 0 € p(G) due to (50). Using (49) we deduce that A = G (M — H) is boundedly
invertible.

([
Remark 6.
1. Proposition 3 remains true if we replace (50) by
for some n; € N\{O}
ni
H[ eLHM) N (L 4 M) el+M (M—H)—l} <1
L(X)
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2. Assumption (49) can be obtained, for instance, in the following manner : under (6)
and (11)~(16), if we assume in addition that

~M € BIP (X, 0y)
H € BIP (X, 0y), with 0y € (0,7)
0ep(M)Up(H) and 0y + 0y € (0,7),

then (—M) + H is closed and boundedly invertible (see [14, Theorem 4, p. 441
together with the remark at the end of p. 445]), that is (49).

3. The spectral Problem with a parameter w > wy (where wg > 0 is some fixed number)

{ u’(x) + 2Bu/ (z) + Au(z) — wu(z) = f(z), ae. z€(0,1), (51)

' (0) — Hu(0) = dy, u(1l) = uy,
is studied in [24], as an application of this paper, setting

1/2 1/2

Aw:A—wI,Lw:B—(BQ—Aw) ande:—B—(Bz—Aw) ,

Problem (51) becomes

{ u'(x) + (Ly — My,) v (z) — LyMyu(z) = f(z), ae. z€(0,1),
W' (0) — Hu(0) = dy, u(l) = uy,

and, under suitable assumptions, we can apply the results of this paper, replacing
L, M by Ly, M,. In particular, the spectral parameter w is used to obtain (50) for
w large enough and then (17) by Proposition 3.

Proposition 4. Assume (6) and (11)~(16). If
M — H is closed and 0 € p(M — H),

and, for some ny € N\{0}

< 1

H ((L+H) (M —H)™)™ .

then assumption (17) is satisfied and we can apply Theorem 1.

Proof. We write
A=[T+e"™M(L+H)M-H '] (M-H)=(1-C)(M-H),

where C' = —e"™™ (L + H) (M — H)™". So (17) will be satisfied if and only if 0 € p(I—C).
We proceed as in the proof of Lemma 2.3, p. 1458 in [10].

e JK >1,36>0,Vy >0: [[e?ETM]| 1 x) < Ke .

e Jk € N\{0}: H62kn1(L+]V[)||£(X) < Ke 2kmé 1

So Hckac(x < 1 then 0 € p(I — C*™) and thus 0 € p(I — C).

)
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3.2. Some Particular Cases

Consider Problem 3 and assume (6) and (11)~(16).

1. If H=—Lthen A =M + L, and (17) is satisfied.

1 1
2. If —5 (L— M) C H then A = 5 (L + M) (I+e~™) and again (17) is satisfied.

Similarly, consider Problem 1 and assume (42)~(47). It H = -B+ VB?*— A or —B
then (48) is satisfied.
4. Applications
Example 1. Consider K such that —K has bounded imaginary powers and 0 € p (K).
Take

L=M=—-H=—-v-K.
Then A = M + L = —2+/—K is boundedly invertible and
—L=(=K)"?, (=1)" = (=K)"* (1 € R).

Moreover L — M C 0 and —ML = K, so we can apply our main result to the following

Problem
u'(z) + Ku(x) = f(z), a.e. x€(0,1)
uw'(0) — vV—=Ku(0) = dy, u(l) = u.
For example, take X = LP (), with 1 < p < oo, Q a bounded domain in R" with

smooth boundary, and, K = A — ¢I, (¢ > 0) with Dirichlet boundary conditions or the
conditions described in [16, p. 320]. Then the fractional power /—A + ¢ is well defined.

Example 2. Consider X = L?(R) and L, M operators in X defined by
D(L) = D (M) = H*(R)

2 2
Lu:a%—kbg—;—kcu Mu—a%
(a,b,c € Rya > 0,¢ < 0),
so that (L — M)u—ba—+cuand(L+M)u—2ai+ba—+cu ith
oy dy? dy "
Oep(L+M).
ou L
TakeHu——— ba—y+cu ,u€ D(H) = H"(R).

Then our main result applies to

2 u 4u 3U 2U
82< ,Y) + (888 —l—c%) (x,y)—a(agy4+bgy3+cgy2>(:c,y)
Zf( ), ba (Ol)yeR

0.0+ 5 e0.0) + Sul0.0) = do ), yER
\ (17y)_ul(y)7 yER
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Of course, this example can be generalized to R™ and differential operators

"0

(see [14,23]).

Example 3. Choose L, M satisfying (11)~(15) and H satisfying (16), assume moreover
that M — H has a bounded inverse. It remains to obtain (17). But, as indicated in
Proposition 4, we have

A=[I+e"™(L+H)(M-H)'|(M-H),

with (L + H) (M — H)™" € £(X) and the invertibility of A is guaranted by the smallness
of
[ ML+ H) (M = H) 7 5 )

Now, if we replace L by Ls := L — 61 with 0 > 0 large enough, then Ls, M and H satisfy
(11)~(17), indeed:

||6L5+M (Ls +H) (M — H)"~ ”z:x)gHeL Hﬂ(X)||€M(L+H><M H)" Hcg
Pt 4 00— ) gy < el ' 2 01 ) oo
+0e0 [leF | o, €™ (M — H) Hz:

and then %™ (Ls+ H) (M — H)~ Hc (x) < 1 for d > 0 large enough.
This immediately apply to the differential operators handled in the papers of Priiss

and Sohr quoted above.
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MATEMATHYECKOE MOJEJINPOBAHUE

YAK 517.9 DOI: 10.14529/mmp150304

QJIIJINIITUYECKUE 3AJAYN C TPAHNYHBIMU
OIIEPATOPHO-KO®OPUITNEHTHBIMUA YCJIOBUIAMUNU
POBMNHA B L, IPOCTPAHCTBAX COBOJIEBA

N X ITPNJIO2KEHN £1

M. Yeeeae, A. Pasunu, P. Jlabbac, C. Menzo, A. Medezpu

B crarbe J0Ka3aHbI HEKOTOpPLIE HOBLIE PE3YJILTATLI O [OJHBIX OLEPATOPHO-
nuddepeHaIbHbIX YPABHEHUAX JITHIITHYECKOIO THIIA BTOPOIO IOPS/KA C IPAHUIHBIMU
0I1epaTopHO-Ko3(pduimeHTHLIMA yetoBuaMu Pobuna B npocrpancrse LP(0,1; X) B caydae,
korma p € (1,4+00), a X — 6anaxoso UMD-npocrpancrso. JIOKa3aHo CyIECTBOBAHNUE, € H-
CTBEHHOCTDb U OLTHUMAJbHAS PErYIASPHOCTb KJIACCHUECKOTo perinenus. CTaTbs JIOMOJTHAET U
3aBeplIaeT MPebLIyIue HCCIEI0BAHIS ABTOPOB 110 JaHHOM mpobieMaTuKe.

Kaouesvte caoea: abcmpaxmmvie arrunmuveckue Judpepeniuarvroe YpaeHenus 6mo-
Po20 NopadKka; epanummsie Ycroeus Pobuna; anasumuseckas noayzpynna.
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